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�¶É¨³ ²Ó´Ò° ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ²
¤²Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¶·¨  ´ ²¨§¥ ·¥¤±¨Ì ¸μ¡ÒÉ¨°

�·¨  ´ ²¨§¥ μÉ¤¥²Ó´ÒÌ ¸²ÊÎ °´ÒÌ ¸μ¡ÒÉ¨° É¨¶¨Î´μ° Ö¢²Ö¥É¸Ö § ¤ Î : μ¶·¥¤¥²¨ÉÓ,
Ê¶· ¢²Ö¥É¸Ö ²¨ ´ ¡²Õ¤ ¥³μ¥ ¸μ¡ÒÉ¨¥ ti ¨§¢¥¸É´μ° ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶ · ³¥É·  ËÊ´±Í¨¥°
· ¸¶·¥¤¥²¥´¨Ö? �¥Ï¥´¨¥ ¥¥ ¤ ¥É¸Ö μ¡² ¸ÉÓÕ μ¸¨ (0, t) (¤μ¢¥·¨É¥²Ó´Ò³ ¨´É¥·¢ ²μ³), ¢
±μÉμ·ÊÕ ¸μ¡ÒÉ¨¥ ti ¶μ¶ ¤ ¥É ¸ § · ´¥¥ § ¤ ´´μ° ¢¥·μÖÉ´μ¸ÉÓÕ P .

–¥²¥¸μμ¡· §´μ ¸É·μ¨ÉÓ μ¶É¨³ ²Ó´Ò° ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ² (�„ˆ) ´  μ¸´μ¢¥ ¸²¥-
¤ÊÕÐ¨Ì É·¥¡μ¢ ´¨° ± μ¡² ¸É¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ° ¶·¨´ ¤²¥¦´μ¸É¨ ´ ¡²Õ¤ ¥³μ° ¸²Ê-
Î °´μ° ¢¥²¨Î¨´Ò: 1) ¤²¨´  É ±μ£μ ¨´É¥·¢ ²  ¤μ²¦´  ¡ÒÉÓ ³¨´¨³ ²Ó´μ°; 2) ¢¥·μÖÉ´μ¸ÉÓ,
§ ±²ÕÎ¥´´ Ö ´  É ±μ³ ¨´É¥·¢ ²¥, ¤μ²¦´  ¡ÒÉÓ ³ ±¸¨³ ²Ó´μ°; 3) μÉ´μÏ¥´¨¥ ¢¥·μÖÉ´μ¸É¨
£¨¶μÉ¥§Ò ± ¢¥·μÖÉ´μ¸É¨ ¥¥  ²ÓÉ¥·´ É¨¢Ò ¤μ²¦´μ ¡ÒÉÓ ³ ±¸¨³ ²Ó´Ò³.

�„ˆ ¸ÊÐ¥¸É¢Ê¥É ´¥ ¤²Ö ²Õ¡μ° ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö, ´μ ¥£μ Ê¤ ¥É¸Ö ¶μ¸É·μ¨ÉÓ ¤²Ö
¨£· ÕÐ¥£μ μ£·μ³´ÊÕ ·μ²Ó ¢ Ë¨§¨±¥ · ¤¨ ±É¨¢´ÒÌ · ¸¶ ¤μ¢ Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥-
¤¥²¥´¨Ö F (t, T ) = 1 − exp (−t/T ), £¤¥ μ´ · ¢¥´ (0,2T̂ ) (T̂ Å μÍ¥´±  T ). �„ˆ ¨³¥¥É
¡μ²ÓÏ¨¥ ¶·¥¨³ÊÐ¥¸É¢  ¶μ ¸· ¢´¥´¨Õ ¸ μ¡ÒÎ´Ò³¨ ¤μ¢¥·¨É¥²Ó´Ò³¨ ¨´É¥·¢ ² ³¨, É ± ± ±
μ¡¥¸¶¥Î¨¢ ¥É ³¥´ÓÏÊÕ ¸Ê³³Ê μÏ¨¡μ± 1-£μ ¨ 2-£μ ·μ¤  ¶·¨ ¶·μ¢¥·±¥ £¨¶μÉ¥§.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2012

Zlokazov V.B., Utyonkov V. K. P10-2012-83
Optimum Conˇdence Interval
in the Analysis of Exponentially Distributed Rare Events

In the analysis of rare events a typical question is as follows: does an observed event
ti belong to distribution function with some known parameter? The answer is provided by
a region of the (0, t) axis (a conˇdence interval), inside which the event ti occurs with an a
priori probability P .

It is appropriate to construct an optimal conˇdence interval (OCI) satisfying the following
requirements which secure that this interval contains the observed random quantity most
probably: 1) the length of such an interval should be minimal; 2) the probability within such
an interval should be maximum; 3) the ratio of the probabilities of the null hypothesis and its
alternative should be maximum.

The OCI does not exist for any arbitrary distribution function. However, one can construct
such an OCI for the exponential distribution F (t, T ) = 1−exp (−t/T ), where it equals [0.2T̂ ].
Here T̂ is an estimate of T . The exponential distribution function is of fundamental importance
in the physics of the radioactive decays. The OCI has advantages over usual conˇdence
intervals, since it provides a smaller sum of the Type I and the Type II errors in testing the
hypotheses.

The investigation has been performed at the Laboratory of Information Technologies,
JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna, 2012



‚‚…„…�ˆ…

� ¨¡μ²¥¥ ¢ ¦´μ° μ¡² ¸ÉÓÕ ¶·¨³¥´¥´¨Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥-
´¨Ö F (t, T ) = 1 − exp (−t/T ) Ö¢²Ö¥É¸Ö, ¡¥§Ê¸²μ¢´μ, É ±μ¥ Ö¢²¥´¨¥  Éμ³´μ°
Ë¨§¨±¨, ± ± · ¤¨μ ±É¨¢´Ò° · ¸¶ ¤. ‡¤¥¸Ó t Å ¢·¥³Ö,   T Å ¶ · ³¥É·, ´ -
§Ò¢ ¥³Ò° É ±¦¥ ±μ´¸É ´Éμ° · ¸¶ ¤ . 	ÉμÉ ¶·μÍ¥¸¸ μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨
¸¢μ°¸É¢ ³¨:

• · ¸¶ ¤ ¢μ ¢·¥³Ö ´ ¡²Õ¤¥´¨Ö ´¥ § ¢¨¸¨É μÉ ¶·¥¤Ò¸Éμ·¨¨,   § ¢¨¸¨É ²¨ÏÓ
μÉ ¤²¨É¥²Ó´μ¸É¨ ¢·¥³¥´¨ ´ ¡²Õ¤¥´¨Ö;

• · ¸¶ ¤Ò ¸μ¢μ±Ê¶´μ¸É¨  Éμ³μ¢ ´¥ § ¢¨¸ÖÉ ¤·Ê£ μÉ ¤·Ê£ .
‘·¥¤´¥¥ §´ Î¥´¨¥ ´ ¡²Õ¤ ¥³μ° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ti, ¶μ¤Î¨´¥´´μ°

ËÊ´±Í¨¨ F (t, T ), · ¢´μ T ,   ¤¨¸¶¥·¸¨Ö Å (T 2). �²μÉ´μ¸ÉÓ F · ¢´ 

f(t, T ) =
dF

dt
= exp (−t/T )/T.

�¥§ ¢¨¸¨³μ° ¨´Ëμ·³ Í¨¥° μ ¶·μÍ¥¸¸¥ ¶·¨ § ¤ ´´μ³ T Ö¢²Ö¥É¸Ö ¨ Î¨¸²μ
· ¸¶ ¤μ¢ n(t), ¶·¨Ìμ¤ÖÐ¥¥¸Ö ´  ± ±μ°-²¨¡μ ¢·¥³¥´´μ° ¨´É¥·¢ ² ¤²¨´Ò t.
…¸²¨ ¢ μ¡· §Í¥ ¢ ³μ³¥´É ¢·¥³¥´¨ 0 ¨³¥²μ¸Ó N · ¤¨μ ±É¨¢´ÒÌ  Éμ³μ¢, Éμ
¢¥·μÖÉ´μ¸ÉÓ P ´ ¡²Õ¤ ÉÓ n · ¸¶ ¤μ¢ §  ¢·¥³Ö t ¡Ê¤¥É

P (n(t) = m) = Cm
N pmqN−m, (1)

£¤¥ p Å ¢¥·μÖÉ´μ¸ÉÓ ´ ¡²Õ¤ ÉÓ · ¸¶ ¤ μ¤´μ£μ  Éμ³  §  ¢·¥³Ö t, É. ¥.
1 − exp (−t/T ), q = 1 − p.
„²Ö ¡μ²ÓÏ¨Ì N ÔÉμ · ¸¶·¥¤¥²¥´¨¥ ³μ¦´μ ¶·¨¡²¨¦¥´´μ ¶·¥¤¸É ¢¨ÉÓ ¤¢Ê³Ö
¡μ²¥¥ ´ £²Ö¤´Ò³¨ Ëμ·³Ê² ³¨.

• …¸²¨ p ¡²¨§±μ ± q, É. ¥. μ¡  ¡²¨§±¨ ± 1/2, P (n(t) = m) ¡Ê¤¥É ¡²¨§±μ ±

(1/
√

2πNpq) exp (−0, 5((m − Np)/
√

Npq)2) (2)

¨ ¶·¨ N → ∞ · ¢´μ³¥·´μ ¶μ m ¡Ê¤¥É É¥³ ¡²¨¦¥ ± ´¥³Ê, Î¥³ ¡μ²ÓÏ¥ N .

• …¸²¨ ¦¥ p � q ¨ §´ Î¨É ¡Ê¤¥É ³ ²μ° ¢¥²¨Î¨´μ°, ¡²¨§±μ° ± ´Ê²Õ (¢
¸¨²Ê p + q = 1), Éμ P (n(t) = n) ¡Ê¤¥É ¸±μ²Ó Ê£μ¤´μ ¡²¨§±μ ±

P (n, a) = an/n! exp (−a), a = Np. (3)

¨ ¶·¨ N → ∞ · ¢´μ³¥·´μ ¶μ n ¡Ê¤¥É É¥³ ¡²¨¦¥ ± ´¥³Ê, Î¥³ ¡μ²ÓÏ¥ N .
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P (n, a) Å · ¸¶·¥¤¥²¥´¨¥ �Ê ¸¸μ´  ¸ ¶ · ³¥É·μ³ a, ±μÉμ·Ò° ¤²Ö ´¥£μ Ö¢²Ö-
¥É¸Ö ¨ ¸·¥¤´¨³ ¨ ¤¨¸¶¥·¸¨¥°.

�¡¥ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö F (t, T ) (´¥¶·¥·Ò¢´ Ö) ¨ P (n, a) (¤¨¸±·¥É-
´ Ö) ¨£· ÕÉ ¡μ²ÓÏÊÕ ·μ²Ó ¢ Ô±¸¶¥·¨³¥´É Ì Ö¤¥·´μ° Ë¨§¨±¨, £¤¥ ¸ ¨Ì ¶μ-
³μÐÓÕ ³Ò ³μ¦¥³ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ·Ö¤ § ¤ Î ¶μ  ´ ²¨§Ê ¤ ´´ÒÌ ÔÉ¨Ì Ô±¸-
¶¥·¨³¥´Éμ¢. �Ê¤¥³ £μ¢μ·¨ÉÓ: ¤ ´´Ò¥ ti (ni) ¸μμÉ¢¥É¸É¢ÊÕÉ ³μ¤¥²¨
F (t, T ) (P (n, a)), ¥¸²¨ μ´¨ Ö¢²ÖÕÉ¸Ö ¢Ò¡μ·μÎ´Ò³¨ §´ Î¥´¨Ö³¨ ¸²ÊÎ °´ÒÌ
¢¥²¨Î¨´ ¸ ËÊ´±Í¨Ö³¨ · ¸¶·¥¤¥²¥´¨° F (t, T ) (P (n, a)), ¸μμÉ¢¥É¸É¢¥´´μ.

’μ£¤  ¤²Ö ´ ¡μ·μ¢ ti, i = 1,2, . . . , m (¢·¥³¥´  · ¤¨μ ±É¨¢´ÒÌ · ¸¶ ¤μ¢), ¨
nj , j = 1,2, . . . , N (±μ²¨Î¥¸É¢μ · ¸¶ ¤μ¢ ¢ ÉμÎ±¥ j), ³μ¦´μ Ê± § ÉÓ ¸²¥¤ÊÕÐ¨¥
§ ¤ Î¨ ¨Ì  ´ ²¨§ :

1. �μ ¤ ´´Ò³ ti ´¥μ¡Ìμ¤¨³μ ¶μ¸É·μ¨ÉÓ μÍ¥´±Ê ¢¥²¨Î¨´Ò T ¨ ÉμÎ´μ¸ÉÓ
ÔÉμ° μÍ¥´±¨;

2. …¸²¨ ¨§¢¥¸É´  T , Éμ ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥·¨ÉÓ £¨¶μÉ¥§Ê: ¸μμÉ¢¥É¸É¢ÊÕÉ
²¨ ¤ ´´Ò¥ ti ³μ¤¥²¨ F (t, T )?

3. �μ ¤ ´´Ò³ nj ´¥μ¡Ìμ¤¨³μ ¶μ¸É·μ¨ÉÓ μÍ¥´±Ê ¢¥²¨Î¨´Ò a ¨ ÉμÎ´μ¸ÉÓ
ÔÉμ° μÍ¥´±¨;

4. …¸²¨ ¨§¢¥¸É´μ a, Éμ ´¥μ¡Ìμ¤¨³μ ¶·μ¢¥·¨ÉÓ £¨¶μÉ¥§Ê: ¸μμÉ¢¥É¸É¢ÊÕÉ ²¨
¤ ´´Ò¥ nj ³μ¤¥²¨ P (n, a)?

‚¸¥ ÔÉ¨ § ¤ Î¨ ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´Ò ¢ ³ É¥³ É¨Î¥¸±μ° ²¨É¥· ÉÊ·¥, ¨
μ¶¨¸ ´Ò  ²£μ·¨É³Ò ¨Ì ·¥Ï¥´¨Ö. ‚ ¤ ´´μ° · ¡μÉ¥ ·¥ÎÓ ¶μ°¤¥É μ ¶·μ¢¥·±¥
£¨¶μÉ¥§. � ¸ ¡Ê¤ÊÉ ¨´É¥·¥¸μ¢ ÉÓ ²¨ÏÓ μ¸μ¡¥´´μ¸É¨ ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö ÔÉ¨Ì § -
¤ Î ¤²Ö ¨¸±²ÕÎ¨É¥²Ó´μ ³ ²μ° ¸É É¨¸É¨±¨ ¤ ´´ÒÌ ti ¨ nj (¢¶²μÉÓ ¤μ μÉ¤¥²Ó´ÒÌ
¸μ¡ÒÉ¨°), ± ±μ¢ Ö ¨³¥¥É ³¥¸Éμ ¢ É ±μ° ¢ ¦´μ° μ¡² ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´μ°
Ë¨§¨±¨, ± ± ¸¨´É¥§ ¸¢¥·ÌÉÖ¦¥²ÒÌ Ô²¥³¥´Éμ¢ [1], £¤¥ ³¥Éμ¤Ò ¶·μ¢¥·±¨ £¨¶μ-
É¥§ Î¥·¥§  ´ ²¨§ £¨¸Éμ£· ³³, ¶μ¸É·μ¥´´ÒÌ ¨§ ti ¨ nj , Î ¸Éμ ´¥¶·¨³¥´¨³Ò,
¶μ¸±μ²Ó±Ê É·¥¡ÊÕÉ ¡μ²ÓÏμ° ¸É É¨¸É¨±¨ ¤ ´´ÒÌ.

1. „�‚…�ˆ’…‹œ�›‰ ˆ�’…�‚�‹ („ˆ) „‹Ÿ ˆ‡‚…‘’�›• T ˆ N0

ˆÉ ±, ¨³¥Ö ´ Ï¨ ´ ¡μ·Ò ¤ ´´ÒÌ ti ¨ nj , ¶·μ¢¥·¨³ ¤¢¥ £¨¶μÉ¥§Ò:
1) ¸μμÉ¢¥É¸É¢Ê¥É ²¨ ± ¦¤Ò° ¨§ ti ³μ¤¥²¨ F (t, T )?
2) ¸μμÉ¢¥É¸É¢Ê¥É ²¨ ¢ μ¡Ð¨Ì Î¥·É Ì ¸μ¢μ±Ê¶´μ¸ÉÓ ti ³μ¤¥²¨ F (t, T )?
—Éμ¡Ò ³Ò ¶·¨´Ö²¨ ·¥Ï¥´¨¥ μ ¸μμÉ¢¥É¸É¢¨¨ ti § ±μ´Ê F (t, T ), ´¥μ¡Ìμ¤¨³μ

¶μ¸É·μ¨ÉÓ „ˆ Å ¨´É¥·¢ ² [a, b] ´  μ¸¨ (0, t), ¢ ±μÉμ·Ò° §´ Î¥´¨Ö ´ Ï¥°
¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ¶μ¶ ¤ ÕÉ ¸ § ¤ ´´μ° ¢¥·μÖÉ´μ¸ÉÓÕ P1; ¥¸²¨ ¸μ¡ÒÉ¨¥ ti
¶μ¶ ¤¥É ¢ [a, b], Éμ μ´μ ´¥ ¶·μÉ¨¢μ·¥Î¨É £¨¶μÉ¥§¥ μ ¥£μ ¸μμÉ¢¥É¸É¢¨¨ F (t, T )
(´μ, · §Ê³¥¥É¸Ö, ¥Ð¥ ´¥ ¶μ¤É¢¥·¦¤ ¥É ¥¥).

�  ¶· ±É¨±¥ μ¡ÒÎ´μ ¨¸¶μ²Ó§ÊÕÉ ¤¢Ê¸Éμ·μ´´¨° „ˆ ®¸·¥¤´¥¥ ¶²Õ¸/³¨´Ê¸
¸¨£³ ¯, £¤¥ ¸¨£³  Å ±μ·¥´Ó ±¢ ¤· É´Ò° ¨§ ¤¨¸¶¥·¸¨¨. „²Ö £ Ê¸¸μ¢  · ¸¶·¥¤¥-
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²¥´¨Ö ÔÉμ ¸μμÉ¢¥É¸É¢Ê¥É P1 ≈ 0,68, ¨ §¤¥¸Ó μÉ´μÏ¥´¨¥ Ï ´¸μ¢ ®§ ¯/®¶·μÉ¨¢¯
¤²Ö ¶·μ¢¥·Ö¥³μ° £¨¶μÉ¥§Ò ¡Ê¤¥É · ¢´μ ¶·¨¡²¨§¨É¥²Ó´μ ¤¢Ê³.

�μ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö É ±¨¥ „ˆ ´¥ Ö¢²ÖÕÉ¸Ö ·¥ ²¨¸É¨Î¥-
¸±¨³¨ μ¡· § ³¨ ´ ¨¡μ²¥¥ ¢¥·μÖÉ´μ° μ¡² ¸É¨ §´ Î¥´¨° ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò.
�·¥¤¶μÎÉ¨É¥²Ó´Ò³¨ ³μ£ÊÉ μ± § ÉÓ¸Ö ´¥¸¨³³¥É·¨Î´Ò¥ „ˆ ¨²¨ ¤ ¦¥ μ¤´μ¸Éμ-
·μ´´¨¥. �· ¢¤ , ¢ ÔÉμ³ ¸²ÊÎ ¥ „ˆ ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´ ´¥μ¤´μ§´ Î´μ.

„²Ö ¶μ²ÊÎ¥´¨Ö μ¤´μ§´ Î´μ£μ ¨´É¥·¢ ²  ´¥μ¡Ìμ¤¨³μ ´ ²μ¦¨ÉÓ ´  [a, b]
¤μ¶μ²´¨É¥²Ó´μ¥ Ê¸²μ¢¨¥. Œμ¦´μ ¸μ¸² ÉÓ¸Ö ´  É ±¨¥ ¤¢  ¶μ¤Ìμ¤ :

1. „²Ö § ¤ ´´μ£μ Ê·μ¢´Ö §´ Î¨³μ¸É¨ ε ¸É·μ¨É¸Ö ¨´É¥·¢ ² [a, b] É ±, ÎÉμ¡Ò
F (0, T )−F (a, T ) (μÏ¨¡±  ¸²¥¢ ) ¨ F (b, T )−F (∞, T ) (μÏ¨¡±  ¸¶· ¢ ) ¡Ò²¨
· ¢´Ò ± ¦¤ Ö ε/2; É ±μ° ¶μ¤Ìμ¤ § Ð¨Ð ¥É¸Ö, ´ ¶·¨³¥·, ¢ [2]; ´μ ¸¨³³¥É·¨Ö
§¤¥¸Ó ´¥ ¢¸¥£¤  ³μ¦¥É ¡ÒÉÓ ¸μ£² ¸μ¢ ´  ¸ 1−P1, ¨ ¢μμ¡Ð¥ μ´ , ¸±μ·¥¥, μ¶· ¢-
¤ ´  ¤²Ö ¸¨³³¥É·¨Î´μ£μ ¨²¨ ÌμÉÖ ¡Ò ¶¨±μμ¡· §´μ£μ · ¸¶·¥¤¥²¥´¨Ö,   ´ Ï¥
F (t, T ) É ±¨³ ´¥ Ö¢²Ö¥É¸Ö; ¶· ¢¤ , ¶·¨³¥´¨É¥²Ó´μ ± μÍ¥´± ³ ¶ · ³¥É·  É ±μ°
¨´É¥·¢ ² μ¶· ¢¤ ´, ¥¸²¨ · ¸¶·¥¤¥²¥´¨¥ É ±¨Ì μÍ¥´μ± Ö¢²Ö¥É¸Ö ´μ·³ ²Ó´Ò³
(ÌμÉÖ ¡Ò ¢  ¸¨³¶ÉμÉ¨±¥).

2. �μ¤Ìμ¤ ¢ [3] μ¸´μ¢ ´ ´  ¶·¨§´ ´¨¨, ÎÉμ ¤¢Ê¸Éμ·μ´´¨¥ „ˆ, ±μÉμ·Ò³¨
¶μ²Ó§ÊÕÉ¸Ö ¶μ¢¸¥³¥¸É´μ, ´¥ ¢¸¥£¤  Ö¢²ÖÕÉ¸Ö ÔËË¥±É¨¢´Ò³ ¨´¸É·Ê³¥´Éμ³ ¶·μ-
¢¥·±¨ £¨¶μÉ¥§, ¨ μÉ³¥Î ¥É, ÎÉμ ´ ¨²ÊÎÏ¨³ „ˆ ¡Ê¤¥É ®the shortest interval with
the highest probability density¯ [3, P. 75] (¶· ¢¨²Ó´¥¥ ¡Ò²μ ¡Ò ¸± § ÉÓ ®with
the largest probability integral¯). �· ¢¤ , ¤¥É ²¥° ³¥Éμ¤  ¶μ¸É·μ¥´¨Ö É ±μ£μ
„ˆ ¢ · ¡μÉ¥ ´¥ ¤ ´μ.

‚ ´¥° ¢ ±μ´±·¥É´μ³ ¶·¨³¥·¥ · ¸¶·¥¤¥²¥´¨Ö �Ê ¸¸μ´  ¢¥²¨Î¨´Ò n P (n =
i) = ai/i! exp (−a) ´ Î¨´ ÕÉ · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± · ¸¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò a
¶·¨ § ¤ ´´μ³ i (¡ °¥¸μ¢¸±¨° ¶μ¤Ìμ¤), ¨ ¤ ²¥¥ ¤²Ö § ¤ ´´μ£μ P1 ¸É·μÖÉ¸Ö „ˆ,
± ± ¢ÒÏ¥, ´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ®¡ °¥¸μ¢¸±μ°¯ ËÊ´±Í¨¨ · ¸¶·¥¤¥²¥´¨Ö.

„·Ê£μ° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö  ¸¨³³¥É·¨Î´μ£μ „ˆ (Î¥·¥§ ËÊ´±Í¨Õ ¶· ¢¤μ¶μ-
¤μ¡¨Ö) ¶·¥¤²μ¦¥´ ¢ [4]: ¢ ± Î¥¸É¢¥ „ˆ ¡¥·¥É¸Ö μÉ·¥§μ± μ¸¨ (0, t), ´  ±μÉμ·μ³
ËÊ´±Í¨Ö ¶· ¢¤μ¶μ¤μ¡¨Ö ¸¶ ¤ ¥É ¤μ ¶μ²μ¢¨´Ò μÉ ¸¢μ¥£μ ³ ±¸¨³Ê³ .

�É¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ¸μμÉ¢¥É¸É¢Ê¥É ²¨ ¢ μ¡Ð¨Ì Î¥·É Ì ¸μ¢μ±Ê¶´μ¸ÉÓ ti
³μ¤¥²¨ F (t, T ), ³μ¦´μ, ¢Ò¡· ¢ ± ±ÊÕ-²¨¡μ ËÊ´±Í¨Õ ¢¥²¨Î¨´ ti (´ ¶·¨³¥·,
¸·¥¤´¥¥ μÉ ´¨Ì) ¨ ¶μ¸É·μ¨¢ ËÊ´±Í¨Õ · ¸¶·¥¤¥²¥´¨Ö ¤²Ö ´¥¥ ¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨° ¥° „ˆ,   ¤ ²¥¥ ¤¥°¸É¢μ¢ ÉÓ É ±, ± ± μ¶¨¸ ´μ ¢ÒÏ¥ (¤²Ö μÉ¤¥²Ó´ÒÌ
¸μ¡ÒÉ¨°).

2. ��’ˆŒˆ‡�–ˆŸ „�‚…�ˆ’…‹œ��ƒ� ˆ�’…�‚�‹�

�μ¶ÒÉ ¥³¸Ö ¶μ¸É·μ¨ÉÓ ¶μ´ÖÉ¨¥ μ¶É¨³ ²Ó´μ£μ ¤μ¢¥·¨É¥²Ó´μ£μ ¨´É¥·-
¢ ²  (�„ˆ) ¤²Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¨§ ¸ ³ÒÌ μ¡Ð¨Ì ¸μμ¡· -
¦¥´¨° μ ¥£μ Í¥²¨.

�Î¥¢¨¤´μ, ¤²Ö § ¤ ´´μ° F (t, T ) μ¶É¨³ ²Ó´Ò° ¤μ¢¥·¨É¥²Ó´Ò° ¨´É¥·¢ ²
[a, b] ¤μ²¦¥´ Ê¤μ¢²¥É¢μ·ÖÉÓ ¸²¥¤ÊÕÐ¨³ ËÊ´¤ ³¥´É ²Ó´Ò³ É·¥¡μ¢ ´¨Ö³:

3



1) ³¨´¨³ ²Ó´μ¸ÉÓ · §´μ¸É¨ b−a, ¶μ¸±μ²Ó±Ê μ´  Ì · ±É¥·¨§Ê¥É · ¸¸¥Ö´¨¥
¸μ¡ÒÉ¨° ti ¢μ±·Ê£ ¨Ì ¸·¥¤´¥£μ §´ Î¥´¨Ö; ¢ ¸²¨Ï±μ³ ¡μ²ÓÏμ° ¨´É¥·¢ ² ¸ ¡μ²Ó-
Ïμ° ¢¥·μÖÉ´μ¸ÉÓÕ ¡Ê¤ÊÉ Ê±² ¤Ò¢ ÉÓ¸Ö ± ± ®¨¸É¨´´Ò¥¯ ti, É ± ¨ ®²μ¦´Ò¥¯;

2) ³ ±¸¨³ ²Ó´μ¸ÉÓ μ¡Ð¥° ¢¥·μÖÉ´μ¸É¨ ¶μ¶ ¤ ´¨Ö ¸μ¡ÒÉ¨Ö ¢ ¨´É¥·¢ ²
[a, b], ¨´ Î¥ ¶·¨´ÖÉμ¥ ·¥Ï¥´¨¥ ´¥ ³μ¦¥É ¸Î¨É ÉÓ¸Ö ¤μ¸É ÉμÎ´μ ´ ¤¥¦´Ò³;

3) §´ Î¨É¥²Ó´μ¥ ¶·¥¢ÒÏ¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶·¨´ÖÉÓ ¶·Ö³ÊÕ £¨¶μÉ¥§Ê ¢¥·μ-
ÖÉ´μ¸É¨ ¥¥ μÉ¢¥·£´ÊÉÓ. � ¢¥´¸É¢μ ÔÉ¨Ì ¢¥·μÖÉ´μ¸É¥° ¸μμÉ¢¥É¸É¢Ê¥É ³ ±¸¨³Ê³Ê
³ É¥³ É¨Î¥¸±μ° (´¥ Ë¨§¨Î¥¸±μ°) Ô´É·μ¶¨¨ · ¸¶·¥¤¥²¥´¨Ö ¶·¨´¨³ ¥³ÒÌ ·¥-
Ï¥´¨°, Ë ±É¨Î¥¸±¨ · ¢´μ³¥·´μ³Ê ¨Ì · ¸¶·¥¤¥²¥´¨Õ,   É¥³ ¸ ³Ò³ ¨Ì ³¨-
´¨³ ²Ó´μ° ¨´Ëμ·³ É¨¢´μ¸É¨. ‘ ÉμÎ±¨ §·¥´¨Ö ¶·¨´ÖÉ¨Ö ·¥Ï¥´¨° ´ ¨¡μ²¥¥
¨´Ëμ·³ É¨¢´Ò ³ ±¸¨³ ²Ó´μ ´¥· ¢´μ³¥·´Ò¥ · ¸¶·¥¤¥²¥´¨Ö.

’·¥ÉÓ¥ Ê¸²μ¢¨¥ ¢ÒÉ¥± ¥É ¨§ ¢Éμ·μ£μ, ¥¸²¨  ²ÓÉ¥·´ É¨¢  ¶·Ö³μ° £¨¶μÉ¥§¥
¥¸ÉÓ ¥¥ μÉ·¨Í ´¨¥.

”μ·³ ²Ó´Ò° ¶μ¤Ìμ¤ §¤¥¸Ó É·¥¡Ê¥É ¶μ¸É·μ¥´¨Ö ±·¨É¥·¨Ö (³¥·Ò), Ô±¸-
É·¥³Ê³ (³ ±¸¨³Ê³ ¨²¨ ³¨´¨³Ê³) ±μÉμ·μ£μ ¨ μ§´ Î ² ¡Ò Ê¤μ¢²¥É¢μ·¥´¨¥
ÔÉ¨³ Ê¸²μ¢¨Ö³. � ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¸²ÊÎ ° ´ Ï¥£μ · ¸¶·¥¤¥²¥-
´¨Ö F (t, T ). �  ¶¥·¢Ò° ¢§£²Ö¤ ³μ¦´μ ¢§ÖÉÓ ± ± ±·¨É¥·¨°, ´ ¶·¨³¥·, É ±μ¥
¢Ò· ¦¥´¨¥

C(a, b) =
exp (−a/T )− exp (−b/T )

b − a
(4)

¶·¨ Ê¸²μ¢¨ÖÌ a � 0, b > a.
	Éμ ´ ¨¡μ²¥¥ ®¥¸É¥¸É¢¥´´Ò°¯ ±·¨É¥·¨°, ¶μ¸±μ²Ó±Ê Î¨¸²¨É¥²Ó ¢ (4) ¥¸ÉÓ

¶μ²´ Ö ¢¥·μÖÉ´μ¸ÉÓ ¤²Ö ¸μ¡ÒÉ¨Ö ti ¶μ¶ ¸ÉÓ ¢ ¨´É¥·¢ ² [a, b] (b > a), ¨
³ ±¸¨³Ê³ (4) ¡Ê¤¥É ¨³¥ÉÓ ³¥¸Éμ, ¢ Î ¸É´μ¸É¨, ¶·¨ ¢μ§³μ¦´μ³ ³ ±¸¨³Ê³¥
F (a, T )−F (b, T ) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¥³Ê ³¨´¨³Ê³¥ (b−a).

�·¥¤¸É ¢¨³ (4) ¢ ¢¨¤¥

C(a, b) = exp (−a/T ) · (1 − exp (−z/T ))/z,

£¤¥ z = b−a; ²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ÔÉμ ¢Ò· ¦¥´¨¥ ¢μ§· ¸É ¥É ³μ´μÉμ´´μ ¶μ T
¶·¨ b → a, É. ¥. ¶·¨ z → 0 ¨ ¸É·¥³¨É¸Ö ± ¢¥²¨Î¨´¥ exp (−a/T )/T . „·Ê£¨³¨
¸²μ¢ ³¨, ¢Ò· ¦¥´¨¥ (4) ¡ÒÉÓ ¨¸±μ³Ò³ ±·¨É¥·¨¥³ ´¥ ³μ¦¥É, É ± ÎÉμ ¶·¨¤¥É¸Ö
¶·¨¡¥£´ÊÉÓ ± ¶μ²ÊÔ³¶¨·¨Î¥¸±μ³Ê ¸¶μ¸μ¡Ê μ¶É¨³¨§ Í¨¨.

Œμ¦´μ § ³¥É¨ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ T ¨ § ¤ ´´μ° ¤²¨´¥ ¨´É¥·¢ ²  [a, b]
¨´É¥£· ²

∫ b

a exp (−t/T )/Tdt ¡Ê¤¥É ³ ±¸¨³ ²Ó´Ò³ ¶·¨ a = 0. �É¸Õ¤  ¸²¥¤Ê¥É,
ÎÉμ �„ˆ ¤²Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¤μ²¦¥´ ´ Î¨´ ÉÓ¸Ö ¸ a = 0.

Š ¸μ¦ ²¥´¨Õ, ´¥ Ê¤ ¥É¸Ö ¶μ¤μ¡· ÉÓ ¶·¨¥³²¥³μ¥ Ëμ·³ ²Ó´μ¥ Ê¸²μ¢¨¥, ¨§
±μÉμ·μ£μ ³μ¦´μ ¡Ò²μ ¡Ò μ¤´μ§´ Î´μ μ¶·¥¤¥²¨ÉÓ b. ‡¤¥¸Ó ³Ò ¢Ò´Ê¦¤¥´Ò
¨¸¶μ²Ó§μ¢ ÉÓ ³μ¤¥²Ó´Ò° ¶μ¤Ìμ¤,   ¨³¥´´μ, ¨¸Ìμ¤¨ÉÓ ¨§ Éμ£μ, ÎÉμ ¶· ¢ Ö £· -
´¨Í  ´¥ ¤μ²¦´  ¶·¥¢ÒÏ ÉÓ ¸Ê³³Ê ¸·¥¤´¥£μ ¨ ¸¨£³Ò (±μ·´Ö ±¢ ¤· É´μ£μ ¨§
¤¨¸¶¥·¸¨¨) ¤²Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö, É. ¥. T + T = 2T . ’μ£¤ 
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³Ò ¡Ê¤¥³ ¨³¥ÉÓ É ±μ° ·¥§Ê²ÓÉ É:

(b − a) = 2T.

‚¥·μÖÉ´μ¸ÉÓ, μ¶·¥¤¥²¥´´ Ö ´  ¨´É¥·¢ ²¥ [0, 2T ], · ¢´  F (0, T )− F (2T, T ) =
1 − exp (−2) ≈ 0,865 (86,5 %) ¨ ¡Ê¤¥É ¡μ²ÓÏ¥ ¢¥·μÖÉ´μ¸É¨  ²ÓÉ¥·´ É¨¢´μ°
£¨¶μÉ¥§Ò ¶·¨³¥·´μ ¢ 6,4 · § .

‘· ¢´¨³ ÔÉ¨ Í¨Ë·Ò ¸ É¥³¨, ±μÉμ·Ò¥ ³Ò ¨³¥²¨ ¡Ò, ¥¸²¨ ¡Ò ¸É·μ¨²¨ ´¥
μ¶É¨³ ²Ó´Ò°,   ¤¢Ê¸Éμ·μ´´¨° ¨´É¥·¢ ² [a, b] ¨ ÉμÎ±¨ a, b μ¶·¥¤¥²Ö²¨ ¡Ò ¨§
Ê¸²μ¢¨Ö · ¢¥´¸É¢  ¢¥·μÖÉ´μ¸É¨ ´  ¨´É¥·¢ ² Ì [0, a] ¨ [b,∞]:

1 − exp (−a/T ) = exp (−b/T )

¨ Ê¸²μ¢¨Ö b−a = 2T . �¶Ê¸± Ö ²¥£±μ ¢μ¸¶·μ¨§¢μ¤¨³Ò¥ ¢Ò±² ¤±¨, ³Ò ¨³¥²¨ ¡Ò

a = T · ln(1 + exp (−2)); b = T · (2 + ln(1 + exp (−2))).

	Éμ ¤ ²μ ¡Ò ¨´É¥·¢ ² Éμ° ¦¥ ¤²¨´Ò 2T , ´μ ´¥ ³ ±¸¨³ ²Ó´μ° ¢¥·μÖÉ´μ¸É¨
´  ´¥³ (²¨ÏÓ μ±μ²μ 76%) ¨ ¶·¥¢ÒÏ¥´¨¥ ¢¥·μÖÉ´μ¸É¨ ¶·Ö³μ° £¨¶μÉ¥§Ò ´ ¤
¢¥·μÖÉ´μ¸ÉÓÕ  ²ÓÉ¥·´ É¨¢Ò ´¥ ¢ 6,4 · § ,   ²¨ÏÓ ¢ 3 · § . �É¸Õ¤  ¢¨¤´Ò
μÎ¥¢¨¤´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  É ±μ£μ μ¶É¨³ ²Ó´μ£μ „ˆ ´ ¤ ¤·Ê£¨³¨.

�„ˆ ÔËË¥±É¨¢´¥¥ ¨ ¶·¨ ¤¨¸±·¨³¨´ Í¨¨ £¨¶μÉ¥§. �Ê¸ÉÓ H0: T = T1,  
HA: T = T2, T1 < T2.

„²Ö �„ˆ [0, 2T1] μÏ¨¡±  1-£μ ·μ¤  · ¢´Ö¥É¸Ö exp (−2), μÏ¨¡±  2-£μ
·μ¤  Å 1−exp (−2T1/T2). ‘· ¢´¨³ ÔÉ¨ μÏ¨¡±¨ ¸ μÏ¨¡± ³¨ Ê ¤¢Ê¸Éμ·μ´´¥£μ
„ˆ [a, b] = [T · ln(1 + exp (−2)), T · (2 + ln(1 + exp (−2)))]. �Ï¨¡±  1-£μ
·μ¤  · ¢´Ö¥É¸Ö 1 − exp (−a/T1) + exp (−b/T1), 2-£μ ·μ¤  Å exp (−a/T2) −
exp (−b/T2); ¸Ê³³  μ¡¥¨Ì ÔÉ¨Ì μÏ¨¡μ± ¡μ²ÓÏ¥, Î¥³ ¸Ê³³  μÏ¨¡μ± �„ˆ.
Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ μ´  ¡Ê¤¥É ¡μ²ÓÏ¥ ¨ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ¨´É¥·¢ ²  [a, b],
¥¸²¨ a �= 0 ¨ T1 < T2.

� ¸¸³μÉ·¨³ ±μ´±·¥É´Ò° ¶·¨³¥·: a = 7, b = 15, T1 = 4, T2 = 12. ‘Ê³³ 
μÏ¨¡μ± ¤²Ö �„ˆ · ¢´  ¶·¨¡²¨§¨É¥²Ó´μ 0,62, ¤²Ö „ˆ Å ¶·¨³¥·´μ 1,12.
�μÎÉ¨ ¢¤¢μ¥ ¡μ²ÓÏ¥.

y

0
a 2T b t

�¨¸. 1. 	±¸¶μ´¥´Í¨ ²Ó´ Ö ±·¨¢ Ö. �É·¥§±¨ ¢¥·É¨± ²Ó´ÒÌ ¶·Ö³ÒÌ μÉ¸¥± ÕÉ ´  μ¸¨
(0, t) ´¥¸¨³³¥É·¨Î´Ò° ¤¢Ê¸Éμ·μ´´¨° „ˆ [a, b] ¨ μ¤´μ¸Éμ·μ´´¨° �„ˆ [0, 2T ]
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„·Ê£μ° ¶·¨³¥· ¨¸¶μ²Ó§μ¢ ´¨Ö �„ˆ Å ±·¨É¥·¨° μÉ´μÏ¥´¨Ö ¶· ¢¤μ¶μ¤μ-
¡¨° (��) ¤²Ö ¤¨¸±·¨³¨´ Í¨¨ £¨¶μÉ¥§. „²Ö F (t, T ) ¶·¨ m = 1 ÔÉμ μÉ´μÏ¥´¨¥
· ¢´μ (T2/T1) exp (−ti(T2 − T1)/(T1T2)). …£μ · ¸¶·¥¤¥²¥´¨¥ É ±μ¢μ, ÎÉμ É ³
Éμ¦¥ Ê³¥¸É´¥¥ ¨¸¶μ²Ó§μ¢ ´¨¥ μ¤´μ¸Éμ·μ´´¥£μ „ˆ.

„¥°¸É¢¨É¥²Ó´μ, · ¸¶·¥¤¥²¥´¨¥ ψ = r exp(−t · s) ¢Ò¢μ¤¨É¸Ö É ±: ψ < y =
t · s � ln(r/y) = exp(ln((y/r)s)) = (y/r)s, £¤¥ y μ¶·¥¤¥²¥´ ´  [0, r]. …£μ
¶²μÉ´μ¸ÉÓ · ¢´  (s − 1)/r(y/r)s−1. Œμ¦´μ ¸Î¨É ÉÓ, ÎÉμ s > 0, ¨ ¥¸²¨ s > 1,
Éμ ¶²μÉ´μ¸ÉÓ ³μ´μÉμ´´μ ¢μ§· ¸É ¥É. ’ ± ± ± μ¡μ§´ Î¥´¨Ö T1, T2 ¶·μ¨§¢μ²Ó´Ò,
³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ T1 > T2, É. ¥. s > 0. ƒ· Ë¨± ÔÉμ° ËÊ´±Í¨¨ ³μ´μÉμ´´μ
¢μ§· ¸É ¥É μÉ 0 ¤μ 1; ¸²¥¤μ¢ É¥²Ó´μ, §¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´¨¥ μ¤´μ¸Éμ·μ´´¥£μ „ˆ
Éμ¦¥ μ¶· ¢¤ ´μ.

�· ±É¨±   ´ ²¨§  ¤ ´´ÒÌ Î ¸Éμ É·¥¡Ê¥É £¨¡±μ° ¸É· É¥£¨¨, ¨ ¨´μ£¤  ¶·¨-
μ·¨É¥É ¤μ²¦¥´ ¡ÒÉÓ ·¥Ï¨É¥²Ó´μ μÉ¤ ´ μ¶·¥¤¥²¥´´μ³Ê ±·¨É¥·¨Õ μ¶É¨³ ²Ó´μ-
¸É¨, ´ ¶·¨³¥·, ³¨´¨³ ²Ó´μ° ¤²¨´¥ �„ˆ, ¤ ¦¥ ¢ ÊÐ¥·¡ ¤·Ê£¨³. ’ ± ± ± ³Ò ¶μ
¸ÊÐ¥¸É¢Ê ¨³¥¥³ ±μ³¶·μ³¨¸¸ ³¥¦¤Ê ¤²¨´μ° „ˆ ¨ ¢¥·μÖÉ´μ¸ÉÓÕ ´  ´¥³, Éμ ¢
ÔÉμ³ ¸²ÊÎ ¥ ³Ò ³μ¦¥³ μ£· ´¨Î¨ÉÓ¸Ö ³¥´ÓÏ¥° P1, ´μ ÔÉμ Ê³¥´ÓÏ¨É ¤²¨´Ê „ˆ.

� ¶·¨³¥·, ¥¸²¨ P1 = 0,68, Éμ ¨§ 1 − exp (−kT/T ) = 0,68 ¸²¥¤Ê¥É, ÎÉμ
k ≈ 1,1, É ± ÎÉμ �„ˆ Å [0, 1,1T ].

’μ, ÎÉμ �„ˆ ´ Î¨´ ¥É¸Ö ¸ 0, μ§´ Î ¥É, ÎÉμ ¤²Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸-
¶·¥¤¥²¥´¨Ö ¶·¨ ¤¨¸±·¨³¨´ Í¨¨ £¨¶μÉ¥§ ¢¸¥ ³ ²Ò¥ §´ Î¥´¨Ö ti ³ ²μ¨´Ëμ·-
³ É¨¢´Ò (μ´¨ ®¶·¨´ ¤²¥¦ É¯ ¢¸¥³ É ±¨³ · ¸¶·¥¤¥²¥´¨Ö³ ¸ ²Õ¡Ò³ T ), ´μ
μÉ¡· ¸Ò¢ ÉÓ ¨Ì ´¥²Ó§Ö Å ÔÉμ ¸μ¡ÒÉ¨Ö ¸ ³ ±¸¨³ ²Ó´μ° ¢¥·μÖÉ´μ¸ÉÓÕ, ¶·¨
¶μ¸É·μ¥´¨¨ μÍ¥´μ± ¶ · ³¥É·  T μ´¨ ¢ ¦´Ò. �μ ¶·¨ ¤¨¸±·¨³¨´ Í¨¨ £¨¶μ-
É¥§ (É. ¥. T1 ⇔ T2) ´ ¨¡μ²¥¥ ¨´Ëμ·³ É¨¢´Ò ¡μ²ÓÏ¨¥ ¢·¥³¥´  · ¸¶ ¤ , É. ¥.
®Ì¢μ¸ÉÒ¯ ³´μ¦¥¸É¢ ti.

3. „‚�ŸŠ�Ÿ ’��Š’�‚Š� ‡�„�—ˆ:
‘��’‚…’‘’‚“…’ ‹ˆ ��‘��„ ‚ Œ�Œ…�’ ‚�…Œ…�ˆ t1

ƒˆ��’…‡… � ’�Œ, —’� Š��‘’��’� ��‘��„� …‘’œ T ?

• …¸²¨ ´ ¡²Õ¤ ¥É¸Ö · ¸¶ ¤ ¥¤¨´¸É¢¥´´μ£μ  Éμ³ , ÔÉμÉ · ¸¶ ¤ ¶μ¤Î¨´Ö¥É¸Ö
· ¸¶·¥¤¥²¥´¨Õ F (t, T ), ¨ §¤¥¸Ó ¶·¨³¥´¨³ �„ˆ, μ ±μÉμ·μ³ ·¥ÎÓ Ï²  ¢ÒÏ¥.

• …¸²¨ ¦¥ ´ ¡²Õ¤ ¥³Ò° · ¸¶ ¤ ti μ¤¨´, ´μ μ´ ³μ¦¥É ¡ÒÉÓ · ¸¶ ¤μ³ μ¤-
´μ£μ ¨§  Éμ³μ¢ ¡μ²ÓÏμ° ¸μ¢μ±Ê¶´μ¸É¨, Éμ Éμ£¤  Ê³¥¸É¥´ ¤·Ê£μ° É¨¶ · ¸¸Ê¦¤¥-
´¨°. � ¸¸³μÉ·¨³ ¶·¨³¥·: · ¸¶ ¤ (¸¶μ´É ´´μ¥ ¤¥²¥´¨¥) Ê· ´  238U. …£μ ±μ´-
¸É ´É  · ¸¶ ¤  Tf = 4,47 · 109/ ln(2) ²¥É ¨²¨ 2,35 · 1012 ¸ÊÉ. �Ê¸ÉÓ § ·¥£¨-
¸É·¨·μ¢ ´μ μ¤´μ ¸μ¡ÒÉ¨¥ t1 §  μ¤¨´ ¤¥´Ó. �„ˆ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ [0, 2Tf ], ¨
¸²¥¤μ¢ É¥²Ó´μ, ³Ò ¤μ²¦´Ò ¶·¨´ÖÉÓ £¨¶μÉ¥§Ê μ Éμ³, ÎÉμ ÔÉμ · ¸¶ ¤ Ê· ´ .

�μ ¶·μÉ¨¢ ÔÉμ£μ ¶·μÉ¥¸ÉÊ¥É §¤· ¢Ò° ¸³Ò¸²: Ö¸´μ, ÎÉμ ¶·¨ É ±μ° Tf Ï ´-
¸μ¢ ´ ¡²Õ¤ ÉÓ ¸¶μ´É ´´Ò° · ¸¶ ¤  Éμ³  Ê· ´  ¤ ¦¥ §  ¢¸¥ ¢·¥³Ö ¸ÊÐ¥¸É¢μ-
¢ ´¨Ö Í¨¢¨²¨§ Í¨¨ Ê ´ ¸ ´¥É. ‚ Éμ ¦¥ ¢·¥³Ö ¨§¢¥¸É´μ, ÎÉμ ¢ §´ ³¥´¨Éμ³
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Ô±¸¶¥·¨³¥´É¥ ”²¥·μ¢  ¨ �¥É·¦ ±  ¸¶μ´É ´´μ¥ ¤¥²¥´¨¥ Ê· ´  ´ ¡²Õ¤ ²μ¸Ó
± ¦¤Ò° ¤¥´Ó. �·¨Î¨´  ÔÉμ£μ Ö¸´ : ´ ¤μ ¨´ Î¥ ¶μ¸É ¢¨ÉÓ ¢μ¶·μ¸ Å ¥¸²¨ ¥¸ÉÓ
μ¡· §¥Í Ê· ´ , ¢ ±μÉμ·μ³ ´¥ ³¥´¥¥ 1,3 · 1019  Éμ³μ¢ (¨§ ´¨Ì · ¸¶ ¸ÉÓ¸Ö ¸¶μ´-
É ´´μ ³μ£ÊÉ ¶·¨³¥·´μ 7,1 ·1012), Éμ ± ±μ¢  ¢¥·μÖÉ´μ¸ÉÓ, ÎÉμ ¢ É¥Î¥´¨¥ μ¤´μ£μ
¤´Ö ¡Ê¤¥É ´ ¡²Õ¤ ÉÓ¸Ö ÌμÉÖ ¡Ò μ¤´μ ¸¶μ´É ´´μ¥ ¤¥²¥´¨¥ ¸ ¤ ´´μ° Tf?

‚¥·μÖÉ´μ¸ÉÓ P2 Éμ£μ, ÎÉμ §  μ¤¨´ ¤¥´Ó ´¥ · ¸¶ ¤¥É¸Ö ´¨ μ¤¨´  Éμ³ Ê· ´ ,
· ¢´  exp (−1/Tf) ¢ ¸É¥¶¥´¨ 7,1 · 1012. 	Éμ £·Ê¡μ ¶·¨¡²¨¦¥´´μ exp (−3) ≈
0,05. �É¸Õ¤ : ¢¥·μÖÉ´μ¸ÉÓ ´ ¡²Õ¤ ÉÓ ÌμÉÖ ¡Ò μ¤´μ ¸¶μ´É ´´μ¥ ¤¥²¥´¨¥ Ê· ´ 
¢ ¤¥´Ó ¶·¨¡²¨¦¥´´μ · ¢´  0,95.

�μ¸É·μ¨³ �„ˆ ¤²Ö ÔÉμ£μ ¸²ÊÎ Ö. „²Ö N  Éμ³μ¢ ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö
¸μ¡ÒÉ¨Ö ti (ÌμÉÖ ¡Ò μ¤¨´ É ±μ° · ¸¶ ¤ §  ¢·¥³Ö (0, t)) ¡Ê¤¥É

P2(ti < t) = 1 − exp (−Nt/Tf).

	Éμ É¨¶¨Î´μ¥ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¸ ±μ´¸É ´Éμ° · ¸¶ ¤  Tf/N ,
¨ ¸²¥¤μ¢ É¥²Ó´μ, �„ˆ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ · ¢¥´ [0,2 · Tf/N ].

‚ ¸²ÊÎ ¥ μ¤´μ£μ ¸μ¡ÒÉ¨Ö ¢μ¶·μ¸ μ ¤¨¸±·¨³¨´ Í¨¨ £¨¶μÉ¥§ § ¸²Ê¦¨¢ ¥É
μ¸μ¡μ£μ ¢´¨³ ´¨Ö. ˆ´μ£¤  ³¥¦¤Ê Î¨¸Éμ Ëμ·³ ²Ó´Ò³ ¶μ¤Ìμ¤μ³ ¨ ¶μ¤Ìμ¤μ³
®§¤· ¢μ£μ ¸³Ò¸² ¯ ³μ¦¥É ¢μ§´¨±´ÊÉÓ ±μ´Ë²¨±É. �Ê¸ÉÓ § ·¥£¨¸É·¨·μ¢ ´μ ´¨-
ÎÉμ¦´μ ³ ²μ¥ ¢·¥³Ö · ¸¶ ¤  t1 ¨ ¶Ê¸ÉÓ ¶·μ¢¥·ÖÕÉ¸Ö ¤¢¥ £¨¶μÉ¥§Ò: T1 = 10−6

¨ T2 = 10+6. ”μ·³ ²Ó´μ, ¥¸²¨ t1 ¢Ìμ¤¨É ¢ �„ˆ [0,2·10−6], μ´μ ´¥ ¶·μÉ¨¢μ·¥-
Î¨É μ¡¥¨³ £¨¶μÉ¥§ ³, ´μ ¸ ÉμÎ±¨ §·¥´¨Ö §¤· ¢μ£μ ¸³Ò¸²  É·Ê¤´μ ¸μ£² ¸¨ÉÓ¸Ö ¸
É¥³, ÎÉμ ³ ²μ¥ ¢·¥³Ö ³μ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö ¶·¨ T2. ’ÊÉ ¸²¥¤Ê¥É ´ ¶μ³´¨ÉÓ, ÎÉμ
´  ¶· ±É¨±¥ ¶·μ¢¥·ÖÕÉ¸Ö ´¥ ¢¸¥¢μ§³μ¦´Ò¥ £¨¶μÉ¥§Ò (É ±¨Ì ¢ ¶·¨´Í¨¶¥ ¡¥¸-
±μ´¥Î´μ ³´μ£μ),   ²¨ÏÓ É¥, ±μÉμ·Ò¥ ¨§  ¶·¨μ·´μ° ¨´Ëμ·³ Í¨¨ μ ±μ´É¥±¸É¥
§ ¤ Î¨ ¡Ê¤ÊÉ ·¥ ²¨¸É¨Î¥¸±¨³¨ ¨ ¶·¨¥³²¥³Ò³¨. ‚ÒÏ¥¶·¨¢¥¤¥´´ Ö £¨¶μÉ¥§ 
É ±μ¢μ° ´¥ Ö¢²Ö¥É¸Ö, ´μ É¥³ ´¥ ³¥´¥¥ ¨´É¥·¥¸¥´ ¶·¨´Í¨¶¨ ²Ó´Ò° ¢μ¶·μ¸:
μ¶· ¢¤ ´  ²¨ ¸ ÉμÎ±¨ §·¥´¨Ö ³ É¥³ É¨±¨ ¢¥·  ¢ Éμ, ÎÉμ ³ ²Ò¥ ¢·¥³¥´  · ¸-
¶ ¤  μ¡Ö§ É¥²Ó´μ Ê± §Ò¢ ÕÉ ´  ³ ²μ¸ÉÓ ¶¥·¨μ¤  ¶μ²Ê· ¸¶ ¤ ?

’ ± Ö ¢¥·  ¡¥§μÉÎ¥É´μ ¨¸Ìμ¤¨É ¨§ ± ·É¨´±¨ £ Ê¸¸μ¢¸±¨Ì „ˆ ´  ·¨¸. 2,
£¤¥ ¥¸²¨ ³ ²μ¥ §´ Î¥´¨¥ t ¶μ¶ ¤ ¥É ¢ „ˆ [b1, b2], Éμ, ±μ´¥Î´μ, ¶·¨´¨³ ¥É¸Ö

y

0

T
0

a
2 b

1
T

1
b

2
c

2 T
2

c
2 t

�¨¸. 2. Ti Å Í¥´É·Ò É¥¸É¨·Ê¥³ÒÌ £ Ê¸¸¨ ´μ¢. „ˆ: [0, a2] ¤²Ö T0, [b1, b2] ¤²Ö T1,
[c1, c2] ¤²Ö T2. �¥·¢Ò° „ˆ Å ¶μ²μ¦¨É¥²Ó´ Ö ¶μ²μ¢¨´±  £ Ê¸¸¨ ´ ; „ˆ ¤²Ö ¶μ²´μ£μ
£ Ê¸¸¨ ´  ¡Ê¤¥É [−a2, +a2]
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£¨¶μÉ¥§  T1,   ¥¸²¨ ¢ „ˆ [c1, c2], Éμ ¶·¨´¨³ ¥É¸Ö £¨¶μÉ¥§  T2. ‚¶·μÎ¥³, ¥¸²¨
¸±μ²Ó Ê£μ¤´μ ³ ²Ò¥ §´ Î¥´¨Ö ¶μ¶ ¤ ÕÉ ¢ „ˆ [0, a2], ¤ ¦¥ ¥¸²¨ a2 Ö¢²Ö¥É¸Ö
¢¥²¨Î¨´μ° ¶μ·Ö¤±  106, μ´¨ ´¥ ¶·μÉ¨¢μ·¥Î É £¨¶μÉ¥§¥ T0.

�¤´ ±μ ± ·É¨´  Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¡Ê¤¥É ¸μ¢¥·Ï¥´´μ
¨´μ° (·¨¸. 3).

y

0

T
1 T

2

t

�¨¸. 3. 	±¸¶μ´¥´ÉÒ ¸ ±μ´¸É ´É ³¨ T1, T2 ¸μ¢³¥Ð¥´Ò ¶μ  ³¶²¨ÉÊ¤¥, ÎÉμ¡Ò ´ £²Ö¤´¥¥
¡Ò²  ¢¨¤´  · §´¨Í  ³¥¦¤Ê ¸¶ ¤ ³¨ ÔÉ¨Ì ±·¨¢ÒÌ ¢ § ¢¨¸¨³μ¸É¨ μÉ T1, T2

‡¤¥¸Ó ´¥É ´¨± ±¨Ì ¶¨±μ¢ ± ± ³¥¸É ´ ¨¡μ²¥¥ ¢¥·μÖÉ´ÒÌ ¸μ¡ÒÉ¨°, ¶·¨¢Ö-
§ ´´ÒÌ ± μ¶·¥¤¥²¥´´μ° ÉμÎ±¥ μ¸¨. ‡¤¥¸Ó μ¡² ¸ÉÓ ¸ ³ÒÌ ¢¥·μÖÉ´ÒÌ ¸μ¡ÒÉ¨° Å
ÔÉμ μ±·¥¸É´μ¸ÉÓ ´Ê²Ö, ±μÉμ· Ö Ö¢²Ö¥É¸Ö μ¡Ð¥° ¤²Ö ¢¸¥Ì Ô±¸¶μ´¥´É ¨ ´¥ ³μ-
¦¥É ¡ÒÉÓ μÉ¡·μÏ¥´  Å ÔÉμ ¢¸¥ · ¢´μ, ÎÉμ ¶·¨  ´ ²¨§¥ £ Ê¸¸¨ ´  ¢Ò¡·μ¸¨ÉÓ
μ±·¥¸É´μ¸ÉÓ ¥£μ ³ ±¸¨³Ê³ .

Šμ´Ë²¨±É Ëμ·³ ²Ó´μ£μ ¶μ¤Ìμ¤  ¸ ÉμÎ±μ° §·¥´¨Ö §¤· ¢μ£μ ¸³Ò¸²  ¢μ§´¨-
± ¥É ¨§-§  Éμ£μ, ÎÉμ, ¶μ¸ÉÊ²¨·ÊÖ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ (´¥ · ¢´μ¥
´Ê²Õ ´¨£¤¥), ³Ò ¤μ¶Ê¸± ¥³, ÎÉμ ¶·μ¨§μ°É¨ ³μ¦¥É · ¸¶ ¤ ¢ ²Õ¡μ° ³μ³¥´É
¢·¥³¥´¨, �μ ¥¸²¨ ¥¸ÉÓ  ¶·¨μ·´ Ö ¨´Ëμ·³ Í¨Ö μ Éμ³, ÎÉμ ¢·¥³¥´  · ¸¶ -
¤μ¢ ´¥ ³μ£ÊÉ ¡ÒÉÓ ³¥´ÓÏ¥, Î¥³ tmin, ¨ ¡μ²ÓÏ¥, Î¥³ tmax, Éμ ¨¸É¨´´Ò³ ¡Ê¤¥É
®Ê¸¥Î¥´´μ¥¯ Ô±¸¶μ´¥´Í¨ ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥, ´¥ · ¢´μ¥ ´Ê²Õ ²¨ÏÓ ´  [tmin,
tmax)], ¨ �„ˆ, · §Ê³¥¥É¸Ö, ¤μ²¦¥´ ¡ÒÉÓ ¶μ¶· ¢²¥´ ´  ´¥£μ. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ´
¡Ê¤¥É · ¢¥´ [tmin, MIN(tmax, 2T )].

Œμ¦´μ μ¶·¥¤¥²¨ÉÓ tmin ¨§ É ±μ£μ, ´ ¶·¨³¥·, ¸μμ¡· ¦¥´¨Ö. �Î¥¢¨¤´μ,
ÎÉμ ¨¸±²ÕÎ¥´¨¥ ¨§ ¶μ²´μ£μ „ˆ [0, 2T2] ¨´É¥·¢ ² , ´ ¶·¨³¥·, [0, 0,001T2]
¶·¨¢¥¤¥É ± Ê³¥´ÓÏ¥´¨Õ ¢¥·μÖÉ´μ¸É¨ ¢¸¥£μ ²¨ÏÓ ´  0,001, μ¤´ ±μ ¶·¨ ÔÉμ³
³ ²Ò¥ ¢·¥³¥´  · ¸¶ ¤  ti, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ £¨¶μÉ¥§¥ T1, ´μ ³¥´ÓÏ¨¥, Î¥³
0.001 · T2, ´¥ ¶μ¶ ¤ÊÉ ¢ ¨´É¥·¢ ² [0,001T2, 2 · T2].

‚μμ¡Ð¥ ¦¥ ¢ ¤ ´´μ° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶μ¤Ìμ¤ ± ¶·μ¢¥·±¥ £¨¶μÉ¥§,
±μ£¤  ±μ´¸É ´ÉÒ · ¸¶ ¤  T1 ¨ T2 ´¥ μÉ²¨Î ÕÉ¸Ö ¡μ²¥¥, Î¥³ ´  1Ä2 ¶μ·Ö¤± 
¢¥²¨Î¨´Ò, ÎÉμ Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ¸²μ¦´μ° § ¤ Î¥°. ˆ Éμ£¤  ¤²Ö ®´μ·³ ²Ó´μ°¯
¶·μ¢¥·±¨ £¨¶μÉ¥§ ³ É¥³ É¨Î¥¸±¨ μ¡μ¸´μ¢ ´´Ò³ ³¥Éμ¤μ³ ¤¨¸±·¨³¨´ Í¨¨ £¨-
¶μÉ¥§ ¡Ê¤¥É μ¡ÒÎ´Ò°: ¥¸²¨ ti ´¥ ¶μ¶ ¤ ¥É ¢ �„ˆ [0, 2T1], ´μ ¶μ¶ ¤ ¥É ¢
[0, 2T2], Éμ ¶·¨´¨³ ¥É¸Ö £¨¶μÉ¥§  T2; ¥¸²¨ ´¥ ¶μ¶ ¤ ¥É ´¨ ¢ μ¤¨´ „ˆ, Éμ μÉ-
¢¥·£ ÕÉ¸Ö μ¡¥ £¨¶μÉ¥§Ò; ¥¸²¨ ¶μ¶ ¤ ¥É ¢ [0, 2T1], Éμ É ±μ° · ¸¶ ¤ ´¥ ³μ¦¥É
¸²Ê¦¨ÉÓ ¤¨¸±·¨³¨´ Éμ·μ³ £¨¶μÉ¥§ Å ´¥¤μ¸É ÉμÎ´ Ö ¸É É¨¸É¨±  ¤ ´´ÒÌ; ´Ê-
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¦¥´ ± ± ³¨´¨³Ê³ ¥Ð¥ μ¤¨´ · ¸¶ ¤. ˆÌ ¸·¥¤´¥¥ ¡Ê¤¥É ¨³¥ÉÓ Ê¦¥ ¶¨±μμ¡· §´μ¥
(¢  ¸¨³¶ÉμÉ¨±¥ £ Ê¸¸μ¢μ) · ¸¶·¥¤¥²¥´¨¥ (¸³. ·¨¸. 4), É. ¥. ¡Ê¤¥É ¸¶· ¢¥¤²¨¢ 
¸¨ÉÊ Í¨Ö ·¨¸. 2, É ± ÎÉμ ¡Ê¤¥É μ¶· ¢¤ ´ ¡²¨§±¨° ®§¤· ¢μ³Ê ¸³Ò¸²Ê¯ ³¥Éμ¤
¤¢Ê¸Éμ·μ´´¥£μ „ˆ.

4. ‚›‚�„ ��‘��…„…‹…�ˆŸ �–…�Šˆ T

‘¨ÉÊ Í¨Ö Ê¸²μ¦´Ö¥É¸Ö, ¥¸²¨ ÉμÎ´μ¥ §´ Î¥´¨¥ T ´¥¨§¢¥¸É´μ. ‚ ÔÉμ³ ¸²ÊÎ ¥
·¥Ï¥´¨¥ § ¤ Î¨ ¤ ¥É ¸²¥¤ÊÕÐ Ö ¸É· É¥£¨Ö ¤¥°¸É¢¨°:

• ¸É·μ¨É¸Ö μÍ¥´±  T ¨ μ¶·¥¤¥²Ö¥É¸Ö ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ÔÉμ° μÍ¥´-
±¨ g(t);

• �„ˆ ¸É·μ¨É¸Ö ± ± [0, 2T ], Ê¸·¥¤´¥´´Ò° ¶μ ¶²μÉ´μ¸É¨ g(t).
‚ ± Î¥¸É¢¥ μÍ¥´±¨ T ³μ¦´μ ¢§ÖÉÓ

Te =
m∑

i=1

ti/m. (5)

	Éμ ÔËË¥±É¨¢´ Ö ´¥¸³¥Ð¥´´ Ö μÍ¥´±  ³ ±¸¨³ ²Ó´μ£μ ¶· ¢¤μ¶μ¤μ¡¨Ö ¶ · -
³¥É·  Ô±¸¶μ´¥´Í¨ ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö, ¨ μ¸É ¥É¸Ö ²¨ÏÓ ¢Ò¢¥¸É¨ ËÊ´±-
Í¨Õ g(t). �´  ¶μ§¢μ²¨É ´ ³ É ±¦¥ μÉ¢¥É¨ÉÓ ´  ¢μ¶·μ¸, ¸μμÉ¢¥É¸É¢Ê¥É ²¨
¸μ¢μ±Ê¶´μ¸ÉÓ ti ³μ¤¥²¨ F (t, T )?

�μ¸É · ¥³¸Ö ¢Ò¢¥¸É¨ ¸´ Î ²  ¶²μÉ´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨Ö ¸Ê³³Ò
m∑

i=1

ti.

� Î´¥³ ¸ m = 2. Š ± ¨§¢¥¸É´μ [5], ¶²μÉ´μ¸ÉÓ g(t, 2) ¸Ê³³Ò ¤¢ÊÌ ¸²ÊÎ °-
´ÒÌ ¢¥²¨Î¨´ ¸ ¶²μÉ´μ¸ÉÖ³¨ p1(t) ¨ p2(t) ¸μμÉ¢¥É¸É¢¥´´μ · ¢´ 

g(t, 2) =
∫

p1(x)p2(t − x)dx, (6)

£¤¥ ¨´É¥£· ²Ò ¡¥·ÊÉ¸Ö ¶μ É¥³ x, ¤²Ö ±μÉμ·ÒÌ ¶²μÉ´μ¸É¨ p1, p2 ¶μ²μ¦¨É¥²Ó´Ò,
É. ¥. ¶·¨ x > 0 ¨ x < t (¢´¥ ÔÉ¨Ì x g(t, 2), ¥¸É¥¸É¢¥´´μ, · ¢´  0). ‚ ´ Ï¥³
¸²ÊÎ ¥ ¢¸¥ ¶²μÉ´μ¸É¨ p(t) = (1/T ) exp (−t/T ) μ¤¨´ ±μ¢Ò, ¶μÔÉμ³Ê ³Ò ³μ¦¥³
§ ¶¨¸ ÉÓ (6) É ±:

g(t, 2) = (1/T 2)
∫ t

0

exp (−x/T ) exp ((t − x)/T )dx,

�É¸Õ¤ 

g(t, 2) = (1/T 2) exp (−t/T )
∫ t

0

dx = (1/T 2)t · exp (−t/T ).

�²μÉ´μ¸ÉÓ g(t, 3) ¡Ê¤¥É, μÎ¥¢¨¤´μ, ¸¢¥·É±μ° É¨¶  (6) ¶²μÉ´μ¸É¥° g(t, 2) ¨ p(t):

g(t, 3) = (1/T 3)
∫ t

0

x · exp (−x/T ) exp ((t − x)/T )dx =

= (1/2)(t2/T 3), exp (−t/T ),
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¨ É. ¤. Œ¥Éμ¤μ³ ¨´¤Ê±Í¨¨ ³μ¦´μ ¤μ± § ÉÓ, ÎÉμ ¸Ê³³Ò m ¸μ¡ÒÉ¨° ti:

g(t, m) = (1/((m − 1)!))(tm−1/T m) exp (−t/T ).

—Éμ¡Ò ¢Ò¢¥¸É¨ · ¸¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò (5), É. ¥. Te =
m∑

i=1

ti/m, ¢¸¶μ³´¨³,

ÎÉμ ¥¸²¨ F (t) Å ËÊ´±Í¨Ö · ¸¶·¥¤¥²¥´¨Ö ¸²ÊÎ °´μ° ¢¥²¨Î¨´Ò ξ, Éμ ËÊ´±Í¨Ö
· ¸¶·¥¤¥²¥´¨Ö ¢¥²¨Î¨´Ò ξ/m · ¢´  F (m · t),   ¶²μÉ´μ¸ÉÓ ¥¥ ¡Ê¤¥É ¶·μ¨§¢μ¤-
´μ° ¶μ t, · ¢´μ° m · dF (m · t)/dt, É. ¥. ¢ ´ Ï¥³ ¸²ÊÎ ¥, ¸É ²μ ¡ÒÉÓ, ¶²μÉ´μ¸ÉÓ
¥¥ ¡Ê¤¥É ËÊ´±Í¨¥° mg(mt, m) ¨²¨

G(t, m) = m(1/((m − 1)!))((mt)m−1/T m) exp (−mt/T ). (7)

�  ·¨¸. 4 ¤ ´Ò ¤¢  §´ Î¥´¨Ö ¶²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö G(t, m) ¸ m = 5 (¦¨·-
´ Ö ±·¨¢ Ö) ¨ m = 31. G(t, 31) ¡μ²¥¥ ¸¨³³¥É·¨Î´ . 	Éμ ¸²¥¤¸É¢¨¥ Í¥´É· ²Ó-

�¨¸. 4. �²μÉ´μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö
G(t, m) ¸ m = 5 (¦¨·´ Ö ±·¨¢ Ö)
¨ m = 31

´μ° ¶·¥¤¥²Ó´μ° É¥μ·¥³Ò. �¡  ¨´É¥£· ² 
(¶²μÐ ¤¨) · ¢´Ò 1.

…¸²¨ μÍ¥´±  ¶μ¸ÉμÖ´´μ° · ¸¶ ¤  (5) ¤μ-
¸É ÉμÎ´μ ÉμÎ´  (ËÊ´±Í¨Ö (7) Ö¢²Ö¥É¸Ö ®Ê§-
±μ°¯), �„ˆ ¤²Ö ¸μ¡ÒÉ¨° (´¥ ¤²Ö T ) ³μ¦´μ
¸É·μ¨ÉÓ ¸ ¥¥ ¶μ³μÐÓÕ; ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
´¥μ¡Ìμ¤¨³μ Ê¸·¥¤´ÖÉÓ ÔÉμÉ �„ˆ ¶μ · ¸¶·¥-
¤¥²¥´¨Õ (7).

‚ · ³± Ì ¶·μ¸Éμ£μ ¶μ¤Ìμ¤  ³μ¦´μ ¡· ÉÓ
§´ Î¥´¨Ö Tj , j = 1, 2, 3, . . ., ¨§ ´¥±μÉμ·μ£μ
¤¨ ¶ §μ´  [T0, T1], ¶μ²ÊÎ ÉÓ �„ˆ [0, Tj],  
§ É¥³ Ê¸·¥¤´ÖÉÓ ¨Ì ¸ ¶²μÉ´μ¸ÉÓÕ (7) ¢ ± Î¥-
¸É¢¥ ¢¥¸μ¢.

„·Ê£μ° ¶μ¤Ìμ¤ ± ¶μ¸É·μ¥´¨Õ „ˆ ¤²Ö T
§ ±²ÕÎ ¥É¸Ö ¢ ¶μ¸É·μ¥´¨¨ ¨´É¥·¢ ²  ®· ¢-
´ÒÌ Ï ´¸μ¢ ¶· ¢¤μ¶μ¤μ¡¨Ö¯ [4]. ‚ ´ Ï¥³
¸²ÊÎ ¥ ÔËË¥±É¨¢´μ¸ÉÓ μ¡μ¨Ì ¶μ¤Ìμ¤μ¢ μ¤¨-
´ ±μ¢ , ´μ ³¥Éμ¤ [4] ¡μ²¥¥ Ê´¨¢¥·¸ ²¥´, É ±
± ± ¶·¨³¥´¨³ ¤²Ö ²Õ¡μ£μ · ¸¶·¥¤¥²¥´¨Ö, ¢ Éμ³ Î¨¸²¥ ¨ ¤²Ö ¸²μ¦´ÒÌ ¨ £·μ-
³μ§¤±¨Ì, ¤²Ö ±μÉμ·ÒÌ ¶μ¸É·μ¨ÉÓ · ¸¶·¥¤¥²¥´¨¥ É¨¶  (7) ´¥ Ê¤ ¥É¸Ö, ¨ ´¥
É·¥¡Ê¥É ¤μ¸É ÉμÎ´μ ÉμÎ´ÒÌ  ¶·¨μ·´ÒÌ μÍ¥´μ± ¨¸±μ³μ£μ ¶ · ³¥É· .
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