
P11-2012-87

�.‚.Œ¥²¥¦¨±

“‘Š��…�ˆ… ‚›—ˆ‘‹…�ˆŸ Œ�’�ˆ—�›•
�‹…Œ…�’�‚ ��ˆ ��Œ�™ˆ ����‹‹…‹œ��ƒ�
���ƒ��ŒŒˆ��‚��ˆŸ ‚ MPI



Œ¥²¥¦¨± �.‚. P11-2012-87
“¸±μ·¥´¨¥ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
¶·¨ ¶μ³μÐ¨ ¶ · ²²¥²Ó´μ£μ ¶·μ£· ³³¨·μ¢ ´¨Ö ¢ MPI

�·¨ ·¥Ï¥´¨¨ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨Ì § ¤ Î Î ¸Éμ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ
¢ÒÎ¨¸²¥´¨Ö ¡μ²ÓÏμ£μ Î¨¸²  ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ Å ´¥Ë ±Éμ·¨§Ê¥³ÒÌ ¤¢Ê-
³¥·´ÒÌ ¨´É¥£· ²μ¢. ‚ ¤ ´´μ° · ¡μÉ¥ ¤²Ö ¸μ±· Ð¥´¨Ö ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨Ö ³ -
É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ´¥±μÉμ·ÒÌ μ¶¥· Éμ·μ¢ ¢ μ¸Í¨²²ÖÉμ·´μ³ ¡ §¨¸¥ ¨¸¶μ²Ó§Ê¥É¸Ö
¶ · ²²¥²Ó´μ¥ ¶·μ£· ³³¨·μ¢ ´¨¥ ¢ MPI. � ³¨ · §· ¡μÉ ´Ò ¶·μ£· ³³Ò Poten-
tial MPI ¨ Potential PC ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ´  ³´μ£μ¶·μÍ¥¸¸μ·´μ³ ±² ¸É¥·¥ ¨ ´ 
¶¥·¸μ´ ²Ó´μ³ ±μ³¶ÓÕÉ¥·¥ ¸μμÉ¢¥É¸É¢¥´´μ. �  ³μ¤¥²Ó´ÒÌ ¶·¨³¥· Ì ¶μ± § ´μ,
ÎÉμ ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò Potential MPI ³μ¦´μ Ê³¥´ÓÏ¨ÉÓ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨Ö
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¡μ²¥¥ Î¥³ ´  ¤¢  ¶μ·Ö¤± .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2012

Melezhik A.V. P11-2012-87
Speeding Up Matrix Element Computations
by Means of MPI Parallel Programming

The solution of some quantum-mechanical problems asks computing large sets of
matrix elements involving non-factorable two-dimensional integrals. In the present
paper we discuss effective means, using MPI parallel programming, for speeding up
the computation of large sets of such matrix elements. To make sound comparison
of the computing times, we have developed the sequential code Potential PC and
the parallel code Potential MPI, able to solve the problems of interest on a personal
computer and on a multi-core cluster, respectively. Investigation of case study prob-
lems involving matrix elements of speciˇc operators over oscillatory bases showed
a gain of CPU time exceeding two orders of magnitude.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2012



‚‚…„…�ˆ…

‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸ÊÐ¥¸É¢Ê¥É ·Ö¤ § ¤ Î, ¤²Ö ·¥Ï¥´¨Ö ±μÉμ·ÒÌ ¨¸-
¶μ²Ó§Ê¥É¸Ö ¢·¥³Ö¥³±¨° ¶·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ · §²¨Î´ÒÌ
μ¶¥· Éμ·μ¢. �±ÉÊ ²Ó´μ¸ÉÓ ÔÉμ° ¶·μ¡²¥³Ò ¶μ¤É¢¥·¦¤ ¥É¸Ö ¡μ²ÓÏ¨³ Î¨¸²μ³
· ¡μÉ, ¶μ¸¢ÖÐ¥´´ÒÌ · §²¨Î´Ò³ ¸¶μ¸μ¡ ³ ¶μ¢ÒÏ¥´¨Ö ¸±μ·μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (¸³., ´ ¶·¨³¥·, [1]). ‚ ¸¢Ö§¨ ¸ · §¢¨É¨¥³ ³´μ£μ¶·μÍ¥¸-
¸μ·´ÒÌ ¸¨¸É¥³ ¶μÖ¢¨² ¸Ó ¢μ§³μ¦´μ¸ÉÓ · §· ¡μÉ±¨  ²£μ·¨É³μ¢, ¶μ§¢μ²ÖÕÐ¨Ì
§ ³¥É´μ ¸μ±· É¨ÉÓ ¢·¥³Ö ¢ÒÎ¨¸²¥´¨Ö ¸²μ¦´ÒÌ (´¥Ë ±Éμ·¨§Ê¥³ÒÌ) ³ É·¨Î-
´ÒÌ Ô²¥³¥´Éμ¢. ‚ ¤ ´´μ° · ¡μÉ¥ ´  ¶·¨³¥·¥ ³μ¤¥²Ó´μ° § ¤ Î¨ ¶μ ¢ÒÎ¨¸²¥-
´¨Õ ´¥Ë ±Éμ·¨§Ê¥³ÒÌ ¤¢Ê³¥·´ÒÌ ¨´É¥£· ²μ¢ ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ¶·¥¨³ÊÐ¥¸É¢ 
¶·¨³¥´¥´¨Ö ¢ É ±¨Ì · ¸Î¥É Ì ¢Ò¸μ±μ¶·μ¨§¢μ¤¨É¥²Ó´ÒÌ ³´μ£μ¶·μÍ¥¸¸μ·´ÒÌ
¸¨¸É¥³.

1. ��‘’���‚Š� ‡�„�—ˆ

‚ ± Î¥¸É¢¥ ³μ¤¥²Ó´μ° § ¤ Î¨ ´ ³¨ · ¸¸³μÉ·¥´μ ¢ÒÎ¨¸²¥´¨¥ ³ É·¨Î´μ£μ
Ô²¥³¥´É :

Unxny
nx′ny′ (z) =

+∞∫
−∞

dx

+∞∫
−∞

dy ϕnx′ (x)ϕny′ (y)V (r)ϕnx (x)ϕny (y), (1)

£¤¥ ϕnx(x) =
1√

2nxnx!a
√

π
Hnx

(x

a

)
e−

x2

2a2 Å ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ £ ·-

³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· 

(
μ¶¥· Éμ·  − 1

2
∂

∂x2
+

1
2
ωx2

)
¸ ±¢ ´Éμ¢Ò³¨ Î¨-

¸² ³¨ nx = 0, 1, 2 . . .; Hnx

(x

a

)
Å ¶μ²¨´μ³ �·³¨É  nx-¶μ·Ö¤± ; a =

√
1
ω

Å

· §³¥·´Ò° ¶ · ³¥É·, μ¶·¥¤¥²Ö¥³Ò° Î ¸Éμ° μ¸Í¨²²ÖÉμ·  ω; V (r) Å ¶μÉ¥´-
Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö; r =

√
x2 + y2 + z2.
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�μ¸²¥ ¶μ¤¸É ´μ¢±¨ ËÊ´±Í¨¨ ϕnx(x) ¢ ¢Ò· ¦¥´¨¥ (1) μ´μ ¶·¨´¨³ ¥É ¸²¥-
¤ÊÕÐ¨° ¢¨¤:

Unxny
nx′ny′ (z) = A

+∞∫
−∞

dx

+∞∫
−∞

dy e−
x2+y2

2a2 V (r)×

× Hnx

(x

a

)
Hny

(y

a

)
Hnx′

(x

a

)
Hny′

(y

a

)
,

£¤¥ A = 2−(nx+ny+nx′+ny′ )(nx!ny!nx′ !ny′ !)−
1
2 a−2π−1.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ω = 1. �μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ ϕn(x) ¨ ϕn(y)
¡Ò¸É·μ Ê¡Ò¢ ÕÉ ¶·¨ |x|, |y| → ∞, Éμ ¨´É¥£· ² (1) ´  ¡¥¸±μ´¥Î´μ° ¶²μ¸±μ-
¸É¨ x, y ³μ¦´μ ¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ¨´É¥£· ²μ³:

Unxny
nx′ny′ (z) = A

+10∫
−10

dx

+10∫
−10

dy Hnx

(x

a

)
Hny

(y

a

)
×

× Hnx′

(x

a

)
Hny′

(y

a

)
e−

1
2 (x2+y2)V (r) (2)

´  ¶·Ö³μÊ£μ²Ó´¨±¥ x ∈ [−10, 10], y ∈ [−10, 10]. „²Ö ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²  (2)
¡Ò²¨ · §· ¡μÉ ´Ò ¤¢¥ ¶·μ£· ³³Ò, ¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤ ‘¨³¶¸μ´ ,
¸ · ¢´μ³¥·´μ° ¤¨¸±·¥É´μ° ¸¥É±μ° N × N (N Å Î¨¸²μ Ê§²μ¢ ¸¥É±¨):

• Potential PC ´ ¶¨¸ ´  ´  Ö§Ò±¥ C++ [2] ¤²Ö · ¸Î¥Éμ¢ ´  ¶¥·¸μ´ ²Ó´μ³
±μ³¶ÓÕÉ¥·¥ (�Š) (¶·μÍ¥¸¸μ· Intel Celeron);

• Potential MPI ´ ¶¨¸ ´  ´  Ö§Ò±¥ C++ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¡¨¡²¨μÉ¥±¨
MPI ¤²Ö ¶ · ²²¥²Ó´μ£μ ¶·μ£· ³³¨·μ¢ ´¨Ö ´  ¢Ò¸μ±μ¶·μ¨§¢μ¤¨É¥²Ó´μ³ ¸¥·-
¢¥·¥ lxpub04.jinr.ru (‹ˆ’ �ˆŸˆ). ‘¥·¢¥· ¨³¥¥É ¤¢  6-Ö¤¥·´ÒÌ ¶·μÍ¥¸¸μ· 
Xeon X5650. � ³¨ ¨¸¶μ²Ó§μ¢ ²¸Ö μ¤¨´ ¶·μÍ¥¸¸μ·,   ´ ²¨Î¨¥ É¥Ì´μ²μ£¨¨
Hyper-threading ¶μ§¢μ²¨²μ μ·£ ´¨§μ¢ ÉÓ · ¸Î¥ÉÒ ´  12 ²μ£¨Î¥¸±¨Ì Ö¤· Ì.

2. —ˆ‘‹…��›‰ ��ˆŒ…�

‚ ´ Ï¨Ì · ¸Î¥É Ì ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¶μÉ¥´Í¨ ²Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¤¢ÊÌ
¢¨¤μ¢:

1) ¶μÉ¥´Í¨ ² V (r) = V0 e−r2
Å ¤μ¶Ê¸± ¥É Ë ±Éμ·¨§ Í¨Õ ¤¢Ê³¥·´μ£μ

¨´É¥£· ²  (1) ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö μ¤´μ³¥·´ÒÌ ¨´É¥£· ²μ¢ U
nxny
nx′ny′ (z) =

Unx
nx′ (z)Uny

ny′ (z);

2) ¶μÉ¥´Í¨ ²Ò V (r) =
V0

r
, V (r) =

V0√
r

Å ´¥ ¤μ¶Ê¸± ÕÉ É ±μ° Ë ±Éμ·¨-

§ Í¨¨.
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2.1. � ¸Î¥É ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò Potential PC. �·μ£· ³³  ¢ÒÎ¨¸²¥-
´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (2) Potential PC μÉ² ¦¥´  ¤²Ö ¢¸¥Ì nx, ny < 25.

’ ¡²¨Í  1. ‡ ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ μÉ ±μ²¨Î¥¸É¢ 
Ê§²μ¢ N ¸¥É±¨ ¤¨¸±·¥É¨§ Í¨¨ ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò Potential PC

N Ê§²μ¢ 100 1000 5000 10 000 20 000

TimePC, ¸ 0,03 2,3 57,4 235,7 1060,7

‚ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¨´É¥£· ²  (2) ¤²Ö ¶μÉ¥´Í¨ ² 
V (r) = V0/

√
r ¶·¨ nx = nx′ = ny′ = ny = 0, z = 1, V0 = 1, ¸ ¶μ³μÐÓÕ

¶·μ£· ³³Ò Potential PC ¤²Ö · §´μ£μ Î¨¸²  Ê§²μ¢ N ¸¥É±¨ ¤¨¸±·¥É¨§ Í¨¨, £¤¥
TimePC Å ¢·¥³Ö ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢.

2.2. � ¸Î¥É ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò Potential MPI. �·μ£· ³³  ¢ÒÎ¨¸²¥-
´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (2) Potential MPI μÉ² ¦¥´  ¤²Ö ¢¸¥Ì nx, ny < 25.

’ ¡²¨Í  2. ‡ ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ (2) μÉ Î¨¸² 
Ê§²μ¢ N ¸¥É±¨ ¤¨¸±·¥É¨§ Í¨¨ ¸ ¶μ³μÐÓÕ ¶·μ£· ³³Ò Potential MPI

N Ê§²μ¢ 100 1000 5000 10 000 20 000 105 2 · 105 3 · 105

TimeMPI, ¸ 0,0006 0,02 0,4 1,5 6,3 160,4 775,4 1421,7

‚ É ¡². 2 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ¨´É¥£· ²  (2) ¤²Ö ¶μÉ¥´Í¨ ² 
V (r) = V0/

√
r ¶·¨ nx = nx′ = ny′ = ny = 0, z = 1, V0 = 1 ¸ ¶μ³μÐÓÕ

¶·μ£· ³³Ò Potential MPI ¤²Ö · §´μ£μ Î¨¸²  Ê§²μ¢ N ¸¥É±¨ ¤¨¸±·¥É¨§ Í¨¨, £¤¥
TimeMPI Å ¢·¥³Ö ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢.

2.3. �Í¥´±  ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢. „²Ö μÍ¥´±¨
ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¡Ò²¨ ¶·μ¢¥¤¥´Ò · ¸Î¥ÉÒ ´  ¶μ-
¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¸£ÊÐ ÕÐ¨Ì¸Ö ¸¥Éμ± ¸ ¶μ¸²¥¤μ¢ É¥²Ó´Ò³ Ê³¥´ÓÏ¥´¨¥³ Ï £ 
¨´É¥£·¨·μ¢ ´¨Ö h = 20/N , h/2 ¨ h/4 (¶·¨ N = 104). �·¨ ÔÉμ³ ¶μ²ÊÎ¥´´μ¥

§´ Î¥´¨¥ μÉ´μÏ¥´¨Ö σh =
Uh − Uh/2

Uh/2 − Uh/4
= 3,9 (£¤¥ U Å §´ Î¥´¨¥ ³ É·¨Î´μ£μ

Ô²¥³¥´É  (2) ¶·¨ · §´ÒÌ h) Ìμ·μÏμ ¸μ£² ¸Ê¥É¸Ö ¸ É¥μ·¥É¨Î¥¸±μ° μÍ¥´±μ°
σh = 4 [4] ¤²Ö ¢Éμ·μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ ¶·¨ Î¨¸²¥´´μ³
¨´É¥£·¨·μ¢ ´¨¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ³¥Éμ¤Ê ‘¨³¶¸μ´ .

„²Ö μÍ¥´±¨ ¶μ£·¥Ï´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ σ∞ ¨´É¥£· ²  (1), μ¡Ê¸²μ¢²¥´-
´μ£μ § ³¥´μ° ¡¥¸±μ´¥Î´μ° ¶²μ¸±μ¸É¨ ±μ´¥Î´μ° ¶·Ö³μÊ£μ²Ó´μ° μ¡² ¸ÉÓÕ
(¸³. (2)), ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò ¨´É¥£· ²Ò (1), ¤μ¶Ê¸± ÕÐ¨¥  ´ ²¨É¨Î¥¸±μ¥ ·¥-
Ï¥´¨¥ ¶·¨ V (r) = e−r2

. �Í¥´±  ¶μ£·¥Ï´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ σ∞ ¸μ¸É ¢¨² 
¢¥²¨Î¨´Ê ¶μ·Ö¤±  10−12.
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‡�Š‹�—…�ˆ…

‚ É ¡². 3 ¶·¨¢¥¤¥´μ μÉ´μÏ¥´¨¥ ¢·¥³¥´ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢
´  �Š (TimePC) ¨ ´  ³´μ£μ¶·μÍ¥¸¸μ·´μ³ ¸¥·¢¥·¥ (TimeMPI).

’ ¡²¨Í  3. ‘· ¢´¥´¨¥ ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨Ö ³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ ¸ ¶μ³μÐÓÕ ¶·μ-
£· ³³ Potential PC ¨ Potential MPI

N Ê§²μ¢ 100 1000 5000 10 000 20 000

TimePC, ¸ 0,03 2,3 57,4 235,7 1060,7

TimeMPI, ¸ 0,0006 0,02 0,4 1,5 6,3

TimePC/TimeMPI 54,3 118,6 141,8 148,3 167,3

�  ·¨¸. 1 (μ¸Ó ¢·¥³¥´¨ § ¤ ´  ¢ ²μ£ ·¨Ë³¨Î¥¸±μ³ ³ ¸ÏÉ ¡¥) ±·¨¢ Ö
Potential PC ¶μ± §Ò¢ ¥É¥É § ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢Ò¶μ²´¥´¨Ö ¶·μ£· ³³Ò
Potential PC μÉ Î¨¸²  Ê§²μ¢ N ,   ±·¨¢ Ö Potential MPI Å § ¢¨¸¨³μ¸ÉÓ ¢·¥-
³¥´¨ · ¡μÉÒ ¶·μ£· ³³Ò Potential MPI μÉ Î¨¸²  Ê§²μ¢ N .

�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢ÒÎ¨¸²¥´¨° ¸ ¶μ³μÐÓÕ Potential PC ¨ Potential MPI μÉ
Î¨¸²  Ê§²μ¢ N

ˆ§ ·¥§Ê²ÓÉ Éμ¢, ¶·¨¢¥¤¥´´ÒÌ ¢ É ¡². 3, ¸²¥¤Ê¥É, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ ¶ -
· ²²¥²Ó´ÒÌ  ²£μ·¨É³μ¢ ´  ³´μ£μ¶·μÍ¥¸¸μ·´ÒÌ ¸¨¸É¥³ Ì ¶μ§¢μ²Ö¥É Ê¸±μ·¨ÉÓ
¢ÒÎ¨¸²¥´¨¥ ¨´É¥£· ²μ¢ É¨¶  (2) ¡μ²¥¥, Î¥³ ´  ¤¢  ¶μ·Ö¤± . „ ´´Ò° ·¥§Ê²ÓÉ É
μ¡Ê¸²μ¢²¥´ ¡μ²¥¥ μ¶É¨³ ²Ó´Ò³ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¢ÒÎ¨¸²¨É¥²Ó´ÒÌ ·¥¸Ê·¸μ¢ ¸
¶μ³μÐÓÕ MPI ¶μ ¸· ¢´¥´¨Õ ¸ μ¤´μÖ¤¥·´Ò³ ¶·μÍ¥¸¸μ·μ³ �Š.
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„ ²¥¥ ¡Ò²¨ ¶·μ¢¥¤¥´Ò · ¸Î¥ÉÒ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¤´μ£μ ¨ ¤¢¥´ ¤Í É¨
Ö¤¥· ´  ³´μ£μ¶·μÍ¥¸¸μ·´μ³ ¸¥·¢¥·¥ ±² ¸É¥·  ‹ˆ’ �ˆŸˆ. ‚ É ¡². 4 ¶·¥¤¸É -
¢²¥´Ò ¢·¥³¥´  · ¸Î¥É  ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ μ¤´μ£μ ¶·μÍ¥¸¸μ·  Time1 ¨ ¶·¨
¨¸¶μ²Ó§μ¢ ´¨¨ ¤¢¥´ ¤Í É¨ ¶·μÍ¥¸¸μ·μ¢ Time12. �É´μÏ¥´¨¥ Time1/Time12

Ìμ·μÏμ ¸μ£² ¸Ê¥É¸Ö ¸ § ±μ´μ³ �³¤ ²  [5], ¤¥³μ´¸É·¨·ÊÖ μ¡· É´μ ¶·μ¶μ·Í¨-
μ´ ²Ó´ÊÕ § ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ·¥Ï¥´¨Ö § ¤ Î¨ μÉ Î¨¸²  ¶·μÍ¥¸¸μ·μ¢.

’ ¡²¨Í  4. ‘· ¢´¥´¨¥ ¢·¥³¥´¨ ¸Î¥É  ¶·μ£· ³³Ò Potential MPI ´  μ¤´μ³ ¨ ´  ¤¢¥-
´ ¤Í É¨ Ö¤· Ì

N Ê§²μ¢ 10 000 15 000 20 000 40 000 100 000

Time1, ¸ 3,2 12,82 12,85 51,12 321,042

Time12, ¸ 0,29 1,11 1,13 4,39 27,49

Time1/Time12 11,03 11,35 11,58 11,64 11,68

�  ·¨¸. 2 ±·¨¢ Ö 1 core ¶μ± §Ò¢ ¥É § ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢Ò¶μ²´¥´¨Ö
¶·μ£· ³³Ò Potential MPI ´  μ¤´μ³ Ö¤·¥ Time1 μÉ ±μ²¨Î¥¸É¢  Ê§²μ¢ N ,  
±·¨¢ Ö 12 cores Å § ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¢Ò¶μ²´¥´¨Ö ¶·μ£· ³³Ò Potential MPI
c ¨¸¶μ²Ó§μ¢ ´¨¥³ ¤¢¥´ ¤Í É¨ ²μ£¨Î¥¸±¨Ì Ö¤¥· Time12 μÉ Î¨¸²  Ê§²μ¢ N .

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ¢·¥³¥´¨ ¸Î¥É  ´  Potential MPI μÉ Î¨¸²  Ê§²μ¢ N ¤²Ö μ¤´μ£μ ¨
¤¢¥´ ¤Í É¨ Ö¤¥·

�μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤¥³μ´¸É·¨·ÊÕÉ ÔËË¥±É¨¢´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö ¶ -
· ²²¥²Ó´μ£μ ¶·μ£· ³³¨·μ¢ ´¨Ö ¨ ³´μ£μ¶·μÍ¥¸¸μ·´ÒÌ ·¥¸Ê·¸μ¢ ¶·¨ · ¸Î¥É¥
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢. �² ´¨·Ê¥É¸Ö ¨¸¶μ²Ó§μ¢ ´¨¥ ¶·μ£· ³³Ò Potential MPI
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¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , μ¶¨¸Ò¢ ÕÐ¥£μ ¢ μ¸Í¨²²Ö-
Éμ·´μ³ ¡ §¨¸¥ ¤¢ÊÌ Éμ³´Ò¥ ¸Éμ²±´μ¢¥´¨Ö ¢ μ¶É¨Î¥¸±μ° ²μ¢ÊÏ±¥ [6].

‚Ò· ¦ Õ ¡² £μ¤ ·´μ¸ÉÓ ‚¨±Éμ·Ê ‚² ¤¨³¨·μ¢¨ÎÊ ˆ¢ ´μ¢Ê §  ³´μ£μÎ¨-
¸²¥´´Ò¥ ¤¨¸±Ê¸¸¨¨ ¨ ¶μ³μÐÓ ¢ ´ ¶¨¸ ´¨¨ ¸É ÉÓ¨.
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