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‚‚…„…�ˆ…

‚ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì · ¡μÉ Ì [3Ä5] ¨¸¸²¥¤μ¢ ²¨¸Ó ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö
±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö · §²¨Î´Ò³¨ ³¥Éμ¤ ³¨ ¨ ¶·μ¢¥¤¥´ ¸· ¢´¨-
É¥²Ó´Ò°  ´ ²¨§ ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨° ¸ ·¥Ï¥´¨Ö³¨  ´ ²μ£¨Î´ÒÌ § ¤ Î ¤²Ö
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �μ¤μ¡´Ò¥ ¨¸¸²¥¤μ¢ ´¨Ö ¡Ò²¨ ¢ ¦´Ò ¤²Ö ¢ÒÖ¢²¥´¨Ö
·¥²ÖÉ¨¢¨¸É¸±¨Ì ÔËË¥±Éμ¢. ‚ ¤ ´´μ° · ¡μÉ¥ ³Ò ¨¸¸²¥¤Ê¥³ § ¤ ÎÊ · ¸¸¥Ö´¨Ö
¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö [1] ¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸ · §²¨Î-
´Ò³¨ ±Ê¸μÎ´μ-¶μ¸ÉμÖ´´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¨ ¶·μ¢¥¤¥³ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§
¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨°.

ˆ¸¸²¥¤Ê¥³ ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö:

[Eε − Hε − V (r)]ψ(r) = 0, (1)

£¤¥

Eε =
2q2√

1 + ε2q2 + 1
, Hε =

2
ε2

[
ch

(
iε

d

dr

)
− 1

]
,

ε Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·, V (r) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö.

� §² £ Ö μ¶¥· Éμ· ch
(

iε
d

dr

)
¢ ·Ö¤, Ê· ¢´¥´¨¥ (1) ³μ¦´μ ¸¢¥¸É¨ ± ¤¨Ë-

Ë¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤± . �·¨ ε → 0, Eε → q2,

Hε → − d2

dr2
(1) ¶¥·¥Ìμ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  [2]

[
d2

dr2
− V (r) + q2

]
ψ(r) = 0. (2)

�μÔÉμ³Ê μ¸μ¡ÊÕ  ±ÉÊ ²Ó´μ¸ÉÓ ¶·¨μ¡·¥É ÕÉ ³¥Éμ¤Ò ¶μ¨¸±  É ±¨Ì ·¥Ï¥´¨° § -
¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö Ê· ¢´¥´¨Ö (1), ±μÉμ·Ò¥ ¶·¨ ε → 0 ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Ö³
 ´ ²μ£¨Î´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2). ’μ£¤  μÉ²¨-
Î¨¥ ÔÉ¨Ì ·¥Ï¥´¨° ¶·¨ ε �= 0 ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ·¥²ÖÉ¨¢¨¸É¸±¨°
ÔËË¥±É.

�¨¸. 1. ‚¨¤ ¶μÉ¥´Í¨ ²μ¢
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Š ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ´ Ï¨Ì · ¡μÉ Ì [3Ä5], ¨¸¸²¥¤Ê¥³ ·¥Ï¥´¨Ö § ¤ Î¨
· ¸¸¥Ö´¨Ö ¤²Ö Ê· ¢´¥´¨Ö (1) ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ μ¶¥· Éμ·  ¸¤¢¨£ 

exp
(
±iε

d

dr

)
f(r) = f(r ± iε).

„ ²¥¥ ¶·μ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ·¥Ï¥´¨° ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥-
´¨Ö (1) ¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¤²Ö ¶μÉ¥´Í¨ ²Ó´ÒÌ Ö³ ¤¢ÊÌ
É¨¶μ¢, ±μÉμ·Ò¥ ¶μ± § ´Ò ´  ·¨¸. 1.

��‘’���‚Š� ‡�„�—ˆ

‘´ Î ²  ¶μ²ÊÎ¨³ ´¥μ¡Ìμ¤¨³Ò¥ Ëμ·³Ê²Ò ¤²Ö ¶·μ¢¥¤¥´¨Ö ¸· ¢´¨É¥²Ó´μ£μ
 ´ ²¨§  ·¥Ï¥´¨° § ¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¨ ±¢ §¨¶μ-
É¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö (1). ‡ É¥³ ¶·¨¢¥¤¥³ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

 . �¥Ï¥´¨Ö Ê· ¢´¥´¨° (1) ¨ (2) ¤²Ö ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò
±μ´¥Î´μ° £²Ê¡¨´Ò (·¨¸. 1,  ). �¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (α1r), 0 � r � r1,

ψ2(r) = A2 sin (α2r + δ), r1 � r < ∞.
(3)

„ ²¥¥ ¢¥§¤¥ r1 = π.
�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (3) ¢ Ê· ¢´¥´¨¥ (2), ´ Ìμ¤¨³ α2

1 = V1 + E, α2
2 = E,

E = q2.
ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ¨ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ËÊ´±Í¨¨

ψ1(r)
∣∣∣
r=r1

= ψ2(r)
∣∣∣
r=r1

, ψ′
1(r)

∣∣∣
r=r1

= ψ′
2(r)

∣∣∣
r=r1

(4)

¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö Ë §Ò · ¸¸¥Ö´¨Ö δ:

δ = arcctg D − α2r1, (5)

£¤¥ D =
α1

α2
ctg (α1r1).

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (3) ¢ Ê· ¢´¥´¨¥ (1), ¶μ²ÊÎ ¥³

α1 =
1
ε
arcch

[
1 +

ε2

2
(V1 + E)

]
, 0 � r � r1, (6)

α2 =
1
ε
arcch

[
1 +

ε2

2
E

]
, r1 � r < ∞. (7)

„²Ö Ê· ¢´¥´¨Ö (1) Ê¸²μ¢¨Ö ¸Ï¨¢ ´¨Ö (4) ³μ¤¨Ë¨Í¨·Ê¥³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ψ1(r)
∣∣∣
r=r1

= ψ2(r)
∣∣∣
r=r1

, Lψ1(r)
∣∣∣
r=r1

= Lψ2(r)
∣∣∣
r=r1

, (8)
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£¤¥

L =
1
ε

(
eε d

dr − 1
)

, L −→
ε→0

d

dr
. (9)

’μ£¤  ¤²Ö Ë §Ò · ¸¸¥Ö´¨Ö ¶μ²ÊÎ ¥³

δ = arcctg D1 − α2 r1, (10)

£¤¥

D1 =
−C3(α1, ε) + α1C4(α1, ε)ctg (α1r1) + C3(α2, ε)

α2C4(α2, ε)
,

C3(α1, ε) =
1 − cos (α1ε)

ε
, C3(α2, ε) =

1 − cos (α2ε)
ε

,

C4(α1, ε) =
sin (α1ε)

α1ε
, C4(α2, ε) =

sin (α2ε)
α2ε

.

�·¨Î¥³ ¶·¨ ε → 0 C3 → 0 ¨ C4 → 1. ’μ£¤  Ê· ¢´¥´¨¥ (10) ¶¥·¥Ìμ¤¨É ¢ Ëμ·-
³Ê²Ê (5). �Éμ μ§´ Î ¥É, ÎÉμ ·¥Ï¥´¨Ö (Ë §Ò · ¸¸¥Ö´¨Ö) ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ
Ê· ¢´¥´¨Ö ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

¡. �¥Ï¥´¨Ö Ê· ¢´¥´¨° (1) ¨ (2) ¤²Ö ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ¸
¡ ·Ó¥·μ³ (·¨¸. 1, ¡). �É¤¥²Ó´μ · ¸¸³μÉ·¨³ ¸²ÊÎ ¨, ±μ£¤  E < V2 ¨ E > V2.

�·¨ 0 < E < V2 ·¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (α1r), 0 � r � r1,

ψ2(r) = A2 exp (−α2r) + B2 exp (α2r), r1 � r � r2,

ψ3(r) = A3 sin (α3r + δ), r2 � r < ∞.

(11)

„ ²¥¥ ¢¥§¤¥ r1 = π.
�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (11) ¢ Ê· ¢´¥´¨¥ (2), ´ Ìμ¤¨³ α2

1 = V1 + E, α2
2 =

V2 − E, α2
3 = E.

ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ψ(r) ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ°
¢ ÉμÎ± Ì

r = r1 : ψ1(r)
∣∣∣
r=r1

= ψ2(r)
∣∣∣
r=r1

, ψ′
1(r)

∣∣∣
r=r1

= ψ′
2(r)

∣∣∣
r=r1

¨

r = r2 : ψ2(r)
∣∣∣
r=r2

= ψ3(r)
∣∣∣
r=r2

, ψ′
2(r)

∣∣∣
r=r2

= ψ′
3(r)

∣∣∣
r=r2

(12)

¶μ²ÊÎ ¥³

δ = arcctg D2 − α3 r2, (13)
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£¤¥

D2 =
α2

α3

− exp (−α2r2) +
B2

A2
exp (α2r2)

exp (−α2r2) +
B2

A2
exp (α2r2)

,

B2

A2
=

D3 + 1
D2 − D3

exp (−2α2r1), D3 =
α1

α2
ctg (α2r1).

�μ¤¸É ¢²ÖÖ ·¥Ï¥´¨Ö (11) ¢ (1), ¨³¥¥³

α1 =
1
ε
arcch

[
1 +

ε2

2
(V1 + E)

]
, 0 � r � r1, (14)

α2 =
1
ε

arccos
[
1 − ε2

2
(V2 − E)

]
, r1 � r � r2, (15)

α3 =
1
ε
arcch

(
1 +

ε2

2
E

)
, r2 � r < ∞. (16)

ˆ§ (15) ¶μ²ÊÎ ¥³ μ£· ´¨Î¥´¨¥ ´  ¶ · ³¥É· ε: 0 � ε � 2√
V2 − E

.

“¸²μ¢¨Ö ¸Ï¨¢ ´¨Ö (12) ³μ¤¨Ë¨Í¨·Ê¥³ É ± ¦¥, ± ± ¨ ¢ ¶Ê´±É¥   (¸³. (8),
(9)), ¨ ´ Ìμ¤¨³

δ = arcctgD4 − α3r2, (17)

£¤¥

D4 =
D5 + C3(α3, ε)

α3C4(α3, ε)
,

D5 =
α2C5(α2, ε) exp (−α2r2) + α2C6(α2, ε)

B2

A2
exp (α2r2)

exp (−α2r2) +
B2

A2
exp (α2r2)

,

B2

A2
=

α2C5 − D6

D6 − α2C5
exp (−2α2r1), D6 = C3(α1, ε) + α1C4(α1, ε)ctg (α1r1),

C3(α1, ε) =
1 − cos (α1ε)

ε
, C4(α1, ε) =

sin (α1ε)
α1ε

,

C5(α2, ε) =
1

α2ε
[exp (−α2ε) − 1], C6(α2, ε) =

1
α2ε

[exp (α2ε) − 1].

�·¨ ε → 0 Ê· ¢´¥´¨¥ (17) ¶¥·¥Ìμ¤¨É ¢ ¢Ò· ¦¥´¨¥ (13).
�·¨ V2 � E < ∞ ·¥Ï¥´¨Ö ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (α1r), 01 � r � r1,

ψ2(r) = A2 sin (α2r) + B2 cos (α2r), r1 � r � r2,

ψ3(r) = A3 sin (α3r + δ), r2 � r < ∞.

(18)
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�·μ¢μ¤Ö  ´ ²μ£¨Î´ÊÕ ¶·μÍ¥¤Ê·Ê, ¤²Ö Ê· ¢´¥´¨Ö (2) ¨³¥¥³

α2
1 = V1 + E, α2

2 = E − V2, α2
3 = E,

δ = arcctgD7 − α3r2,
(19)

£¤¥

D7 =
α2

α3

cos (α2r2) −
B2

A2
sin (α2r2)

sin (α2r2) +
B2

A2
cos (α2r2)

,
B2

A2
=

cos (α2r1) − D8 sin (α2r1)
sin (α2r1) + D8 cos (α2r1)

,

D8 =
α1

α2
ctg (α1r1).

„²Ö Ê· ¢´¥´¨Ö (1) ¨³¥¥³

δ = arcctgD9 − α3r2, (20)

£¤¥

D9 =
D10 + C3(α3, ε)

α3C4(α3, ε)
, D10 =

U22 + V22
B2

A2

sin (α2r2) +
B2

A2
cos (α2r2)

,

B2

A2
=

U21 − U1 sin (α2r1)
U1 cos (α2r1) − V21

, C3(α1, ε) =
1
ε
[1 − cos (α1ε)],

C3(α2, ε) =
1
ε
[1 − cos (α2ε)], C3(α3, ε) =

1
ε
[1 − cos (α3ε)],

C4(α1, ε) =
1
ε

sin (α1ε)
α1ε

, C4(α2, ε) =
1
ε

sin (α2ε)
α2ε

,

C4(α3, ε) =
1
ε

sin (α3ε)
α3ε

, U1 = −C3(α1, ε) + α1C4(α1, ε) ctg (α1r1),

U21 = −C3(α2, ε) sin (α2r1) + α2C4(α2, ε) cos (α2r1),
V21 = −C3(α2, ε) cos (α2r1) − α2C4(α2, ε) sin (α2r1),
U22 = −C3(α2, ε) sin (α2r2) + α2C4(α2, ε) cos (α2r2),
V22 = −C3(α2, ε) cos (α2r2) − α2C4(α2, ε) sin (α2r2).

�·¨ ε → 0 Ê· ¢´¥´¨¥ (20) ¶¥·¥Ìμ¤¨É ¢ Ëμ·³Ê²Ê (17) ¨ ¨Ì Ë §Ò · ¸¸¥Ö´¨Ö
¸μ¢¶ ¤ ÕÉ.

�¨¦¥ ¶·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¨§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢.

�…‡“‹œ’�’› —ˆ‘‹…���ƒ� ˆ‘‘‹…„�‚��ˆŸ

�  ·¨¸. 2Ä4 ¶·¨¢¥¤¥´Ò δ(E) ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ε ¤²Ö ¶·Ö³μÊ£μ²Ó-
´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò ±μ´¥Î´μ° £²Ê¡¨´Ò (·¨¸. 2) ¨ ¤²Ö ¸²ÊÎ ¥¢ 0 � E � V2
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�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ Ë §Ò · ¸¸¥Ö´¨Ö μÉ Ô´¥·£¨¨ ¶·¨ V1 = 5, 0 < E < Emax,

Emax = 22

�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ Ë §Ò · ¸¸¥Ö´¨Ö μÉ Ô´¥·£¨¨ ¶·¨ r2−r1 = 0,2 ( ) ¨ r2−r1 = 0,8 (¡),
0 < E < V2, V2 = 12

�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ Ë §Ò · ¸¸¥Ö´¨Ö μÉ Ô´¥·£¨¨ ¶·¨ r2 − r1 = 0,8 (a) ¨ r2 − r1 =
π/2 (¡), V2 < E < Emax, V2 = 12, Emax = 22

6



�¨¸. 5. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶·¨ ¶ · ³¥É· Ì 0 < E < V1, E = 3, V1 = 5

�¨¸. 6. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶·¨ ¶ · ³¥É· Ì r2 − r1 = π/4, E < V2, E = 11, V2 = 12

�¨¸. 7. ‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¶·¨ ¶ · ³¥É· Ì r2 − r1 = π/8, V2 < E < Emax, E = 15,
V2 = 12, Emax = 22
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(·¨¸. 3) ¨ V2 � E < ∞ (·¨¸. 4). �  ·¨¸. 5Ä7 ¶·¥¤¸É ¢²¥´Ò ¸μμÉ¢¥É¸É¢¥´´μ
¢μ²´μ¢Ò¥ ËÊ´±Í¨¨.

‡�Š‹�—…�ˆ…

ˆ¸¸²¥¤μ¢ ´Ò ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´-
£¥·  ¨ ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢
§ ¤ Î¨. �·μ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ·¥Ï¥´¨° ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö ¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . �¨¦¥ ¶¥·¥Î¨¸²¥´Ò ´¥±μÉμ·Ò¥ ¨§
¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢.

1. ” §Ò · ¸¸¥Ö´¨Ö ¨ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö ¶·¨ ε → 0 ¸μ¢¶ ¤ ÕÉ ¸ Ë § ³¨ · ¸¸¥Ö´¨Ö ¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨
¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . � ¶·¨ ε �= 0 ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ´¥ ¸μ¢¶ ¤ ÕÉ
(¸³. ·¨¸. 5Ä7).

2. ” §  · ¸¸¥Ö´¨Ö ¤²Ö ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³Ò · ¤¨Ê¸μ³ r1

(¸³. ·¨¸. 2) ¨³¥¥É ¸ÉÊ¶¥´Î ÉÒ° ¢¨¤ ¶·¨ É¥Ì §´ Î¥´¨ÖÌ Ô´¥·£¨¨, ¶·¨ ±μÉμ·ÒÌ
¶μÖ¢²ÖÕÉ¸Ö ¢¨·ÉÊ ²Ó´Ò¥ Ê·μ¢´¨. ’ ± ± ± ¤²Ö ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
¢¨·ÉÊ ²Ó´Ò¥ Ê·μ¢´¨ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·  ε, Ë §  · ¸¸¥Ö´¨Ö ¨³¥¥É ¸ÉÊ¶¥´Î -
ÉÒ° ¢¨¤ ¶·¨ ¤·Ê£¨Ì §´ Î¥´¨ÖÌ Ô´¥·£¨¨, É. ¥. ·¥§μ´ ´¸´Ò¥ Ô´¥·£¨¨ ¸¤¢¨´ÊÉÒ.
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