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� ¸¸¥Ö´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ²¨´¥°´ Ö ¢¥·¸¨Ö ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ É¥μ·¨¨
¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö ¤μ¶μ²´Ö¥É¸Ö ´μ¢Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³. 	ÉμÉ
³¥Éμ¤ ¶·¥¤´ §´ Î¥´ ¤²Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ  ´ ²¨§  ¨ ¶μ¸É·μ¥´¨Ö Ö¢´ÒÌ
´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É
¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢Ê-
ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³. �μ¸É·μ¥´¨¥ ¢¸¥Ì ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° ¸¢μ-
¤¨É¸Ö ± ·¥Ï¥´¨Õ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¨ Ô´¥·£μ´¥§ ¢¨¸¨³ÒÌ ¸¨¸É¥³, ± ¦¤ Ö ¨§
±μÉμ·ÒÌ ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ-
·Ö¤± . �¸μ¡μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö¥É¸Ö Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨ ¢¸¥Ì ¨¸¶μ²Ó§Ê¥-
³ÒÌ ËÊ´±Í¨° ¨ μ¶É¨³¨§ Í¨¨ ¨Ì Î¨¸²¥´´μ£μ  ´ ²¨§ .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. 
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Scattering of a Slow Quantum Particle
by a Central Short-Range Potential

In the present work the linear version of the variable phase approach to the
potential scattering is added by a new asymptotical method. This method is adopted
for a quantum mechanical analysis and the construction of explicit low-energy ap-
proximations for the partial phase shifts and radial components of the wave function
describing the scattering of a quantum particle by a central short-range potential.
The construction of these approximations is reduced to the solution of the recurrence
chain of energy independent systems, each system contains two linear ˇrst order
differential equations. A special attention is paid to physical interpretation of all
used functions and the optimization of their numerical analysis.
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� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¶·μ¤μ²¦¥´¨¥³ ¶·¥¤Ò¤ÊÐ¨Ì ¨¸¸²¥¤μ¢ -
´¨° [1Ä7], μ¸´μ¢ ´´ÒÌ ´  ³¥Éμ¤¥ Ë §μ¢ÒÌ ËÊ´±Í¨° [8, 9] ¢ É¥μ·¨¨ ¶μÉ¥´-
Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö [10, 11] ¨ ¶μ¸¢ÖÐ¥´´ÒÌ  ´ ²¨§Ê ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
μ¸μ¡¥´´μ¸É¥° ¸Éμ²±´μ¢¥´¨° ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ Î ¸É¨Í.

‚ [1, 2] ¶·¥¤¸± § ´ ´¥°É·μ´-´¥°É·μ´´Ò°  ´ ²μ£ ¨§¢¥¸É´μ£μ ¢  Éμ³´μ°
Ë¨§¨±¥ ÔËË¥±É  � ³§ Ê¥· . 	ÉμÉ  ´ ²μ£ ¶·μÖ¢²Ö¥É¸Ö ± ± £²Ê¡μ±¨° ³¨´¨³Ê³
¢ ¸¥Î¥´¨¨ ¶μ²´μ£μ É·¨¶²¥É´μ£μ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ´¥°É·μ´μ¢ ¶·¨ Ô´¥·£¨¨ ¨Ì
¸Éμ²±´μ¢¥´¨Ö, · ¢´μ° ∼ 20 ±Ô‚ ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸. 	ËË¥±É ´¥ § ¢¨-
¸¨É μÉ ³μ¤¥²¨ ´Ê±²μ´-´Ê±²μ´´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ μ¡Ê¸²μ¢²¥´ ¢§ ¨³μ¢μ§-
¤¥°¸É¢¨¥³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ Ö¤¥·´μ£μ ¶μÉ¥´Í¨ ²  ¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ
¢§ ¨³μ¤¥°¸É¢¨Ö ³ £´¨É´ÒÌ ³μ³¥´Éμ¢ ¤¢ÊÌ ´¥°É·μ´μ¢.

‚ [3] ¶·¥¤²μ¦¥´μ Ë¨§¨Î¥¸±¨ ¨ ³ É¥³ É¨Î¥¸±¨ ±μ··¥±É´μ¥ μ¶·¥¤¥²¥´¨¥
· ¤¨Ê¸  ¤¥°¸É¢¨Ö ¶μÉ¥´Í¨ ² .

�¡Ñ¥¤¨´¥´¨¥ ³¥Éμ¤  £¨¶¥·£ ·³μ´¨± ¨ ²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ
ËÊ´±Í¨° ¤²Ö ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì ´¥§ ·Ö¦¥´´ÒÌ Î ¸É¨Í ¸ ¶μ²´μ° ±μ³¶²¥±¸´μ°
Ô´¥·£¨¥° ¶·¥¤²μ¦¥´μ ¢ [4]. ‚ ÔÉμ° · ¡μÉ¥ ¶μ± § ´μ, ÎÉμ ¢ ¸¨¸É¥³¥ É·¥Ì ´¥°-
É·μ´μ¢ ¨³¥ÕÉ¸Ö ¨¸±Ê¸¸É¢¥´´Ò¥ ·¥§μ´ ´¸´Ò¥ ¸μ¸ÉμÖ´¨Ö, ¶μ·μ¦¤ ¥³Ò¥ ÊÎ¥Éμ³
£· ´¨Î´ÒÌ Ê¸²μ¢¨° ¶·¨ ±μ´¥Î´ÒÌ §´ Î¥´¨ÖÌ £¨¶¥·· ¤¨Ê¸  ¨ ¨¸Î¥§ ÕÐ¨¥ ¢
¶·¥¤¥²¥ ¥£μ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨°.

�¸μ¡¥´´μ¸É¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¶·μÉμ´  ´  ¶·μÉμ´¥ ¢ É·¨-
¶²¥É´ÒÌ ¸μ¸ÉμÖ´¨ÖÌ ¢ÒÖ¢²¥´Ò ¢ · ¡μÉ¥ [5]. ‚ ´¥° ¤μ± § ´μ, ÎÉμ ¤²Ö ±μ··¥±É-
´μ° Ô±¸É· ¶μ²ÖÍ¨¨ Ë § · ¸¸¥Ö´¨Ö ¢ μ¡² ¸ÉÓ Ô´¥·£¨° ´¨¦¥ ´¥¸±μ²Ó±¨Ì ³¥£ Ô-
²¥±É·μ´¢μ²ÓÉ ´¥μ¡Ìμ¤¨³μ ´ ·Ö¤Ê ¸ ±Ê²μ´μ¢¸±¨³ ¨ Ö¤¥·´Ò³ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨
ÊÎ¨ÉÒ¢ ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö ³ £´¨É´μ£μ ³μ³¥´É  ¶·μÉμ´  ¸ ±Ê²μ´μ¢¸±¨³ ¶μ²¥³
¨ ³ £´¨É´Ò³ ³μ³¥´Éμ³ ¤·Ê£μ£μ ¶·μÉμ´ .

‚ ´¥¤ ¢´¨Ì · ¡μÉ Ì [6, 7] ¨¸¸²¥¤μ¢ ²¨¸Ó Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ¶·μÉμ´  ´ 
 Éμ³¥ ¢μ¤μ·μ¤  ¨ ¶·μÉμ´-¢μ¤μ·μ¤´ Ö ·¥ ±Í¨Ö. �¡  ¨¸¸²¥¤μ¢ ´¨Ö ¢Ò¶μ²-
´¥´Ò ¢ · ³± Ì μ¤´μ° ¨ Éμ° ¦¥ ÔËË¥±É¨¢´μ-¤¢ÊÌÎ ¸É¨Î´μ° ³μ¤¥²¨. ‚ ÔÉμ°
³μ¤¥²¨ ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¶·μÉμ´ , ´ ²¥É ÕÐ¥£μ ´   Éμ³ ¢μ¤μ·μ¤ , ¨
¶·μÉμ´ , Ö¢²ÖÕÐ¥£μ¸Ö Ö¤·μ³ ÔÉμ£μ  Éμ³ , ¸Î¨É ¥É¸Ö ¸Ê³³μ° ±μ·μÉ±μ¤¥°¸É¢Ê-
ÕÐ¥£μ Ö¤¥·´μ£μ ¶μÉ¥´Í¨ ²  �¨¤  [12] ¨ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² 
’μ³ ¸ Ä”¥·³¨ [13], ¶μ·μ¦¤¥´´μ£μ ±Ê²μ´μ¢¸±¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ Ô²¥±É·μ´ 
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¸ Ö¤·μ³  Éμ³  ¢μ¤μ·μ¤ . ‚ [6] ¤ ´ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°  ´ ²¨§ ´¨§±μ-
Ô´¥·£¥É¨Î¥¸±¨Ì μ¸μ¡¥´´μ¸É¥° Ë §Ò ¨ ¸¥Î¥´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¶·μÉμ´ 
´   Éμ³¥ ¢μ¤μ·μ¤  ¢ ¸²ÊÎ ¥ ´Ê²¥¢μ£μ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¤μ± § ´μ,
ÎÉμ ¢¸²¥¤¸É¢¨¥ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥°  ¸¨³¶ÉμÉ¨±¨ ¶μÉ¥´Í¨ ²  ’μ³ ¸ Ä”¥·³¨
É ±μ¥ ¸¥Î¥´¨¥ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ μ¸Í¨²²¨·Ê¥É, ´μ ¨³¥¥É ±μ´¥Î´μ¥ Î¨¸²μ
´Ê²¥°. ‚ [7] ´ °¤¥´  Ö¢´ Ö ´¨§±μÔ´¥·£¥É¨Î¥¸± Ö  ¸¨³¶ÉμÉ¨±  ¸¥Î¥´¨Ö ¶·μÉμ´-
¢μ¤μ·μ¤´μ° ·¥ ±Í¨¨ ¸ μ¡· §μ¢ ´¨¥³ ¤¥°É·μ´  ¨ ¤μ± § ´μ, ÎÉμ ÔÉμ ¸¥Î¥´¨¥
¢μ§· ¸É ¥É μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ Ô´¥·£¨¨ ¸Éμ²±´μ¢¥´¨Ö ¶·μÉμ´  ¸  Éμ-
³μ³ ¢μ¤μ·μ¤  ¢ ¥¥ ´Ê²¥¢μ³ ¶·¥¤¥²¥.

�¡Ñ¥±Éμ³ ´ ¸ÉμÖÐ¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Ö¢²Ö¥É¸Ö Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ-
¢μ° Î ¸É¨ÍÒ ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  ´¥¥ ¶μ¸·¥¤-
¸É¢μ³ Í¥´É· ²Ó´μ£μ (¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ) ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μ-
É¥´Í¨ ² . ˆ¸¸²¥¤μ¢ ´¨¥ μ¸´μ¢ ´μ ´  ²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±-
Í¨°. � Ï  £² ¢´ Ö Í¥²Ó § ±²ÕÎ ¥É¸Ö ¢ ¸μ§¤ ´¨¨ ´μ¢μ£μ ³¥Éμ¤ , ¶·¥¤´ §´ Î¥´-
´μ£μ ¤²Ö ¶μ¸É·μ¥´¨Ö Ö¢´ÒÌ ¶·¨¡²¨¦¥´¨° · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¨
¶ ·Í¨ ²Ó´ÒÌ Ë § · ¸¸¥Ö´¨Ö É ±μ° Î ¸É¨ÍÒ ¢ ¸μ¸ÉμÖ´¨¨ ¸ ²Õ¡Ò³ ¤μ¶Ê¸É¨³Ò³
§´ Î¥´¨¥³ ¥¥ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¢ ¶·¥¤¥²¥ ³ ²ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨°
¥¥ ¶μ²´μ° Ô´¥·£¨¨.

�μ¤·μ¡´ Ö ¶μ¸É ´μ¢±  § ¤ Î¨, ·¥Ï ¥³μ° ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥, ¤ ¥É¸Ö ¢
· §¤. 1. Š²ÕÎ¥¢Ò³¨ ¤²Ö ·¥Ï¥´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ Ö¢²ÖÕÉ¸Ö ¸¢μ°¸É¢ 
ËÊ´±Í¨¨ �¨±± É¨Ä
¥¸¸¥²Ö. �μÔÉμ³Ê ¢ · §¤. 2 ¶·¨¢μ¤ÖÉ¸Ö ´¥μ¡Ìμ¤¨³Ò¥ ´ ³
¶·¥¤¸É ¢²¥´¨Ö ÔÉ¨Ì ËÊ´±Í¨° ¨ ¨Ì ¶·μ¨§¢¥¤¥´¨° ¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³
± ± ¤²Ö ± Î¥¸É¢¥´´μ£μ  ´ ²¨§ , É ± ¨ ¤²Ö ¢ÒÎ¨¸²¥´¨°. ’ ± ± ± ¶·¥¤² £ ¥³Ò°
¸¶μ¸μ¡ ·¥Ï¥´¨Ö μ¸´μ¢ ´ ´  ²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°, Éμ
´¥μ¡Ìμ¤¨³μ ´ ¶μ³´¨ÉÓ ¥¥ Ëμ·³Ê²¨·μ¢±Ê. 	Éμ³Ê ¶μ¸¢ÖÐ ¥É¸Ö · §¤. 3. � §¤. 4
¸μ¤¥·¦¨É Éμ²Ó±μ μ·¨£¨´ ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¢ ´¥³ ¤¥É ²Ó´μ μ¶¨¸Ò¢ ¥É¸Ö ¶·¥¤-
² £ ¥³Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ¨ · ¸Î¥É  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° · -
¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¨ ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . �·¨²μ¦¥´¨Ö
¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  ¶μÖ¸´ÖÕÉ¸Ö ¢ · §¤. 6 ´  ¶·¨³¥·¥ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ´Ê-
±²μ´μ¢, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ²  �¨¤  ¸ ³Ö£±¨³ ±μ·μ³
¢ 1S0-, 1P1- ¨ 1D2-¸μ¸ÉμÖ´¨ÖÌ. �¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶¥·¥Î¨¸²ÖÕÉ¸Ö ¢ § -
±²ÕÎ¥´¨¨.

1. ��‘’���‚Š� ‡�„�—ˆ

�·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ¶μ²μ¦¨É¥²Ó´ÊÕ, ´μ ±μ-
´¥Î´ÊÕ ³ ¸¸Ê m1 ¨ ¤¢¨¦¥É¸Ö ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 ¢
¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥ V ´¥±μÉμ·μ£μ ´¥¶μ¤¢¨¦´μ£μ ¸¨²μ¢μ£μ Í¥´É· . ‚Ò¡¥·¥³
¢ ÔÉμ³ ¶·μ¸É· ´¸É¢¥ É ±ÊÕ ¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S3 c ´ ¶· -
¢²ÖÕÐ¨³¨ μ·É ³¨ e1, e2 ¨ e3, ´ Î ²Ó´ Ö ÉμÎ±  ±μÉμ·μ° ¸μ¢¶ ¤ ¥É ¸ ¸¨²μ¢Ò³
Í¥´É·μ³,   ´ ¶· ¢²ÖÕÐ¨° μ·É e3 ±μ²²¨´¥ ·¥´ ´ Î ²Ó´μ³Ê ¢μ²´μ¢μ³Ê ¢¥±-
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Éμ·Ê k Î ¸É¨ÍÒ p1. �·¨ É ±μ³ ¢Ò¡μ·¥ ¤¢¥ ¨§ É·¥Ì ¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É
(r, θ, ϕ) · ¤¨Ê¸ -¢¥±Éμ·  r, μ¶·¥¤¥²ÖÕÐ¥£μ ¶μ²μ¦¥´¨¥ ÔÉμ° Î ¸É¨ÍÒ ¢ R3,
¨³¥ÕÉ ¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸²: ³μ¤Ê²Ó r · ¤¨Ê¸ -¢¥±Éμ·  r Ö¢²Ö¥É¸Ö
· ¸¸ÉμÖ´¨¥³ ³¥¦¤Ê Î ¸É¨Í¥° p1 ¨ ¸¨²μ¢Ò³ Í¥´É·μ³,   ¶μ²Ö·´Ò° Ê£μ² θ · ¢¥´
Ê£²Ê ³¥¦¤Ê ¢¥±Éμ· ³¨ k ¨ r. Œμ¤Ê²Ó k ¢¥±Éμ·  k ´ §Ò¢ ¥É¸Ö ¢μ²´μ¢Ò³ Î¨-
¸²μ³ ¨ ¸¢Ö§ ´ ¸ ¶μ²´μ° Ô´¥·£¨¥° E Î ¸É¨ÍÒ p1 · ¢¥´¸É¢μ³ E = (�k)2/(2m1),
£¤¥ � Å ¶μ¸ÉμÖ´´ Ö �² ´± .

‚¸Õ¤Ê ¤ ²¥¥ ¢μ²´μ¢μ° ¢¥±Éμ· k Ö¢²Ö¥É¸Ö ¶ · ³¥É·μ³, ¶·¨´¨³ ÕÐ¨³ ²Õ-
¡μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥; §´ Î¥´¨¥ 0, 1, . . . ¨´¤¥±¸  � ¸Î¨É ¥É¸Ö Ë¨±¸¨-
·μ¢ ´´Ò³ ¨ ±μ´¥Î´Ò³, £¤¥ ¢μ§³μ¦´μ, ÔÉμÉ ¨´¤¥±¸ μ¶Ê¸± ¥É¸Ö ¤²Ö ±· É±μ¸É¨
§ ¶¨¸¨; ¸ Éμ° ¦¥ Í¥²ÓÕ ¸¨³¢μ²Ò ρ ¨ x� ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¡μ§´ Î¥´¨Ö ¡¥§-
· §³¥·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö kr ¨ · §´μ¸É¨ ρ − π�/2.

‘Ëμ·³Ê²¨·Ê¥³ ´ Ï¨ μ£· ´¨Î¥´¨Ö ´  ¶μÉ¥´Í¨ ² V . ‘Î¨É ¥³, ÎÉμ ¶μÉ¥´-
Í¨ ² V § ¢¨¸¨É Éμ²Ó±μ μÉ · ¸¸ÉμÖ´¨Ö r ¨ Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¨³ Ê¸²μ-
¢¨Ö³: ¢ ´ Î ²Ó´μ° ÉμÎ±¥ r = 0 ¶μ²Ê¨´É¥·¢ ²  r � 0 ¶·μ¨§¢¥¤¥´¨¥ r2|V (r)|
μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó; ¶μÉ¥´Í¨ ² V ¶·¨´ ¤²¥¦¨É ±² ¸¸Ê C0(0,∞) ËÊ´±Í¨°, ´¥-
¶·¥·Ò¢´ÒÌ ´  ¨´É¥·¢ ²¥ 0 < r < ∞; ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ r = ∞
¶·μ¨§¢¥¤¥´¨¥ rn|V (r)| μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ ²Õ¡μ³ Í¥²μ³ n. ‡ ¶¨Ï¥³
¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ Ê¸²μ¢¨Ö ¢ ¢¨¤¥ É·¥Ì ¸μμÉ´μÏ¥´¨°

lim
r→0

r2|V (r)| = 0, V (r) ∈ C0(0,∞),

lim
r→∞

rn|V (r)| = 0, n = 0, 1, 2, . . .
(1)

’¥¶¥·Ó ´ ¶μ³´¨³ ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö [10, 11]
μ¶·¥¤¥²¥´¨Ö ¨ ¸μμÉ´μÏ¥´¨Ö.

�μÉ¥´Í¨ ² V (r), Ê¤μ¢²¥É¢μ·ÖÕÐ¨° Ê¸²μ¢¨Ö³ (1), ´ §Ò¢ ¥É¸Ö Í¥´É· ²Ó-
´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³, ¸² ¡μ¸¨´£Ê²Ö·´Ò³ ¢ ´ Î ²Ó´μ° ÉμÎ±¥.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ(r;k), μ¶¨¸Ò¢ ÕÐ Ö Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ ¢ R3, μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥£Ê²Ö·´μ¥ (¢¸Õ¤Ê μ£· ´¨Î¥´´μ¥) ·¥Ï¥´¨¥
É·¥Ì³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ (r → ∞) £· ´¨Î´Ò³
Ê¸²μ¢¨¥³ ¢ ¢¨¤¥ ¸Ê³³Ò ¶²μ¸±μ° ¢μ²´Ò ¨ ¸Ë¥·¨Î¥¸±μ° ¢μ²´Ò, Ê³´μ¦¥´´μ° ´ 
 ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. ’ ±μ¥ Ê· ¢´¥´¨¥ ¶μ¤¸É ´μ¢±μ°

Ψ(r;k) = r−1
∞∑

�=0

u�(r; k)P�(cos θ) (2)

¨ ¶μ¸²¥¤ÊÕÐ¨³ ¶·μ¥Í¨·μ¢ ´¨¥³ ´  ¶μ²¨´μ³Ò ‹¥¦ ´¤·  P� ¸¢μ¤¨É¸Ö ± ¡¥¸-
±μ´¥Î´μ° ¶μ ´μ³¥·Ê � = 0, 1, 2, . . . ¸μ¢μ±Ê¶´μ¸É¨ ´¥ ¸¢Ö§ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³
μ¤´μ³¥·´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¤²Ö ¨¸±μ³ÒÌ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É u�:[

∂2
r + k2 − �(� + 1)r−2 − V (r)

]
u�(r; k) = 0, r � 0. (3)
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‡ É¥³ ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ ¢¸²¥¤¸É¢¨¥ Ê¸²μ¢¨° (1) ±μ³¶μ´¥´É  u� ¢ ¶·¥¤¥²¥
³ ²ÒÌ §´ Î¥´¨° ¶¥·¥³¥´´μ° r μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ± ±

u�(r; k) ∼ N(k)
ρ�+1

(2� + 1)!!
, r → 0, (4)

  ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨° ÔÉμ° ¦¥ ¶¥·¥³¥´´μ° ¨³¥¥É μ¸Í¨²²¨·ÊÕÐÊÕ
 ¸¨³¶ÉμÉ¨±Ê

u�(r; k) ∼ sin [ x� + δ�(k)] = sin (x�) cos δ�(k) + cos (x�) sin δ�(k), r → ∞.
(5)

”Ê´±Í¨¨ N(k) ¨ δ�(k) ¢μ²´μ¢μ£μ Î¨¸²  k ¶μ·μ¦¤ ÕÉ¸Ö ¶μÉ¥´Í¨ ²μ³ V ¨
´ §Ò¢ ÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò³¨ ´μ·³¨·μ¢μÎ´Ò³ ³´μ¦¨É¥²¥³ ¨ Ë §μ° · ¸¸¥Ö´¨Ö.
”Ê´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(k) μ¶·¥¤¥²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

K(k) ≡ k2�+1 ctg δ�(k), (6)

  ¶ ·Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ σ�(k) Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê² ³

σ�(k) ≡ 4π

k2
(2� + 1)[sin δ�(k)]2 = 4π (2� + 1)

k4�

K2(k) + k4�+2
. (7)

�·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨° ¨²¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³ ¶·¥¤¥²μ³ ´ §Ò¢ ¥É¸Ö
¶·¥¤¥² ³ ²ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ¢μ²´μ¢μ£μ Î¨¸² . ‚ ÔÉμ³ ¶·¥¤¥²¥
¢μ²´μ¢μ¥ Î¨¸²μ k ¨ ¶μ²´ Ö Ô´¥·£¨Ö E ¶·¨´¨³ ÕÉ ¸±μ²Ó Ê£μ¤´μ ³ ²Ò¥, ´μ
Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö.

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  ËÊ´±Í¨Ö
K(k) Ö¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¢μ²´μ¢μ£μ Î¨¸²  ¨
¨³¥¥É ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê

K(k) = −1
a

+
1
2

k2reff − k4r3
eff P + r5

effQ k6 + O(k8), k → 0. (8)

ŠμÔËË¨Í¨¥´ÉÒ a, reff , P ÔÉμ°  ¸¨³¶ÉμÉ¨±¨ ´ §Ò¢ ÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö,
ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ ¨ ¶ · ³¥É·μ³ Ëμ·³Ò. ‘² £ ¥³Ò³ r5

effQ k6 ¶·¨´ÖÉμ
¶·¥´¥¡·¥£ ÉÓ, ¶μÔÉμ³Ê ±μÔËË¨Í¨¥´É Q ´¥ ¶μ²ÊÎ¨² ¸¶¥Í¨ ²Ó´μ£μ ´ §¢ ´¨Ö.

‡´ Ö Î¥ÉÒ·¥ ¶ · ³¥É·  a, reff , P ¨ Q ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö,
³μ¦´μ ·¥Ï¨ÉÓ ¢ ¦´ÊÕ ¶·¨±² ¤´ÊÕ § ¤ ÎÊ,   ¨³¥´´μ, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥-
´¨Ö (6)Ä(8), ¶μ¸É·μ¨ÉÓ Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö Ë §Ò δ� ¨
¸¥Î¥´¨Ö σ� ¢ ¢¨¤¥ ¸Ê³³, ¸μ¤¥·¦ Ð¨Ì ÔÉ¨ Î¥ÉÒ·¥ ¶ · ³¥É·  ¨ Í¥²Ò¥ ¸É¥¶¥´¨
¢μ²´μ¢μ£μ Î¨¸² . ’ ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¶μ§¢μ²ÖÕÉ ·¥Ï¨ÉÓ ¶·μ¡²¥³Ê Ô±¸É· -
¶μ²ÖÍ¨¨ ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° ¢ μ¡² ¸ÉÓ ¸¢¥·Ì´¨§±¨Ì Ô´¥·£¨°, Î ¸Éμ
´¥¤μ¸ÉÊ¶´ÊÕ ¤²Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¨¸¸²¥¤μ¢ ´¨°.

�μ¸É ´μ¢±  § ¤ Î¨, ·¥Ï ¥³μ° ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥, É ±μ¢ : ¢μ-¶¥·¢ÒÌ,
¤μ± § ÉÓ, ÎÉμ ¶·¨ Ê¸²μ¢¨ÖÌ (1) ·¥Ï¥´¨¥ u�(r; k) § ¤ Î¨ · ¸¸¥Ö´¨Ö (3)Ä(5)
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¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤  ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³ k2n ¢μ²´μ¢μ£μ
Î¨¸²  k ¨ ±μ³¶μ´¥´É ³ u�n(r); ¢μ-¢Éμ·ÒÌ, ¶·¥¤²μ¦¨ÉÓ Ô±μ´μ³¨Î´Ò° ³¥Éμ¤
¢ÒÎ¨¸²¥´¨Ö ÔÉ¨Ì ±μ³¶μ´¥´É ¨ ±μÔËË¨Í¨¥´Éμ¢ a, reff , P ¨ Q  ¸¨³¶ÉμÉ¨±¨ (8)
¨, ¢-É·¥ÉÓ¨Ì, ¶·¨ ¨§²μ¦¥´¨¨ ¶·¥¤² £ ¥³μ£μ ³¥Éμ¤  ¶·¨¢¥¸É¨ ¢¸¥ Ëμ·³Ê²Ò ¢
Éμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¨ Éμ³ ¢¨¤¥, ¢ ±μÉμ·ÒÌ ¨Ì ¨¸¶μ²Ó§μ¢ ´¨¥ ¤²Ö · ¸Î¥Éμ¢
É·¥¡Ê¥É ³¨´¨³ ²Ó´ÒÌ ±μ³¶ÓÕÉ¥·´ÒÌ ·¥¸Ê·¸μ¢.

2. ‘‚�‰‘’‚� ”“�Š–ˆ‰ �ˆŠŠ�’ˆÄ�…‘‘…‹Ÿ

�´ ²¨§ ±· ¥¢μ° § ¤ Î¨ (3) Ä (5) ´ Î´¥³ ¸ ¸ ³μ£μ ¶·μ¸Éμ£μ ¸²ÊÎ Ö ¢Ò-
±²ÕÎ¥´´μ£μ ¶μÉ¥´Í¨ ² . ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö V ¨ Ë §  · ¸¸¥Ö´¨Ö δ�(k)
Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ; Ê· ¢´¥´¨¥ (3) § ³¥´μ° ¶¥·¥³¥´´μ° r ¨ ËÊ´±Í¨¨
u�(r; k), ¸μμÉ¢¥É¸É¢¥´´μ, ´  ¶¥·¥³¥´´ÊÕ ρ = kr ¨ ËÊ´±Í¨Õ z�(ρ) ¸¢μ¤¨É¸Ö ±
¨§¢¥¸É´μ³Ê ¢ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° [14] Ê· ¢´¥´¨Õ �¨±± É¨Ä
¥¸¸¥²Ö

[∂2
ρ − �(� + 1)ρ−2 + 1]z�(ρ) = 0, (9)

  £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (4) ¨ (5) § ³¥´ÖÕÉ¸Ö Ê¸²μ¢¨Ö³¨

z�(ρ) = O(ρ�+1), ρ → 0; z�(ρ) ∼ sin (ρ − π�/2), ρ → ∞. (10)

�¥Ï¥´¨¥³ ±· ¥¢μ° § ¤ Î¨ (9), (10) Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö �¨±± É¨Ä

¥¸¸¥²Ö j�(ρ). ‘²¥¤μ¢ É¥²Ó´μ, ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ ¨¸±μ³ Ö · ¤¨ ²Ó´ Ö
±μ³¶μ´¥´É  u�(r; k) · ¢´  ËÊ´±Í¨¨ j�(ρ). ‚ ± Î¥¸É¢¥ ¢Éμ·μ£μ ²¨´¥°´μ ´¥§ -
¢¨¸¨³μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö(9) ¨¸¶μ²Ó§Ê¥³ ´¥·¥£Ê²Ö·´ÊÕ ËÊ´±Í¨Õ �¨±± É¨Ä

¥¸¸¥²Ö n�(ρ).

�¥·¥Î¨¸²¨³ ´Ê¦´Ò¥ ´ ³ ¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢  [14] ËÊ´±Í¨° j� ¨ n�.
	É¨ ËÊ´±Í¨¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ËÊ´±Í¨¨ 
¥¸¸¥²Ö J±(�+1/2) ¶μ²ÊÍ¥²μ£μ

¶μ·Ö¤± :

j�(ρ) =
√

πρ

2
J�+1/2(ρ), n�(ρ) = (−1)�+1

√
πρ

2
J−�−1/2(ρ). (11)

�μÔÉμ³Ê ¢·μ´¸±¨ ´ W (j�, n�) ¸¨¸É¥³Ò {j�, n�} Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ¥¤¨´¨Í¥:

W (j�, n�) ≡ n�(ρ) ∂ρj�(ρ) − j�(ρ) ∂ρn�(ρ) ≡ 1, ρ � 0, (12)

  ËÊ´±Í¨¨ j� ¨ n� Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨ ¤¢ÊÌ ¸² £ ¥³ÒÌ: ¶¥·¢μ¥ ¸² £ ¥³μ¥ Å
¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨ sin ρ ¨ ±μ´¥Î´μ° ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ Î¨¸²μ¢ÒÌ ±μ-
ÔËË¨Í¨¥´Éμ¢ ¨ μ¡· É´ÒÌ Í¥²ÒÌ ¸É¥¶¥´¥°  ·£Ê³¥´É  ρ,   ¢Éμ·μ¥ ¸² £ ¥³μ¥ Å
¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨ cos ρ ¨ ¤·Ê£μ° ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ Éμ£μ ¦¥ É¨¶ .
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� ¶·¨³¥·,

j0(ρ) = sin ρ, n0(ρ) = − cos ρ;

j1(ρ) =
1
ρ

sin ρ − cos ρ, n1(ρ) = − sin ρ − 1
ρ

cos ρ;

j2(ρ) =
(

3
ρ2

− 1
)

sin ρ − 3
ρ

cos ρ, n2(ρ) = − 3
ρ2

sin ρ −
(

3
ρ2

− 1
)

cos ρ.

�¸É ²Ó´Ò¥ ËÊ´±Í¨¨ j� ¨ n� c ´μ³¥· ³¨ � = 3, 4, . . . Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ
¶μ¸²¥¤μ¢ É¥²Ó´μ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨Ì ´μ³¥·  �, ¨¸¶μ²Ó§ÊÖ ·¥±Ê··¥´É´ÊÕ
Ëμ·³Ê²Ê

z�+1(ρ) =
2� + 1

ρ
z�(ρ) − z�−1(ρ)

¨ ¶μ² £ Ö ¢ ´¥° zν = jν ¨²¨ ¦¥ zν = nν ¶·¨ ²Õ¡μ³ ν = �, � ± 1.
”Ê´±Í¨¨ j� ¨ n� ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¸É¥¶¥´´Ò³¨ ·Ö¤ ³¨

j�(ρ) =
ρ�+1

(2� + 1)!!

∞∑
n=0

anρ2n,

n�(ρ) = − (2� − 1)!!
ρ�

∞∑
n=0

bnρ2n, ρ > 0,

(13)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ a0 ¨ b0 · ¢´Ò ¥¤¨´¨Í¥,   ¢¸¥ μ¸É ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ an

¨ bn, n = 1, 2 . . ., μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨

an ≡ (−1)n [2n(n!) (2� + 3)(2� + 5) . . . (2� + 2n + 1)]−1 ;

bn ≡ [2n(n!) (2� − 1)(2� − 3) . . . (2� + 1 − 2n)]−1
.

�μÔÉμ³Ê ¢¥·´Ò ·¥±Ê··¥´É´Ò¥ ¶μ ´μ³¥·Ê n = 0, 1, . . . ¸μμÉ´μÏ¥´¨Ö

an+1 = − an

2(n + 1)(2� + 2n + 3)
, bn+1 =

bn

2(n + 1)(2� − 1 − 2n)
. (14)

‚ ¸¨²Ê ÔÉ¨Ì ¸μμÉ´μÏ¥´¨°

a1 = − [2(2� + 3)]−1
, a2 = [8(2� + 3)(2� + 5)]−1

,

a3 = − [48(2� + 3)(2� + 5)(2� + 7)]−1 ;

b1 = [2(2� − 1)]−1
, b2 = [8(2� − 1)(2� − 3)]−1

,

b3 = [48(2� − 1)(2� − 3)(2� − 5)]−1
.

(15)
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�·¨¢¥¤¥³ ¨§¢¥¸É´Ò¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤μ¢ (13). ‚ ¶·¥¤¥²¥ ³ ²ÒÌ §´ Î¥-
´¨°  ·£Ê³¥´É  ρ ÔÉ¨ ·Ö¤Ò ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ · ¢´μ³¥·´Ò¥ μÉ´μ¸¨É¥²Ó´μ ¶μ-
·Ö¤±  �  ¸¨³¶ÉμÉ¨±¨

j�(ρ) =
ρ�+1

(2� + 1)!!

[
m<∞∑
n=0

an ρ2n + O(ρ2m+2)

]
, ρ → 0;

n�(ρ) = − (2� − 1)!!
ρ�

[
m<∞∑
n=0

bn ρ2n + O(ρ2m+2)

]
, ρ → 0.

(16)

‚ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì ¶μ ¸· ¢´¥´¨Õ ¸ ¶μ·Ö¤±μ³ � §´ Î¥´¨°  ·£Ê³¥´É  ρ  ¸¨³-
¶ÉμÉ¨±¨ μ¡¸Ê¦¤ ¥³ÒÌ ·Ö¤μ¢ Ö¢²ÖÕÉ¸Ö μ¸Í¨²²¨·ÊÕÐ¨³¨ ËÊ´±Í¨Ö³¨:

j�(ρ) = sin x� + O
[
ρ−1 cos x�

]
,

n�(ρ) = − cos x� + O
[
ρ−1 sin x�

]
, ρ/� → ∞.

(17)

’¥¶¥·Ó ¢Ò¢¥¤¥³ μ¶É¨³ ²Ó´Ò¥ ¸ ¢ÒÎ¨¸²¨É¥²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ¶·¥¤¸É -
¢²¥´¨Ö ¶·μ¨§¢¥¤¥´¨Ö j� n� ¨ ±¢ ¤· Éμ¢ j2

� , n2
� ËÊ´±Í¨° �¨±± É¨Ä
¥¸¸¥²Ö ¢

¢¨¤¥ ¸É¥¶¥´´ÒÌ ·Ö¤μ¢. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¸¶· ¢¥¤²¨¢μ¥ ¶·¨ ²Õ¡ÒÌ ¢¥Ð¥-
¸É¢¥´´ÒÌ μ ¨ ν ¶·¥¤¸É ¢²¥´¨¥ [14]

Jμ(ρ)Jν(ρ) =
∞∑

n=0

(ρ

2

)μ+ν+2n (μ + ν + n + 1)n

Γ(μ + n + 1)Γ(ν + n + 1)
, ρ � 0, (18)

¨ · ¸¸³μÉ·¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ É·¨ ¸²ÊÎ Ö: ¢ ¶¥·¢μ³ ¸²ÊÎ ¥ ¶μ²μ¦¨³ μ =
−ν = � + 1/2, ¢μ ¢Éμ·μ³ Ä μ, ν = −� − 1/2,   ¢ É·¥ÉÓ¥³ Ä μ, ν = (� + 1/2).
‚ ± ¦¤μ³ ¸²ÊÎ ¥, ¨¸¶μ²Ó§ÊÖ ¸¢Ö§¨ (11), § ³¥´¨³ ¢ · §²μ¦¥´¨¨ (18) ËÊ´±Í¨¨

¥¸¸¥²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ËÊ´±Í¨¨ �¨±± É¨Ä
¥¸¸¥²Ö,   ¢¸¥ Î¨¸²μ¢Ò¥ ±μÔË-
Ë¨Í¨¥´ÉÒ ¶·¨¢¥¤¥³ ± ´¥¸μ±· É¨³Ò³ ¤·μ¡Ö³. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³Ò¥
¶·¥¤¸É ¢²¥´¨Ö

j�(ρ)n�(ρ) = − ρ

2� + 1

∞∑
n=0

αnρ2n, j2
� (ρ) =

[
ρ�+1

(2� + 1)!!

]2 ∞∑
n=0

γnρ2n,

n2
�(ρ) =

[
(2� − 1)!!

ρ�

]2 ∞∑
n=0

βnρ2n, ρ > 0.

(19)

‚ ÔÉ¨Ì ·Ö¤ Ì ±μÔËË¨Í¨¥´ÉÒ α0, β0 ¨ γ0 · ¢´Ò ¥¤¨´¨Í¥, ¶·¨ ²Õ¡μ³
n = 0, 1, . . . ±μÔËË¨Í¨¥´ÉÒ αn § ¤ ÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

αn = (2� + 1)
(−2)n

n!
(2� − 2n − 1)(2� − 2n − 3) . . . (3 − 2n)(1 − 2n)

(2� + 2n + 1)!!
, (20)
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±μÔËË¨Í¨¥´ÉÒ β2n Ö¢²ÖÕÉ¸Ö ¤·μ¡Ö³¨

β2n =
(� − n)n

n!
[(2� − 1)(2� − 3) . . . (2� − 2n + 1)]−2 ×

× [(2� − 2n − 1)(2� − 2n − 3) . . . (2� − 4n + 1)]−1
,

±μÔËË¨Í¨¥´ÉÒ γ2n μ¶·¥¤¥²ÖÕÉ¸Ö · ¢¥´¸É¢ ³¨

γ2n =
(� + n + 2)n

n!
[2� + 2n + 1)(2� + 2n− 1) . . . (2� + 3)]−2 ×

× [(2� + 4n + 3)(2� + 4n + 1) . . . (2� + 2n + 3)]−1
,

  ±μÔËË¨Í¨¥´ÉÒ β2n+1 ¨ γ2n+1 ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

β2n+1 =
1

2n + 1
� − 2n

(� − n)(2� − 4n − 1)
β2n,

γ2n+1 = − 1
2n + 1

� + 2n + 1
(2� + 4n + 3)(� + n + 1)

γ2n.


² £μ¤ ·Ö ¶¥·¥Î¨¸²¥´´Ò³ ¢ÒÏ¥ ¶·¥¤¸É ¢²¥´¨Ö³ ±μÔËË¨Í¨¥´ÉÒ α, βn ¨
γ2n ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ·¥±Ê··¥´É´Ò³ ¶μ ´μ³¥·Ê n = 0, 1, 2, . . . ¸μμÉ´μ-
Ï¥´¨Ö³:

αn+1 =
2

n + 1
2� + 1

(2� + 2n + 3)(2� − 2n − 1)
αn,

βn+1 =
2

n + 1
� − n

(2� − n)(2� − 2n − 1)
βn, (21)

γn+1 = − 2
n + 1

� + n + 1
(2� + 2n + 3)(2� + 2n + 2)

γn.

‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨°

α1 =
2

(2� + 3)(2� − 1)
, α2 =

6
(2� + 5)(4�2 − 9)(2� − 1)

,

α3 =
20

(2� + 7)(4�2 − 9)(4�2 − 25)(2� − 1)
;

(22)

β1 =
1

2� − 1
, β2 =

� − 1
(2� − 1)2(2� − 3)

, β3 =
� − 2

3(2� − 1)2(2� − 3)(2� − 5)
;

γ1 = − 1
2� + 3

, γ2 =
� + 2

(2� + 3)2(2� + 5)
, γ3 = − � + 3

3(2� + 3)2(2� + 5)(2� + 7)
.
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‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³ § ³¥Î ´¨¥³: μ¶É¨³ ²Ó´Ò¥  ²£μ·¨É³Ò
¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ an, bn ¨ αn, βn, γn ·Ö¤μ¢ (13) ¨ (19) μ¸´μ¢ ´Ò ´ 
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ·¥±Ê··¥´É´ÒÌ ¸μμÉ´μÏ¥´¨ÖÌ (14) ¨ (21) ¨ ·¥ ²¨§ÊÕÉ¸Ö ± ±
¶μ¸²¥¤μ¢ É¥²Ó´μ¥ ¢ÒÎ¨¸²¥´¨¥ ÔÉ¨Ì ±μÔËË¨Í¨¥´Éμ¢ ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨Ì
´μ³¥·  n, ´ Î¨´ Ö ¸ n = 0.

3. ‹ˆ�…‰��Ÿ ‚…�‘ˆŸ Œ…’�„� ”�‡�‚›• ”“�Š–ˆ‰

‘¢¥¤¥³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ (3)Ä(5) ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ ¤¢ÊÌ ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± :

∂rc(r; k) = −k−1V (r) [c(r; k)j�(ρ) − s(r; k)n�(ρ)] n�(ρ),

∂rs(r; k) = −k−1V (r) [c(r; k)j�(ρ) − s(r; k)n�(ρ)] j�(ρ), r > 0.
(23)

‡ É¥³ ¶μ± ¦¥³, ÎÉμ ¨¸±μ³Ò¥ ËÊ´±Í¨° c ¨ s ¶μ¤Î¨´ÖÕÉ¸Ö £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

c(r; k) = 1 , s(r; k) = 0, r = 0. (24)

‘¨¸É¥³Ê (23) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶·¨³¥´¨¢ ²¨´¥°´ÊÕ ¢¥·¸¨Õ ³¥Éμ¤  Ë §μ-
¢ÒÌ ËÊ´±Í¨° ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨. �¥·¢Ò° ¸¶μ¸μ¡ μ¶¨¸ ´ ¢ ³μ´μ£· Ë¨¨ [8] ¨
μ¸´μ¢ ´ ´  ¨´É¥£· ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ËÊ´±Í¨° c ¨ s Î¥·¥§ ËÊ´±Í¨¨ j�, n�

¨ u�. ‚Éμ·μ° ¸¶μ¸μ¡ ¨§¢¥¸É¥´ ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [15]
± ± ³¥Éμ¤ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �¥ ²¨§Ê¥³ ÔÉμÉ ³¥Éμ¤.

”Ê´±Í¨¨ j� ¨ n� ¨¸¶μ²Ó§Ê¥³ ¢ ± Î¥¸É¢¥ ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (3)
¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ ¶μÉ¥´Í¨ ²  V . ˆ¸±μ³Ò¥ ËÊ´±Í¨¨ c ¨ s ¶μ¤Î¨´¨³
Éμ¦¤¥¸É¢Ê ‹ £· ´¦ 

j�(ρ) ∂rc(r; k) − n�(ρ) ∂rs(r; k) ≡ 0, r � 0. (25)

‡ ³¥É¨³, ÎÉμ ¨§ ÔÉμ£μ Éμ¦¤¥¸É¢  ¸²¥¤ÊÕÉ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö:

∂rs(r; k) =
j�(ρ)
n�(ρ)

∂rc(r; k), ∂rc(r; k) =
n�(ρ)
j�(ρ)

∂rc(r; k), r � 0. (26)

�¥Ï¥´¨¥ u� § ¤ Î¨ (3)Ä(5) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ´μ·³¨·μ-
¢μÎ´μ£μ ³´μ¦¨É¥²Ö N ¨ ¢¸¶μ³μ£ É¥²Ó´μ° ËÊ´±Í¨¨ U :

u�(r; k) = N(k)U(r; k), U(r; k) ≡ c(r; k) j�(ρ) − s(r; k)n�(ρ). (27)

‚ Ê· ¢´¥´¨¨ (3) § ³¥´¨³ ËÊ´±Í¨Õ u� É ±¨³ ¶·μ¨§¢¥¤¥´¨¥³. ˆ¸¶μ²Ó§ÊÖ Ê· ¢-
´¥´¨¥ �¨±± É¨Ä
¥¸¸¥²Ö (9) ¨ Éμ¦¤¥¸É¢μ (25), ¸¢¥¤¥³ ¶μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥
± Ê· ¢´¥´¨Õ

∂rc(r; k) ∂ρj�(ρ) − ∂rs(r; k) ∂ρn�(ρ) =

= k−1V (r) [c(r; k)j�(ρ) − s(r; k)n�(ρ)] . (28)
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ˆ¸±²ÕÎ¨³ ¨§ ÔÉμ£μ Ê· ¢´¥´¨Ö ¶·μ¨§¢μ¤´ÊÕ ∂rs. „²Ö ÔÉμ£μ ¶·¨³¥´¨³ ¶¥·¢μ¥
¨§ ¤¢ÊÌ · ¢¥´¸É¢ (26). �μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ê¶·μ¸É¨³, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥-
´¨¥ ‚·μ´¸±μ£μ (12). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¶¥·¢μ¥ ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (23).
…¥ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ¢Ò¢μ¤¨É¸Ö  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³. ‘´ Î ²  ¸ ¶μ³μÐÓÕ
¢Éμ·μ£μ ¨§ ¤¢ÊÌ · ¢¥´¸É¢ (26) Ê· ¢´¥´¨¥ (28) ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ, ´¥ ¸μ-
¤¥·¦ Ð¥³Ê ¶·μ¨§¢μ¤´ÊÕ ∂rc. ‡ É¥³ ¶μ± §Ò¢ ¥É¸Ö, ÎÉμ, ¡² £μ¤ ·Ö ¸μμÉ´μ-
Ï¥´¨Õ ‚·μ´¸±μ£μ (12), ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ¢Éμ·Ò³ Ê· ¢´¥´¨¥³
¸¨¸É¥³Ò (23).

‘¤¥² ¥³ ¤¢  ¢ ¦´ÒÌ § ³¥Î ´¨Ö. ‚μ-¶¥·¢ÒÌ, ¢Ò¡μ· £· ´¨Î´ÒÌ Ê¸²μ-
¢¨° (24) ¤²Ö ±μ³¶μ´¥´É c ¨ s ´¥ ¸²ÊÎ ¥´: Éμ²Ó±μ ¶·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¶·μ-
¨§¢¥¤¥´¨¥ (27) ¨³¥¥É ´Ê¦´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (4). ‚μ-¢Éμ·ÒÌ, ¶·¨ μ£· ´¨Î¥-
´¨ÖÌ (1), ´ ²μ¦¥´´ÒÌ ´  ËÊ´±Í¨Õ V , § ¤ Î  ŠμÏ¨ (23), (24) μ¤´μ§´ Î´μ
· §·¥Ï¨³ , ±μ³¶μ´¥´ÉÒ c ¨ s ¥¥ ·¥Ï¥´¨Ö {c, s} Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê (r � 0)
´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨Î¥´´Ò³¨ ËÊ´±Í¨-
Ö³¨. 	Éμ ÊÉ¢¥·¦¤¥´¨¥ ¸²¥¤Ê¥É ¨§ ¨§¢¥¸É´ÒÌ [8] ¨´É¥£· ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨°
±μ³¶μ´¥´É c ¨ s Î¥·¥§ ËÊ´±Í¨¨ j�, n� ¨ u� ¨ μ¤´μ§´ Î´μ° · §·¥Ï¨³μ¸É¨ [10]
§ ¤ Î¨ ˜·¥¤¨´£¥·  (3)Ä(5) c Ê¸²μ¢¨Ö³¨ (1).

’¥¶¥·Ó ´¥É·Ê¤´μ μ¶·¥¤¥²¨ÉÓ ³´μ¦¨É¥²Ó N(k), ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  (6), ¶ ·Í¨ ²Ó´Ò¥ Ë §Ê ¨ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö (7) Î¥·¥§ ±μ³¶μ´¥´ÉÒ c
¨ s.

‘´ Î ²  ´ °¤¥³  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ (27) ¢ ¶·¥¤¥²¥ r → ∞. ‚ ÔÉμ³
¶·¥¤¥²¥ ËÊ´±Í¨¨ j� ¨ n� ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ (17),   ±μ³¶μ´¥´ÉÒ c ¨ s μ£· -
´¨Î¥´Ò, ¶μÔÉμ³Ê

u�(r; k) ∼ N(k) c(r; k) sin (x�) + N(k) s(r; k) cos (x�), r → ∞.

‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´ Ö  ¸¨³¶ÉμÉ¨±  ¸μ¢¶ ¤ ¥É ¸ É·¥¡Ê¥³μ°  ¸¨³¶ÉμÉ¨-
±μ° (5) Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¤¢  ¶·¥¤¥²Ó´ÒÌ
¸μμÉ´μÏ¥´¨Ö:

lim
r→∞

N(k)c(r; k) = cos δ�(k), lim
r→∞

N(k)s(r; k) = sin δ�(k).

‚ ¸¨²Ê ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° É ´£¥´¸ Ë §Ò · ¸¸¥Ö´¨Ö δ�(k) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê-
² ³¨

tg δ�(k) = lim
r→∞

tg δ�(r; k), tg δ�(r; k) ≡ s(r; k)/c(r; k), (29)

  ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó ³μ¦´μ ´ °É¨ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ± , ¨¸¶μ²Ó§ÊÖ
· ¢¥´¸É¢ 

N(k) = lim
r→∞

N(r; k), N(r; k) ≡ ±
[
c2(r; k) + s2(r; k)

]−1/2
. (30)

„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¢Ò¡¥·¥³ ¢¥·Ì´¨° §´ ±. ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö (29), ¶μ-
± §Ò¢ ¥³, ÎÉμ ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  (6) Ö¢²Ö¥É¸Ö ¶·¥¤¥²μ³

K(k) = lim
r→∞

K(r; k), K(r; k) ≡ k2�+1 c(r; k)/s(r; k), (31)
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  ¶ ·Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥ (7) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ± ± ¶·¥¤¥²

σ�(k) = lim
r→∞

σ�(r; k), σ�(r; k) ≡ 4π

k2
(2� + 1)

s2(r; k)
c2(r; k) + s2(r; k)

. (32)

‚ÒÖ¢¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ±μ³¶μ´¥´É c(r; k), s(r; k) ¨ ¢¢¥¤¥´´ÒÌ ¢ÒÏ¥
ËÊ´±Í¨° tg δ�(r; k), N(r; k), K(r; k) ¨ σ�(r; k). �·¥¤¸É ¢²¥´¨¥ (27) μ§´ Î ¥É,
ÎÉμ ¶·¨ ²Õ¡μ³ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨  ·£Ê³¥´É  r ±μ³¶μ´¥´ÉÒ c(r; k) ¨
s(r; k) Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤ ³¨, ¸ ±μÉμ·Ò³¨ ËÊ´±Í¨¨ �¨±± É¨Ä
¥¸¸¥²Ö ¸μ¤¥·-
¦ É¸Ö ¢ ËÊ´±Í¨¨ u�. �μÔÉμ³Ê ¤ ²¥¥ ÔÉ¨ ±μ³¶μ´¥´ÉÒ ´ §Ò¢ ÕÉ¸Ö  ³¶²¨-
ÉÊ¤´Ò³¨ ËÊ´±Í¨Ö³¨. ‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (23) ¶μ²μ¦¨³ ¶μÉ¥´Í¨ ² V (r)
Éμ¦¤¥¸É¢¥´´μ · ¢´Ò³ ´Ê²Õ ¶·¨ ¢¸¥Ì r, ¡μ²ÓÏ¨Ì ´¥±μÉμ·μ£μ §´ Î¥´¨Ö rb, É. ¥.
®μ¡·¥¦¥³¯ ¶μÉ¥´Í¨ ² V (r) ¢ ÉμÎ±¥ r = rb. ’μ£¤   ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨
c(r; k), s(r; k) ¶·¨ ¢¸¥Ì r > rb, ¢ Éμ³ Î¨¸²¥ ¨ ¶·¨ r = ∞, ¡Ê¤ÊÉ ¶μ¸ÉμÖ´-
´Ò³¨ ¨ · ¢´Ò³¨ ¨Ì §´ Î¥´¨Ö³ ¢ ÉμÎ±¥ r = rb. �μÔÉμ³Ê §´ Î¥´¨Ö ËÊ´±Í¨°
tg δ�(r; k), N(r; k), K(r; k) ¨ σ�(r; k) ¢ ÔÉμ° ÉμÎ±¥ μ± ¦ÊÉ¸Ö · ¢´Ò³¨ É ´-
£¥´¸Ê Ë §Ò, ´μ·³¨·μ¢μÎ´μ³Ê ³´μ¦¨É¥²Õ, ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨
¶ ·Í¨ ²Ó´μ³Ê ¸¥Î¥´¨Õ ¢ ¨¸¸²¥¤Ê¥³μ³ ¸²ÊÎ ¥ μ¡·¥§ ´´μ£μ ¶μÉ¥´Í¨ ² . ’μÎ±Ê
rb ³μ¦´μ ¢Ò¡· ÉÓ ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³. ‘²¥¤μ¢ É¥²Ó´μ, §´ Î¥´¨Ö μ¡¸Ê¦¤ -
¥³ÒÌ ËÊ´±Í¨¨ tg δ�(r; k), N(r; k), K(r; k) ¨ σ�(r; k) ¢ ²Õ¡μ° Ë¨±¸¨·μ¢ ´´μ°
ÉμÎ±¥ r ¨³¥ÕÉ ¸³Ò¸² É ´£¥´¸  Ë §Ò, ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö, ËÊ´±Í¨¨
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨ ¶ ·Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö ¤²Ö ¶μÉ¥´Í¨ ²  V , ®μ¡·¥§ ´-
´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.

4. �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ… ��ˆ�‹ˆ†…�ˆŸ

‚ ¶·¥¤¥²¥ k → 0 ¶ · ³¥É· 1/k ¸¨¸É¥³Ò (23) ¡¥¸±μ´¥Î´μ ¢μ§· ¸É¥É.
�μÔÉμ³Ê ¥¥ Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¸ ¶·¨¥³²¥³μ° ÉμÎ´μ¸ÉÓÕ ¸É ´μ¢¨É¸Ö
¸²μ¦´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ° ¶·μ¡²¥³μ°. ˆ¸¶μ²Ó§ÊÖ ·¥Ï¥´¨¥ {c, s} ÔÉμ° ¸¨¸É¥³Ò
¨ ¶·¥¤¸É ¢²¥´¨Ö (27) ¨ (31), ´¥²Ó§Ö ´ °É¨ Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨-
¡²¨¦¥´¨Ö · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ u� ¨ ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K .
�μ ÔÉ¨³ ¶·¨Î¨´ ³ ¤²Ö ¶μ¸É·μ¥´¨Ö ¶·¨¡²¨¦¥´¨° É ±μ£μ É¨¶  É·¥¡ÊÕÉ¸Ö ¸¶¥-
Í¨ ²Ó´Ò¥ ³¥Éμ¤Ò. �¤¨´ ¨§ ´¨Ì, ¶μ-¢¨¤¨³μ³Ê ¸ ³Ò° ¶·μ¸Éμ°, ¶·¥¤² £ ¥É¸Ö
´¨¦¥.

‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (23) ¨ ¢ ¥¥ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (24) § ³¥´¨³ ËÊ´±-
Í¨¨ j� n�, j2

� ¨ n2
� ·Ö¤ ³¨ (13),    ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s ¶·¥¤¸É ¢¨³ ¢

¢¨¤¥ ¨¸±μ³ÒÌ · §²μ¦¥´¨°

c(r; k) = (2� − 1)!!
∞∑

n=0

k2ncn(r), s(r; k) =
k2�+1

(2� + 1)!!

∞∑
n=0

k2nsn(r). (33)

�μ²ÊÎ¨¢Ï¨¥¸Ö · ¢¥´¸É¢  § ¶¨Ï¥³ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ¶μ²¨´μ³μ¢ ¶μ Î¥É´Ò³
¸É¥¶¥´Ö³ ¶ · ³¥É·  k. 
² £μ¤ ·Ö ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ¸¨¸É¥³Ò {k2n}∞n=0
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¸É¥¶¥´´ÒÌ ËÊ´±Í¨° k2n ÔÉ¨ ¶μ²¨´μ³Ò Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ Éμ£¤  ¨
Éμ²Ó±μ Éμ£¤ , ±μ£¤  · ¢´Ò ´Ê²Õ ¢¸¥ ¨Ì ®±μÔËË¨Í¨¥´ÉÒ¯, § ¢¨¸ÖÐ¨¥ ²¨ÏÓ μÉ
¶¥·¥³¥´´μ° r. �·¨³¥´¨¢ ÔÉμ ¶· ¢¨²μ, ¶μ²ÊÎ ¥³ ·¥±Ê··¥´É´ÊÕ ¶μ ¨´¤¥±¸Ê n
Í¥¶μÎ±Ê Ê· ¢´¥´¨° ¤²Ö ±μ³¶μ´¥´É cn ¨ sn

∂rcn(r) =
rV (r)
2� + 1

∑
p+q=n

r2p
[
αscq(r) + βpr

−2�−1sq(r)
]
,

∂rsn(r) = − rV (r)
2� + 1

r2�+1
∑

p+q=n

r2p
[
γpcq(r) + αpr

−2�−1sq(r)
]
, r > 0,

(34)

¨ ´ Ìμ¤¨³ ¤²Ö ÔÉ¨Ì ±μ³¶μ´¥´É ¸²¥¤ÊÕÐ¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö:

c0(r) = 1, cn+1(r) = 0, sn(r) = 0, n = 0, 1, . . . , r = 0. (35)

�¡¸Ê¤¨³ ¸É·μ¥´¨¥ Í¥¶μÎ±¨ ±· ¥¢ÒÌ § ¤ Î ŠμÏ¨ (34), (35). ‚ μÉ²¨Î¨¥
μÉ ¨¸Ìμ¤´μ° § ¤ Î¨ (23), (24) ÔÉ  Í¥¶μÎ±  ´¥ ¸μ¤¥·¦¨É ¢μ²´μ¢μ¥ Î¨¸²μ k
¨ ¶μÔÉμ³Ê ´ §Ò¢ ¥É¸Ö Ô´¥·£μ´¥§ ¢¨¸¨³μ°. �¥·¢ Ö ¸¨¸É¥³  (34) ¨³¥¥É ´μ³¥·
n = 0 ¨ Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´μ°. Š ¦¤ Ö ¶μ¸²¥¤ÊÕÐ Ö ¸¨¸É¥³  (34) ¸ ¤ ´´Ò³
´μ³¥·μ³ n > 0 Ö¢²Ö¥É¸Ö ´¥μ¤´μ·μ¤´μ°, ¶μÉμ³Ê ÎÉμ ¶· ¢Ò¥ Î ¸É¨ μ¡μ¨Ì ¥¥
Ê· ¢´¥´¨° ¸μ¤¥·¦ É μ¡¥ ±μ³¶μ´¥´ÉÒ cm ¨ sm ·¥Ï¥´¨° {cm, sm} ¢¸¥Ì ¶·¥-
¤Ò¤ÊÐ¨Ì ¸¨¸É¥³ ¸ ´μ³¥·μ³ m = 0, 1, . . . , n − 1. �μÖ¸´¨³ ÔÉμÉ Ë ±É ¡μ²¥¥
´ £²Ö¤´μ. „²Ö ÔÉμ£μ, ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨Ö (22) ±μÔËË¨Í¨¥´Éμ¢ αn βn ¨
γn, § ¶¨Ï¥³ Î¥ÉÒ·¥ ¸¨¸É¥³Ò (34), n = 0, 1, 2, 3, ¢ ¢¨¤¥, μ¶É¨³ ²Ó´μ³ ¤²Ö ¨Ì
Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö. „²Ö ±· É±μ¸É¨ § ¶¨¸¨  ·£Ê³¥´É r ËÊ´±Í¨° V (r),
cn(r) ¨ sn(r) ´¥ Ê± §Ò¢ ¥³.

ˆÉ ±, ±μ³¶μ´¥´ÉÒ c0 ¨ s0 ¶μ¤Î¨´ÖÕÉ¸Ö μ¤´μ·μ¤´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂rc0 =
V

2� + 1
(
rc0 + r−2�s0

)
, ∂rs0 = − V

2� + 1
r2�+1

(
rc0 + r−2�s0

)
, (36)

  ËÊ´±Í¨¨ c1 ¨ s1 Ê¤μ¢²¥É¢μ·ÖÕÉ ´¥μ¤´μ·μ¤´μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂rc1 =
V

2� + 1

[
rc1 + r−2�s1 +

r2

2� − 1

(
2

2� + 3
rc0 + r−2�s0

)]
,

∂rs1 = − V

2� + 1
r2�+1

[
rc1 + r−2�s1 −

r2

2� + 3

(
rc0 −

2
2� − 1

r−2�s0

)]
.

(37)

Š ± ¢¨¤´μ, ÔÉ  ¸¨¸É¥³  ¸μ¤¥·¦¨É ·¥Ï¥´¨¥ {c0, s0} ¶·¥¤Ò¤ÊÐ¥° ¸¨¸É¥³Ò (36).
„ ²¥¥, ËÊ´±Í¨¨ c2 ¨ s2 Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´É ³¨ ·¥Ï¥´¨Ö {c2, s2} ¸μ¢μ-

±Ê¶´μ¸É¨ ¤¢ÊÌ ´¥μ¤´μ·μ¤´ÒÌ Ê· ¢´¥´¨°: ¶¥·¢μ¥ ¨§ ´¨Ì ¨³¥¥É ¢¨¤

∂rc2 =
V

2� + 1

{
rc2 + r−2�s2 +

r2

2� − 1

(
2

2� + 3
rc1 + r−2�s1

)
+

+
r4

(2� − 1)(2� − 3)

[
6

(2� + 3)(2� + 5)
rc0 +

� − 1
2� − 1

r−2�s0

]}
, (38)
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  ¢Éμ·Ò³ Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥

∂rs2 = − V

2� + 1
r2�+1

{
rc2 + r−2�s2 −

r2

2� + 3

(
rc1 −

2
2� − 1

r−2�s1

)
+

+
r4

(2� + 3)(2� + 5)

[
� + 2
2� + 3

rc0 +
6

(2� − 1)(2� − 3)
r−2�s0

]}
. (39)

�· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ¸μ¤¥·¦ É ±μ³¶μ´¥´ÉÒ ·¥Ï¥´¨° {c0, s0} ¨
{c1, s1} μ¡μ¨Ì ¶·¥¤Ò¤ÊÐ¨Ì ¸¨¸É¥³: ¸¨¸É¥³Ò (36) ¨ ¸¨¸É¥³Ò (37).

‘¨¸É¥³  Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° c3(r) ¨ s3(r) É ± ¦¥, ± ± ¨ Ê¶μ³Ö´ÊÉÒ¥
¢ÒÏ¥ ¸¨¸É¥³Ò (37) ¨ (38), (39), ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ Ê· ¢´¥´¨°: Ê· ¢´¥´¨Ö

∂rc3 =
V

2� + 1

{
rc3 + r−2�s3 +

r2

2� − 1

(
2

2� + 3
rc2 + r−2�s2

)

+
r4

(2� − 1)(2� − 3)

[
6

(2� + 3)(2� + 5)
rc1 +

� − 1
2� − 1

r−2�s1

]
+

+
r6

(2�−1)(2�−3)(2�−5)

[
20

(2�+3)(2�+5)(2�+7)
rc0 +

1
3

�−2
2�−1

r−2�s0

]}
(40)

¨ Ê· ¢´¥´¨Ö

∂rs3 = − V

2� + 1
r2�+1

{
rc3 + r−2�s3 −

r2

2� + 3

(
rc2 −

2
2� − 1

r−2�s2

)
+

+
r4

(2� + 3)(2� + 5)

[
� + 2
2� + 3

rc1 +
6

(2� − 1)(2� − 3)
r−2�s1

]
+

+
r6

(2� + 3)(2� + 5)(2� + 7)
×

×
[
−1

3
� + 3
2� + 3

rc0 +
20

(2� − 1)(2� − 3)(2� − 5)
r−2�s0

]}
. (41)

�· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ê· ¢´¥´¨° ¸μ¤¥·¦ É ±μ³¶μ´¥´ÉÒ ·¥Ï¥´¨° {cn, sn},
n = 0, 1, 2, ¢¸¥Ì É·¥Ì ¶·¥¤Ò¤ÊÐ¨Ì ¸¨¸É¥³ (36)Ä(39).

�É³¥É¨³, ÎÉμ ¶·¨ Ê¸²μ¢¨ÖÌ (1) § ¤ Î  ŠμÏ¨ (34), (35) μ¤´μ§´ Î´μ · §-
·¥Ï¨³ , ¢¸¥ ±μ³¶μ´¥´ÉÒ ¥¥ ·¥Ï¥´¨Ö {cn, sn}∞n=0 Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê (r � 0)
´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨Î¥´´Ò³¨ ËÊ´±Í¨-
Ö³¨:

|cn(r)| < ∞, |sn(r)| < ∞, n = 0, 1, . . . , r � 0. (42)

	É¨ ÊÉ¢¥·¦¤¥´¨Ö ´¥¸²μ¦´μ ¤μ± § ÉÓ ¶μ ¨´¤Ê±Í¨¨, ¨¸¶μ²Ó§μ¢ ¢ ¶·¨ ³ ²ÒÌ ¨
¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ  ·£Ê³¥´É  0 � r � r1 ¨ r2 � r < ∞ ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó-
´ÒÌ ¶·¨¡²¨¦¥´¨° [16] ¨ ¶·¨³¥´¨¢ ¢ ¶·μ³¥¦ÊÉμÎ´μ° μ¡² ¸É¨ r1 � r � r2
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¨§¢¥¸É´ÊÕ É¥μ·¥³Ê �¥ ´μ [15]. „μ± § É¥²Ó¸É¢μ, ¢Ò¶μ²´¥´´μ¥ ¶μ É ±μ° ¸Ì¥³¥
¤²Ö ¸¨¸É¥³Ò (36), ¤ ´μ ¢ [7].

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ·Ö¤Ò (33). �·¥¤¸É ¢¨³ ÔÉ¨ ·Ö¤Ò ¢ ¢¨¤¥ · §¡¨¥´¨° ´ 
¨Ì ±μ´¥Î´Ò¥ (m < ∞) ¶μ¤¸Ê³³Ò c(m), s(m) ¨ μ¸É ÉμÎ´Ò¥ Î²¥´Ò (m)c, (m)s:

c(r; k) = c(m)(r; k) + (m)c(r; k), c(m)(r; k) ≡
m∑

n=0

k2n cn(r);

s(r; k) = s(m)(r; k) + (m)s(r; k), s(m)(r; k) = k2�+1
m∑

n=0

k2n sn(r).

(43)

‚ § ¤ Î¥ (23), (24) § ³¥´¨³ ËÊ´±Í¨¨ j�, n� ¨ c, s ¸Ê³³ ³¨ (16) ¨ (43). ‡ É¥³,
¨¸¶μ²Ó§ÊÖ ¸¨¸É¥³Ò (34) ¸ ´μ³¥· ³¨ n � m, ¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥. ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê ¤¢ÊÌ ´¥μ¤´μ·μ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¶¥·¢μ£μ ¶μ·Ö¤±  ¤²Ö ËÊ´±Í¨° (m)c ¨ (m)s, · ¢´ÒÌ ´Ê²Õ ¢ ÉμÎ±¥ r = 0.
	ÉÊ ±· ¥¢ÊÕ § ¤ ÎÊ § ¶¨Ï¥³ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°.
�·¨³¥´¨¢ ± É ±μ° ¸¨¸É¥³¥ ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨°, Ê¡¥¤¨³¸Ö ¢
Éμ³, ÎÉμ, ¡² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Ö³ (1) ¨ (42), ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥ · ¢´μ³¥·´Ò¥
μÉ´μ¸¨É¥²Ó´μ  ·£Ê³¥´É  r  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ μÍ¥´±¨

(m)c(r; k) = O(k2m+2), (m)s(r; k) = O(k2l+2m+3),
(44)

m = 0, 1 . . . ; r � 0; k → 0.

‘²¥¤μ¢ É¥²Ó´μ, ²Õ¡Ò¥ ±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò c(m)(r; k) ¨ s(m)(r; k) ·Ö-
¤μ¢ (33) Ö¢²ÖÕÉ¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³¨ (k → 0)  ¶¶·μ±¸¨³ Í¨Ö³¨ ËÊ´±Í¨°
c(r; k) ¨ s(r; k) ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ ¨Ì  ·£Ê³¥´É  r > 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢
ÉμÎ±¥ r = ∞.

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° ËÊ´±-
Í¨° N , U , u� ¨ K , ¶μ·μ¦¤¥´´ÒÌ · §¡¨¥´¨Ö³¨ (43), (44).

� Î´¥³ ¸ ¨¸¸²¥¤μ¢ ´¨Ö ¸É·μ¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N(k). ‚
μ¶·¥¤¥²¥´¨¨ (30) ËÊ´±Í¨¨ N(r; k) § ³¥´¨³ ËÊ´±Í¨¨ c(r; k) ¨ s(r; k) ¨Ì · §-
¡¨¥´¨Ö³¨ (43), § É¥³ ¶μ²μ¦¨³ r → ∞ ¨ ¸¨³¢μ² ³¨ cn ¨ sn μ¡μ§´ Î¨³
¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö cn(∞) ¨ sn(∞) ±μ³¶μ´¥´É cn(r) ¨ sn(r), n � m. ‚
·¥§Ê²ÓÉ É¥ ³´μ¦¨É¥²Ó N(k) ¶·¥¤¸É ¢¨É¸Ö ËÊ´±Í¨¥°  ·£Ê³¥´É  x = k2. � §-
²μ¦¨¢ ¥¥ ¢ ·Ö¤ ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = 0, ¶μ²ÊÎ¨³

N(k) = N (m)(k) + O(k2m+2),
(45)

N (m)(k) ≡ [(2� − 1)!! c0]
−1

m∑
n=0

Nnk2n, k → 0,

£¤¥ N0 = 1,   ± ¦¤Ò° ±μÔËË¨Í¨¥´É Nn, n > 0, Ö¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ°
¤·μ¡¥°, §´ ³¥´ É¥²¨ ±μÉμ·ÒÌ Å Í¥²Ò¥ ¸É¥¶¥´¨ cp

0, p � 2n,   Î¨¸²¨É¥²¨
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μ´¸É ´ÉÒ cm ¨ sm ¸ ´μ³¥· ³¨ m � n.
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� ¶·¨³¥·, ¢ ¸²ÊÎ ¥ � = 0

N1 = −c1

c0
− 1

2

(
s0

c0

)2

,

N2 =
3
8

(
s0

c0

)4

+
3
2

(
s0

c0

)2
c1

c0
− s0

c0

s1

c0
+

(
c1

c0

)2

− c2

c0
,

(46)

 , ¥¸²¨ � > 0, Éμ

N1 = −c1

c0
, N2 =

(
c1

c0

)2

− c2

c0
,

N3 = 2
c1

c0

c2

c0
−

(
c1

c0

)3

− c3

c0
− 1

18
s2
0

c3
0

δ�1.

(47)

�μ²μ¦¨¢ a ≡ −s0/c0, ¶¥·¥¶¨Ï¥³ ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥ · ¢¥´¸É¢  ¢ ¢¨¤¥
´ ¨¡μ²¥¥ Ô±μ´μ³¨Î´ÒÌ ¸ ¢ÒÎ¨¸²¨É¥²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ·¥±Ê··¥´É´ÒÌ ¸μμÉ-
´μÏ¥´¨°

N1 = −c1

c0
− 1

2
a2, N2 = N2

1 + a

[
a

2

(
a2

4
+

c1

c0

)
− s1

c0

]
− c2

c0
, � = 0;

N1 = −c1

c0
, N2 = N2

1 − c2

c0
, (48)

N3 = N1

[
2N2 − N2

1 + c3

]
− 1

18
a2

c0
δ�1, � > 0.

�·¥¤¸É ¢²¥´¨¥ (45) μ§´ Î ¥É, ÎÉμ ²Õ¡ Ö ±μ´¥Î´ Ö ¸Ê³³  N (m)(k) Ö¢²Ö-
¥É¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³ ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N(k),
  ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö N(k) ≈ N (m)(k) ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´ 
O(k2m+2).

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ËÊ´±Í¨Õ U . ‚ ¥¥ μ¶·¥¤¥²¥´¨¨ (27) § ³¥´¨³ ËÊ´±Í¨¨
j�, n� ¨ c ¨ s ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ · §¡¨¥´¨Ö³¨ (16) ¨ (43). �·¨¢¥¤Ö ¶μ¤μ¡´Ò¥
¸² £ ¥³Ò¥, ¢Ò¢μ¤¨³ ¸²¥¤ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥:

U(r; k) = U (m)(r; k) + O(ρ�+2m+3),

U (m)(r; k) ≡ ρ�+1

2� + 1

m∑
n=0

k2nUn(r); ρ → 0.
(49)

Š ¦¤ Ö ±μ³¶μ´¥´É  Un ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö Ö¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ°

Un(r) =
∑

p+q=n

r2p
[
ap cq(r) + bp r−2�−1 sq(r)

]
. (50)
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	É  ¸Ê³³  ¸μ¤¥·¦¨É ¢¸¥ Î¥É´Ò¥ ¸É¥¶¥´¨  ·£Ê³¥´É  r ¸ ¶μ± § É¥²Ö³¨, ´¥ ¶·¥-
¢ÒÏ ÕÐ¨³¨ 2n, ±μÔËË¨Í¨¥´ÉÒ ap ¨ bp, § ¤ ´´Ò¥ Ëμ·³Ê² ³¨ (14), ¨ ËÊ´±-
Í¨¨ cq ¨ sq, q = 0, 1, . . . , n. „²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ±μ³-
¶μ´¥´É (50), n = 0, 1, 2, 3, ¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ¨Ì ¢ÒÎ¨¸²¥´¨Ö. ‘
ÔÉμ° Í¥²ÓÕ ¨¸¶μ²Ó§Ê¥³ Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (15) ±μÔËË¨Í¨¥´Éμ¢ an ¨ bn,  
¤²Ö ±· É±μ¸É¨ § ¶¨¸¨  ·£Ê³¥´É r ËÊ´±Í¨¨ Un(r), cn(r) ¨ sn(r) ´¥ Ê± §Ò¢ ¥³.
Šμ³¶μ´¥´ÉÒ U0 ¨ U1 Å ¸Ê³³Ò ¤¢ÊÌ ¨ Î¥ÉÒ·¥x ¸² £ ¥³ÒÌ:

U0 = c0 + r−2�−1s0,

U1 = c1 + r−2�−1s1 +
r2

2

(
− c0

2� + 3
+ r−2�−1 s0

2� − 1

)
,

(51)

±μ³¶μ´¥´É  U2 Ö¢²Ö¥É¸Ö ¸Ê³³μ° Ï¥¸É¨ ¸² £ ¥³ÒÌ:

U2 = c2 + r−2�−1s2 +
r2

2

(
− c1

2� + 3
+ r−2�−1 s1

2� − 1

)
+

+
r4

8

[
c0

(2� + 3)(2� + 5)
+ r−2�−1 s0

(2� − 1)(2� − 3)

]
, (52)

  ±μ³¶μ´¥´É  U3 μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³

U3 = c3 + r−2�−1s3 +
r2

2

(
− c2

2� + 3
+ r−2�−1 s2

2� − 1

)
+

+
r4

8

[
c1

(2� + 3)(2� + 5)
+ r−2�−1 s1

(2� − 1)(2� − 3)

]
+

+
r6

48

[
− c0

(2� + 3)(2� + 5)(2� + 7)
+ r−2�−1 s0

(2� − 1)(2� − 3)(2� − 5)

]
. (53)

‘μ£² ¸´μ ¸μμÉ´μÏ¥´¨Ö³ (49) ²Õ¡ Ö ±μ´¥Î´ Ö ¸Ê³³  U (m)(r; k) Ö¢²Ö¥É¸Ö
´¨§±μÔ´¥·£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³ ËÊ´±Í¨¨ U(r; k), ´μ ²¨ÏÓ ¢ ±μ´¥Î´μ°
μ¡² ¸É¨ 0 � r � 1/k ¨§³¥´¥´¨Ö ¥¥  ·£Ê³¥´É  r.

’¥¶¥·Ó, ±μ£¤  ¤μ± § ´Ò · §¡¨¥´¨Ö (45) ¨ (49), ´¥É·Ê¤´μ ¢Ò¢¥¸É¨ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ u�, · ¢´μ° ¶μ μ¶·¥¤¥²¥´¨Õ (27) ¶·μ-
¨§¢¥¤¥´¨Õ NU . �¥·¥³´μ¦¨³ ÔÉ¨ · §¡¨¥´¨Ö ¨ ¢¢¥¤¥³ ¤²Ö ±· É±μ¸É¨ § ¶¨¸¨
ËÊ´±Í¨¨

u�n(r) ≡
∑

p+q=n

NpUq(r), n = 0, 1 . . . (54)

�μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö § ¶¨Ï¥³ ¢ ¢¨¤¥

u�(r; k) = u(m)(r; k) + O(ρ�+2m+3),

u(m)(r; k) ≡ (kr)�+1

(2� + 1)!!
c−1
0

∞∑
n=0

k2nu�n(r); ρ → 0.
(55)
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‘²¥¤μ¢ É¥²Ó´μ, ²Õ¡ Ö ±μ´¥Î´ Ö ¸Ê³³  u(m)(r; k) Ö¢²Ö¥É¸Ö ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³ ËÊ´±Í¨¨ u�(r; k), ´μ Éμ²Ó±μ ¢ μ¡² ¸É¨ ±μ´¥Î´ÒÌ
· ¸¸ÉμÖ´¨° 0 � r � rmax � 1/k ¨ ¢ ¸²ÊÎ ¥ ¸±μ²Ó Ê£μ¤´μ ³ ²μ£μ, ´μ ´¥´Ê²¥-
¢μ£μ ¢μ²´μ¢μ£μ Î¨¸²  k.

�´ ²¨§Ê ËÊ´±Í¨¨ K(r; k) Ê¤¥²¨³ μ¸μ¡μ¥ ¢´¨³ ´¨¥. �·¥¤¶μ²μ¦¨³, ÎÉμ
±μ³¶μ´¥´É  s0(r) ´¥ ¨³¥¥É ´Ê²¥° ¢ μ¡² ¸É¨ r > 0. ‚ μ¶·¥¤¥²¥´¨¨ (6) § -
³¥´¨³ ËÊ´±Í¨¨ c ¨ s ¸Ê³³ ³¨ (43). ‘μ£² ¸´μ ¶μ²ÊÎ¥´´μ³Ê É ±¨³ μ¡· §μ³
¶·¥¤¸É ¢²¥´¨Õ K(r; k) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¤¢ÊÌ  ·£Ê³¥´Éμ¢: r ¨ x = k2. � §-
²μ¦¨¢ ÔÉÊ ËÊ´±Í¨Õ ¢ ·Ö¤ ’¥°²μ·  ¶μ  ·£Ê³¥´ÉÊ x c Í¥´É·μ³ ¢ ÉμÎ±¥ x = 0,
¶μ²ÊÎ ¥³ · ¢´μ³¥·´ÊÕ ¶μ  ·£Ê³¥´ÉÊ r  ¸¨³¶ÉμÉ¨±Ê

K(r; k) = K(m)(r; k) + O(k2m+2),

K(m)(r; k) ≡ τ
m∑

n=0

Kn(r)k2n, r > 0, k → 0,
(56)

‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥

τ ≡ (2� + 1) [ (2� − 1)!!]2 ,

± ¦¤ Ö ËÊ´±Í¨Ö Kn(r), n � 0, ¶·¥¤¸É ¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ° ¤·μ¡¥°, §´ -
³¥´ É¥²¨ ±μÉμ·ÒÌ Å Í¥²Ò¥ ¸É¥¶¥´¨ sp

0(r), p � 2n,   Î¨¸²¨É¥²¨ ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ±μ³¶μ´¥´ÉÒ cm(r) ¨ sm(r) ¸ ´μ³¥· ³¨ m � n. �¥ Ê± §Ò¢ Ö  ·£Ê³¥´É
r ËÊ´±Í¨° Kn(r), cm(r) ¨ sm(r), ¶·¨¢¥¤¥³ ¶·¨³¥·Ò É ±¨Ì ¶·¥¤¸É ¢²¥´¨°:

K0 =
c0

s0
, K1 =

(
c1 −

c0

s0
s1

)
1
s0

,

K2 =
[
c2 −

c0

s0
s2 −

s1

s0

(
c1 −

c0

s0
s1

)]
1
s0

,

(57)

K3 =
{

c3 −
c0

s0
s3 −

s2

s0

(
c1 −

c0

s0
s1

)
−

− s1

s0

[
c2 −

c0

s0
s2 −

s1

s0

(
c1 −

c0

s0
s1

)]}
1
s0

.

‚¢¥¤¥³ ËÊ´±Í¨¨ a, reff , P ¨ Q  ·£Ê³¥´É  r, ¶μ²μ¦¨¢

a(r) ≡ − 1
τK0(r)

, reff(r) ≡ 2τ K1(r),

P (r) ≡ −τ
K2(r)
r3
eff(r)

, Q(r) ≡ τ
K3(r)
r5
eff(r)

.

(58)
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ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢  (57) ¨ (58), ¶·¥¤¸É ¢¨³  ¸¨³¶ÉμÉ¨±Ê (56) ¢ ¢¨¤¥

K(r; k) = − 1
a(r)

+
1
2

reff(r)k2 − r3
eff(r)P (r) k4 + r5

eff(r)Q(r)k6 + O(k8),

(59)
r > 0, k → 0,

¨ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥, ´ ¨¡μ²¥¥ Ô±μ´μ³¨Î´Ò¥ ¸ ¢ÒÎ¨¸²¨É¥²Ó´μ° ÉμÎ±¨ §·¥-
´¨Ö, ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨° (58). �·¨¢¥¤¥³ ¨Ì, ´¥ Ê± §Ò¢ Ö  ·£Ê³¥´É r
±μ³¶μ´¥´É cm(r) ¨ sm(r),

a(r) = −τ
s0

c0
, reff(r) =

2
s0

[
τc1 +

s1

a(r)

]
,

P (r) = − 1
s0

[
τc2 +

s2

a(r)
− s1

2
reff(r)

]
r−3
eff (r),

Q(r) =
1
s0

[
τc3 +

s3

a(r)
− s2

2
reff(r) + s1 r3

eff(r)P (r)
]

r−5
eff (r).

(60)

Š ± Ê¶μ³¨´ ²μ¸Ó ¢ÒÏ¥, ¢¸¥ ËÊ´±Í¨° Kn,   §´ Î¨É ¨ ËÊ´±Í¨¨ a, reff , P ¨
Q ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μ´¥Î´μ¥ Î¨¸²μ ±μ³¶μ´¥´É cm ¨ sm, ¶·¨Î¥³ ¶μ ¶·¥¤¶μ-
²μ¦¥´¨Õ ËÊ´±Í¨Ö s0 ´¥ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ‘μ£² ¸´μ ´¥· ¢¥´¸É¢ ³ (42) ¢¸¥
ÔÉ¨ ±μ³¶μ´¥´ÉÒ Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê μ£· ´¨Î¥´´Ò³¨ ËÊ´±Í¨Ö³. ‘²¥¤μ¢ É¥²Ó´μ,
¢¸¥ ËÊ´±Í¨¨ Kn, a, reff , P ¨ Q ¢¸Õ¤Ê μ£· ´¨Î¥´Ò, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¶·¥¤¥²¥
r → ∞. �μÔÉμ³Ê ¨ ¢  ¸¨³¶ÉμÉ¨±¥ (59), ¨ ¢ · ¢¥´¸É¢ Ì (60) ³μ¦´μ ¶μ²μ¦¨ÉÓ
r = ∞. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¸²¥¤ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥
ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ :

K(k) = K(∞; k) = τ

∞∑
n=0

Kn(∞)k2n = − 1
a(∞)

+
1
2

reff(∞)k2−

− r3
eff(∞)P (∞) k4 + r5

eff(∞)Q(∞) k6 + O(k8), k → 0. (61)

‚ÒÖ¢¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ËÊ´±Í¨° a(r), reff(r), P (r) ¨ Q(r). ‘μμÉ´μ-
Ï¥´¨Ö (8) ¨ (61) μ¶·¥¤¥²ÖÕÉ μ¤´Ê ¨ ÉÊ ¦¥ ËÊ´±Í¨Õ K(k). ‘²¥¤μ¢ É¥²Ó´μ,
¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö a(∞), reff(∞), P (∞) ¨ Q(∞) μ¡¸Ê¦¤ ¥³ÒÌ ËÊ´±Í¨°
Ö¢²ÖÕÉ¸Ö ¸μμÉ¢¥É¸É¢¥´´μ ¤²¨´μ° · ¸¸¥Ö´¨Ö a, ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ reff ,
¶ · ³¥É·μ³ Ëμ·³Ò P ¨ ±μÔËË¨Í¨¥´Éμ³ Q. „ ²¥¥, ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V ,
®μ¡·¥§ ´´μ£μ¯ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ r = rb, §´ Î¥´¨Ö ËÊ´±Í¨° a(r), reff(r),
P (r) ¨ Q(r) ¢ ÉμÎ±¥ r = rb ¸μ¢¶ ¤ ÕÉ ¸ ¨Ì ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ §´ Î¥´¨Ö³¨ ¢
ÉμÎ±¥ r = ∞. �μÔÉμ³Ê ¢ ÔÉμ³ ¸²ÊÎ ¥  ¸¨³¶ÉμÉ¨±  (8) ¸μ¢¶ ¤ ¥É ¸  ¸¨³¶Éμ-
É¨±μ° (59), ¢ÒÎ¨¸²¥´´μ° ¢ ÉμÎ±¥ r = rb. ‘²¥¤μ¢ É¥²Ó´μ, §´ Î¥´¨Ö ËÊ´±Í¨°
a(r), reff(r), P (r) ¨ Q(r) ¢ ²Õ¡μ° ¢Ò¡· ´´μ° ÉμÎ±¥ r = rb Ö¢²ÖÕÉ¸Ö ¸μμÉ¢¥É-
¸É¢¥´´μ ¤²¨´μ° · ¸¸¥Ö´¨Ö a, ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ reff , ¶ · ³¥É·μ³ Ëμ·³Ò
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P ¨ ±μÔËË¨Í¨¥´Éμ³ Q ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V , ®μ¡·¥§ ´´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.
�μÔÉμ³Ê ¶·μ§· Î´Ò³ Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³ μ¡² ¤ ÕÉ ¨ ËÊ´±Í¨¨ α, β, γ ¨ λ,
μ¶·¥¤¥²¥´´Ò¥ ± ±

α(r) ≡ a(r)
a(∞)

, β(r) ≡ reff(r)
reff(∞)

, γ(r) ≡ P (r)
P (∞)

, λ(r) ≡ Q(r)
Q(∞)

. (62)

„¥°¸É¢¨É¥²Ó´μ, ¢ ²Õ¡μ° ÉμÎ±¥ r = rb §´ Î¥´¨Ö ÔÉ¨Ì μÉ´μÏ¥´¨° Ö¢²ÖÕÉ¸Ö μÉ-
´μ¸¨É¥²Ó´Ò³¨ ¢±² ¤ ³¨ μÉ ¢μ§¤¥°¸É¢¨Ö ¶μÉ¥´Í¨ ²  V (r) ¢ ¢Ò¡· ´´μ° μ¡² -
¸É¨ · ¸¸ÉμÖ´¨° 0 � r ≤ rb ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μÔËË¨Í¨¥´ÉÒ a, reff , P ¨ Q
 ¸¨³¶ÉμÉ¨±¨ (61).

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ËÊ´±Í¨Ö a(r) ¨ ±μ³¶μ´¥´ÉÒ Kn(r), n = 1, 2,  ¸¨³-
¶ÉμÉ¨±¨ (56) Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ ¨§¢¥¸É´ÒÌ, ´μ ´¥²¨´¥°´ÒÌ ±· ¥¢ÒÌ § -
¤ Î [9]. � ¶·¨³¥·,

τ∂ra(r) =
V (r)
2� + 1

r−2�
[
r2�+1 − τa(r)

]2
, r > 0; a(0) = 0. (63)

�¸É ²μ¸Ó ¨¸¸²¥¤μ¢ ÉÓ μ¸μ¡Ò° ¸²ÊÎ °, ±μ£¤  ËÊ´±Í¨Ö s0(r) ¨³¥¥É ´Ê²Ó ¢
´¥±μÉμ·μ° ÉμÎ±¥ r = b > 0. ‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Ö³ (60) ¢ ÔÉμ° ÉμÎ±¥ ËÊ´±-
Í¨Ö a(r) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ËÊ´±Í¨Ö reff(r) ¨³¥¥É ¶μ²Õ¸ ¢Éμ·μ£μ ¶μ·Ö¤± ,  
ËÊ´±Í¨¨ P (r) ¨ Q(r) μ¡² ¤ ÕÉ ´Ê²Ö³¨ É·¥ÉÓ¥£μ ¨ Ï¥¸Éμ£μ ¶μ·Ö¤±μ¢. ˆ§-§ 
Ê± § ´´ÒÌ μ¸μ¡¥´´μ¸É¥° ¶·¥¤¸É ¢²¥´¨¥ (59) ËÊ´±Í¨¨ K(r; k) É¥·Ö¥É ¸³Ò¸².
‚ μ¡¸Ê¦¤ ¥³μ³ ¸²ÊÎ ¥ ¸É ·Ï¨³ ¸² £ ¥³Ò³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶Éμ-
É¨±¨ ¢Éμ·μ£μ ¨§ · §²μ¦¥´¨° (33) ¸É ´μ¢¨É¸Ö ¸² £ ¥³μ¥ k2�+3 s1(b). �μÔÉμ³Ê
ËÊ´±Í¨Ö K(b; k)  ·£Ê³¥´É  k ´¥ μ£· ´¨Î¥´  ¢ ¶·¥¤¥²¥ k → 0, ´μ ËÊ´±Í¨Ö

K̃(r; k) ≡ k2�+3 ctg δ�(r; k) = k2�+3 c(r; k)/s(r; k) (64)

¢ ÔÉμ³ ¶·¥¤¥²¥ ¶·¨ r = b ¶·¨´¨³ ¥É ±μ´¥Î´μ¥ §´ Î¥´¨¥ c0(b)/s1(b) 
= 0.
‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ s0(b) = 0, Éμ ËÊ´±Í¨Ö K̃(b; k) ¸É ´μ¢¨É¸Ö ËÊ´±Í¨¥°
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V , ®μ¡·¥§ ´´μ£μ¯ ¢ ÉμÎ±¥ r = b.
	É  ËÊ´±Í¨Ö ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

K̃(b; k) = − 1
ã(b)

+
1
2

r̃eff(b)k2 − r̃3
eff(b) P̃ (b) k4+

+ r̃5
eff(b)Q(b) k6 + O(k8), k → 0, (65)

±μÔËË¨Í¨¥´ÉÒ ã, r̃eff , P̃ ¨ Q̃ μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö
¨§ ¸μμÉ´μÏ¥´¨° (57) ¨ (58) ¢ ·¥§Ê²ÓÉ É¥ § ³¥´Ò sm → sm+1, m � 0.

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¤¢Ê³Ö § ³¥Î ´¨Ö³¨. �μ¢¥¤¥´¨¥ ËÊ´±Í¨°
reff(r) ¨ P (r) ¢¡²¨§¨ ÉμÎ±¨ r = b, ¢ ±μÉμ·μ° ËÊ´±Í¨Ö a(r) μ¡· Ð ¥É¸Ö
¢ ´Ê²Ó, · ´¥¥ ¨¸¸²¥¤μ¢ ²¨¸Ó ¢ · ³± Ì ´¥²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ
ËÊ´±Í¨° [9]. �¶·¥¤¥²¥´¨¥ (64) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨ ¥¥  ¸¨³-
¶ÉμÉ¨±  (65) ¢ ÉμÎ±¥ r = b ¤ ´Ò ¢¶¥·¢Ò¥.
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5. ��ˆ‹�†…�ˆŸ ��…„‹�†…���ƒ� Œ…’�„�

”¨§¨Î¥¸±¨ ¢ ¦´Ò³¨ ¶·¨²μ¦¥´¨Ö³¨ ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  Ö¢²ÖÕÉ¸Ö ¢Ò-
Î¨¸²¥´¨¥ ¶ · ³¥É·μ¢ a, reff , P ¨ Q ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö,  ´ ²¨§
¢±² ¤μ¢ (62) ¨ μÍ¥´±  · ¤¨Ê¸  ¤¥°¸É¢¨Ö g ¶μÉ¥´Í¨ ²  V .

�μÖ¸´¨³ ÔÉ¨ ¶·¨²μ¦¥´¨Ö ´  ¶·¨³¥·¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö
¢ ¸¨¸É¥³¥ ¤¢ÊÌ ´Ê±²μ´μ¢, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ²  �¨¤ 
¸ ³Ö£±¨³ ±μ·μ³ [12] ¢ 1S0-, 1P1- ¨ 1D2-¸μ¸ÉμÖ´¨ÖÌ ¸ Ê£²μ¢Ò³ ³μ³¥´Éμ³
� = 0, 1, 2.

� ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ± ¦¤μ£μ É ±μ£μ ¸μ¸ÉμÖ´¨Ö Ö¢²Ö¥É¸Ö ·¥Ï¥-
´¨¥³ u� § ¤ Î¨ (3)Ä(5), ¢ ±μÉμ·μ° r Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ´Ê±²μ´ ³¨, k ¨ � Å
¢μ²´μ¢μ¥ Î¨¸²μ ¨ Ê£²μ¢μ° ³μ³¥´É ¸É ²±¨¢ ÕÐ¨Ì¸Ö ´Ê±²μ´μ¢ ¢ ¸¨¸É¥³¥ ¨Ì
Í¥´É·  ³ ¸¸,   V (r) Å ¶·μ¨§¢¥¤¥´¨¥ ¶μÉ¥´Í¨ ²  �¨¤  V R ¨ ¨§¢¥¸É´μ° [12]
±μ´¸É ´ÉÒ �

2/mN = 41,47ŒÔ‚ ·”³2, £¤¥ mN Å ¸·¥¤´ÖÖ ³ ¸¸  ´Ê±²μ´ .
�μÔÉμ³Ê ¢ ÔÉμ° ¸¨¸É¥³¥ ¶ · ³¥É·Ò ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ´Ê-
±²μ´μ¢ ¨ ¢±² ¤Ò ¢ ÔÉ¨ ¶ · ³¥É·Ò μÉ ¶μÉ¥´Í¨ ²  V , ¢±²ÕÎ¥´´μ£μ ¢ ¢Ò¡· ´´μ°
μ¡² ¸É¨ · ¸¸ÉμÖ´¨°, μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (60) ¨ (62). ‘μ¤¥·¦ Ð¨¥¸Ö ¢
ÔÉ¨Ì Ëμ·³Ê² Ì ËÊ´±Í¨¨ cn ¨ sn Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¨¸É¥³ ³ Ê· ¢´¥´¨° (36)Ä(41).

Œ¥Éμ¤ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¸¨¸É¥³ É ±μ£μ É¨¶ , ¶μ§¢μ²ÖÕÐ¨° ¢Ò-
¶μ²´¨ÉÓ · ¸Î¥É ¸ ´ ¶¥·¥¤ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ, ¶μ¤·μ¡´μ ¨§²μ¦¥´ ¢ · ¡μÉ¥ [7].
‚¸¥ ·¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨°, μ¡¸Ê¦¤ ¥³Ò¥ ¢ ´ ¸ÉμÖÐ¥³ · §¤¥²¥, ¶μ²ÊÎ¥´Ò
ÔÉ¨³ ³¥Éμ¤μ³ ¸ Ï¥¸É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ. ‚ ± Î¥¸É¢¥ ¶·¥¤¥²Ó´ÒÌ §´ Î¥´¨°
cn(∞) ¨ sn(∞), n = 0, 1, 2, 3, ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö
ËÊ´±Í¨° cn(r) ¨ sn(r) ¢ ÉμÎ±¥ r = rmax = 100 ”³.

� ¶μ³´¨³, ÎÉμ ¢ ¨¸¸²¥¤Ê¥³ÒÌ É·¥Ì (� = 0, 1, 2) ±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨ÖÌ
¶μÉ¥´Í¨ ² �¨¤  V R Ö¢²Ö¥É¸Ö μÉÉ ²±¨¢ ÕÐ¨³ (V R(r) > 0) ¢ μ¡² ¸É¨ [0, r�)
¸· ¢´¨É¥²Ó´μ ´¥¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° ¨ ¶·¨ÉÖ£¨¢ ÕÐ¨³ (V R(r) < 0) ´  ¡¥¸-
±μ´¥Î´μ³ ¶μ²Ê¨´É¥·¢ ²¥ r > r�,   · ¸¸ÉμÖ´¨¥ r�, ¶·¨ ±μÉμ·μ³ ¶μÉ¥´Í¨ ²
�¨¤  ¨ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, § ¢¨¸¨É μÉ � ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: r0 ≈ 0,64 ”³,
r1 ≈ 1,56 ”³, r2 ≈ 0,81 ”³. ‡ ¢¨¸¨³μ¸ÉÓ ¶μÉ¥´Í¨ ²  �¨¤  V R(r) μÉ · ¸¸Éμ-
Ö´¨Ö r ¶μÖ¸´Ö¥É ·¨¸. 1.

’¥¶¥·Ó μ¡¸Ê¤¨³ μ¦¨¤ ¥³Ò¥ ¸²¥¤¸É¢¨Ö ¸¢μ°¸É¢ ¶μÉ¥´Í¨ ²  �¨¤ . ‘μ£² ¸´μ
Ê· ¢´¥´¨Õ (63) ¶·μ¨§¢μ¤´ Ö ∂ra ËÊ´±Í¨¨ a(r) ¨³¥¥É ÉμÉ ¦¥ §´ ±, ÎÉμ ¨ ¶μ-
É¥´Í¨ ² V . �μÔÉμ³Ê ËÊ´±Í¨Ö a(r) ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ 0 < r < r� ¶·¨´¨³ ¥É
¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö, ¢ ÉμÎ±¥ r = r�, ¢ ±μÉμ·μ° ¶μÉ¥´Í¨ ² �¨¤  · ¢¥´
´Ê²Õ, ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¨ ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ¶·¨
¤ ²Ó´¥°Ï¥³ ·μ¸É¥  ·£Ê³¥´É  r ´  ¶μ²Ê¨´É¥·¢ ²¥ r > r�. …¸²¨ ´  ÔÉμ³ ¶μ-
²Ê¨´É¥·¢ ²¥ ¶μÉ¥´Í¨ ² �¨¤  μ± ¦¥É¸Ö ¤μ¸É ÉμÎ´μ ¸¨²Ó´Ò³ ¶·¨ÉÖ£¨¢ ÕÐ¨³
¶μÉ¥´Í¨ ²μ³, Éμ ËÊ´±Í¨Ö a(r) ¨§³¥´¨É §´ ± ¢ ´¥±μÉμ·μ° ÉμÎ±¥ r = b� ¨ ¡Ê¤¥É
μÉ·¨Í É¥²Ó´μ° ¢ μ¡² ¸É¨ r > b�.

� ¨¡μ²¥¥ ¢ ¦´Ò° ·¥§Ê²ÓÉ É ´ Ï¨Ì ¢ÒÎ¨¸²¥´¨° § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ
¶·¨ ²Õ¡μ³ � = 0, 1, 2 ËÊ´±Í¨¨ s0(r) ¨ a(r) ≡ −s0(r)/c0(r) μ¡· Ð ÕÉ¸Ö
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�¨¸. 1. �μÉ¥´Í¨ ² �¨¤  V R(r) ¢ 1S0-,
1P1- ¨ 1D2-¸μ¸ÉμÖ´¨ÖÌ ¤¢ÊÌ ´Ê±²μ´μ¢ ¸ Ê£²μ¢Ò³

³μ³¥´Éμ³ � = 0, 1, 2: ¸¶²μÏ´ Ö ±·¨¢ Ö Å � = 0, ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö Å � = 1,
ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢ Ö Å � = 2; ËÊ´±Í¨Ö V R

as(r) ≡ 0 Å ¸¶²μÏ´ Ö ¶·Ö³ Ö ²¨´¨Ö

¢ ´Ê²Ó ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ÉμÎ±¥ r = b�, £¤¥ b0 ≈ 1,03 ”³, b1 ≈ 2,17 ”³
¨ b2 ≈ 1,01 ”³. �μÔÉμ³Ê ¤²Ö ¶μÉ¥´Í¨ ²  �¨¤  ·¥ ²¨§Ê¥É¸Ö μ¸μ¡Ò° ¸²ÊÎ °,
¨¸¸²¥¤μ¢ ´´Ò° ¢ ±μ´Í¥ ¶·¥¤Ò¤ÊÐ¥£μ · §¤¥² .

‚ É ¡². 1 ¸μ¡· ´Ò ¢ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ ´¨§±μÔ´¥·£¥É¨Î¥-
¸±μ£μ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ´Ê±²μ´μ¢ ¢ 1S0-, 1P1- ¨ 1D2-¸μ¸ÉμÖ´¨ÖÌ ¸ Ê£²μ¢Ò³
³μ³¥´Éμ³ � = 0, 1, 2. ŠμÔËË¨Í¨¥´É Q ¢ÒÎ¨¸²¥´ ¢¶¥·¢Ò¥.

’ ¡²¨Í  1. � · ³¥É·Ò a, reff , P ¨ Q ¶·¨ � = 0, 1, 2 ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¥¤¨´¨Í Ì
”³2�+1, ”³1−2�, ”³4� ¨ ”³8�

� a reff P Q

0 Ä17,1489 2,8072 0,03124 0,03339
1 Ä4,92094 2,1362 Ä0,12577 0,12489
2 Ä1,70778 13,800 Ä0,00651 Ä0,00001

�¨¸. 2. ¨²²Õ¸É·¨·Ê¥É § ¢¨¸¨³μ¸ÉÓ ¢ÒÎ¨¸²¥´´ÒÌ ¢±² ¤μ¢ (62) μÉ · ¸¸ÉμÖ-
´¨Ö r ³¥¦¤Ê ¸É ²±¨¢ ÕÐ¨³¨¸Ö ´Ê±²μ´ ³¨ ¨ μÉ ¨Ì ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É 
�. Š ± ¢¨¤´μ, ¢±² ¤ α(r) ¶·¨´¨³ ¥É μÉ·¨Í É¥²Ó´Ò¥ ¨ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥-
´¨Ö ¸μμÉ¢¥É¸É¢¥´´μ ¶·¨ r < b� ¨ r > b�,   ¢ ¸²ÊÎ ¥ r = b� · ¢¥´ ´Ê²Õ. Š ± ¨
μ¦¨¤ ²μ¸Ó, ¢±² ¤ β(r) ´¥μ£· ´¨Î¥´ ¢ ÉμÎ±¥ r = b�. ƒ· Ë¨±¨ ¢±² ¤μ¢ γ(r) ¨
λ(r) ¶μ¤É¢¥·¦¤ ÕÉ ÉμÉ Ë ±É, ÎÉμ ËÊ´±Í¨¨ P (r) ¨ Q(r) ¢¸Õ¤Ê ¶·¨´¨³ ÕÉ ±μ-
´¥Î´Ò¥ §´ Î¥´¨Ö, ¨ ¨²²Õ¸É·¨·ÊÕÉ ¤¢¥ μ¸μ¡¥´´μ¸É¨: ´ ²¨Î¨¥ Ê ÔÉ¨Ì ËÊ´±Í¨°
´Ê²¥° ¨ ²μ± ²Ó´ÒÌ Ô±¸É·¥³Ê³μ¢ ¢ μ¡² ¸É¨ r > 5 ”³.
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�¨¸. 2. ‚±² ¤Ò (62) ± ± ËÊ´±Í¨¨ · ¸¸ÉμÖ´¨Ö r ¨ Ê£²μ¢μ£μ ³μ³¥´É  �: ¸¶²μÏ´ Ö
±·¨¢ Ö Å � = 0, ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö Å � = 1, ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢ Ö Å � = 2;
ËÊ´±Í¨¨ y(r) ≡ 1 ¨ z(r) ≡ 0 Å ¸μμÉ¢¥É¸É¢¥´´μ ¸¶²μÏ´ Ö ¨ ¶Ê´±É¨·´ Ö ¶·Ö³Ò¥
²¨´¨¨

�¥·¥°¤¥³ ± μÍ¥´± ³ · ¤¨Ê¸  ¤¥°¸É¢¨Ö ¶μÉ¥´Í¨ ²  �¨¤  ¤²Ö ± ¦¤μ£μ ¶ -
· ³¥É·  ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¤¢ÊÌ ´Ê±²μ´μ¢. ‘²¥¤ÊÖ · ¡μÉ¥ [3],
μ¶·¥¤¥²¨³ É ±μ° · ¤¨Ê¸ ¶μ μÉ´μÏ¥´¨Õ ± ËÊ´±Í¨¨ f(r) = a(r), reff(r),
P (r), Q(r) ± ± ´¨¦´ÕÕ £· ´¨ÍÊ g(f ; �, ε) μ¡² ¸É¨ · ¸¸ÉμÖ´¨° r ≥ (f ; �, ε), ¢
±μÉμ·μ° ¶·¨ ´ ¶¥·¥¤ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ Ê£²μ¢μ£μ ³μ³¥´É  � ¨ μÉ´μ¸¨É¥²Ó´μ°
ÉμÎ´μ¸É¨ ε < 1 · ¸Î¥É  ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö

|1 − f(r)/f(∞)| = ε, r = g(f ; �, ε);
(66)

|1 − f(r)/f(∞)| < ε, r > g(f ; �, ε).

	É¨ Ê¸²μ¢¨Ö μ§´ Î ÕÉ, ÎÉμ μÉ´μ¸¨É¥²Ó´ Ö ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö f(r) ≈
f(∞), · ¢´ Ö ε, ¤μ¸É¨£ ¥É¸Ö ¢ ÉμÎ±¥ r = g(f ; �, ε),   ¶·¨ ¤ ²Ó´¥°Ï¥³ Ê¢¥²¨-
Î¥´¨¨  ·£Ê³¥´É  r μÉ´μ¸¨É¥²Ó´ Ö ÉμÎ´μ¸ÉÓ É ±μ£μ ¶·¨¡²¨¦¥´¨Ö Ê²ÊÎÏ ¥É¸Ö.

22



ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨Ö (62) μÉ´μ¸¨É¥²Ó´ÒÌ ¢±² ¤μ¢, Ê¸²μ¢¨Ö (66) ¨ ·¨¸. 2,
³μ¦´μ μÍ¥´¨ÉÓ · ¤¨Ê¸ ¤¥°¸É¢¨Ö g(f ; �, ε) ¶μÉ¥´Í¨ ²  �¨¤  £· Ë¨Î¥¸±¨³ ¸¶μ-
¸μ¡μ³.

� ¶·¨³¥·, ¶μ²μ¦¨¢ � = 0 ¨ ε = 0, 1, ¤²Ö ËÊ´±Í¨¨ f(r) = a(r) ¨³¥¥³

|1 − a(r)/a(∞)| = |1 − α(r)| = ε = 0, 1.

‘²¥¤μ¢ É¥²Ó´μ, |α(r)| = 0,9. ˆ¸¶μ²Ó§ÊÖ £· Ë¨± ËÊ´±Í¨¨ α(r), ¨§μ¡· ¦¥´´Ò°
¸¶²μÏ´μ° ±·¨¢μ°, ¶μ²ÊÎ ¥³, ÎÉμ Ê¸²μ¢¨¥ |α(r)| = 0,9 ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ r =
g(a; 0, 0.1) ≈ 4,6 ”³.

’ ¡²¨Í  2. � ¤¨Ê¸ ¤¥°¸É¢¨Ö g(f ; �, ε) (”³) ¶μÉ¥´Í¨ ²  �¨¤  ¤²Ö ¶ · ³¥É·μ¢ f = a,
reff , P , Q ¶·¨ � = 0, 1, 2 ¨ ε = 0,1

� g(a; �, ε) g(reff ; �, ε) g(P ; �, ε) g(Q; �, ε)

0 4,62 4,25 13,2 16,1
1 8,49 12,3 21,1 25,4
2 13,4 14,6 22,6 29,2

‡´ Î¥´¨Ö · ¤¨Ê¸  ¤¥°¸É¢¨Ö ¶μÉ¥´Í¨ ²μ¢ �¨¤ , ¡μ²¥¥ ÉμÎ´Ò¥, Î¥³ £· Ë¨-
Î¥¸±¨¥ μÍ¥´±¨, ¨ ¢ÒÎ¨¸²¥´´Ò¥ ¶μ Ëμ·³Ê² ³ (62) ¨ (66), ¸μ¡· ´Ò ¢ É ¡². 2.
Š ± ¢¨¤´μ, · ¤¨Ê¸ ¤¥°¸É¢¨Ö ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É μÉ Ê£²μ¢μ£μ ³μ³¥´É  � ¨ μÉ
¶ · ³¥É·  f = a, reff , P, Q, ¶μ μÉ´μÏ¥´¨Õ ± ±μÉμ·μ³Ê ÔÉμÉ · ¤¨Ê¸ μ¶·¥¤¥²Ö-
¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨ (66).

‡�Š‹
—…�ˆ…

�·μ¸Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ. ‚Ò¢¥¤¥´´Ò¥ ¢
· §¤. 2 · §²μ¦¥´¨Ö (19) ¶·μ¨§¢¥¤¥´¨Ö ¨ ±¢ ¤· Éμ¢ ËÊ´±Í¨° �¨±± É¨Ä
¥¸¸¥²Ö
¤μ¶μ²´ÖÕÉ É¥μ·¨Õ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° [14] Ô±μ´μ³¨Î´Ò³¨ ¸ ¢ÒÎ¨¸²¨É¥²Ó-
´μ° ÉμÎ±¨ §·¥´¨Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ (21) ±μÔËË¨Í¨¥´Éμ¢ ÔÉ¨Ì ·Ö¤μ¢. ‚ · §¤. 3
¶μ¤·μ¡´μ ¨§²μ¦¥´  ²ÓÉ¥·´ É¨¢´Ò° ¤ ¢´μ ¨§¢¥¸É´μ³Ê [8] ¢Ò¢μ¤ μ¸´μ¢´ÒÌ
Ê· ¢´¥´¨° (23) ¨ ¸μμÉ´μÏ¥´¨° ²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°
¢ É¥μ·¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö. ‚ · §¤. 4 ÔÉ  ¢¥·¸¨Ö ¤μ¶μ²´¥´  ´μ¢Ò³
 ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³. ‚ ÔÉμ³ ³¥Éμ¤¥ ±²ÕÎ¥¢μ° Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´ Ö
Í¥¶μÎ±  Ô´¥·£μ´¥§ ¢¨¸¨³ÒÌ ¸¨¸É¥³ (34): Î¥·¥§ ±μ³¶μ´¥´ÉÒ ¥¥ ·¥Ï¥´¨Ö Ëμ·-
³Ê² ³¨ (48), (51)Ä(54) ¨ (60) ¢Ò· ¦ ÕÉ¸Ö ¢¸¥ ËÊ´±Í¨¨ ¨ ±μÔËË¨Í¨¥´ÉÒ, ¸μ-
¤¥·¦ Ð¨¥¸Ö ¢ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨ÖÌ (8) ¨ (55), m ≤ 3, ËÊ´±Í¨¨
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨ · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ ¢μ²´μ¢μ° ËÊ´±Í¨¨ (2). ’·¨
Ë¨§¨Î¥¸±¨ ¢ ¦´ÒÌ ¶·¨²μ¦¥´¨Ö ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  ¶·μ¨²²Õ¸É·¨·μ¢ ´Ò
¢ · §¤. 5 ¢ÒÎ¨¸²¥´¨¥³ ¨ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨³  ´ ²¨§μ³ ¶ · ³¥É·μ¢ (60)
´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³¥ ¤¢ÊÌ ´Ê±²μ´μ¢.
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