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ƒ¥μ³¥É·¨Î¥¸± Ö É¥μ·¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.
�¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥

‚ ÔÉμ³ ¸μμ¡Ð¥´¨¨ ¸Ëμ·³Ê²¨·μ¢ ´  É¥μ·¨Ö μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö, ´ §¢ ´´ Ö É ± ¶μÉμ³Ê, ÎÉμ ¸μ¸ÉμÖ´¨¥ ÔÉμ£μ ¶μ²Ö, ¨´¢ ·¨ ´É´μ¥ μÉ´μ¸¨-
É¥²Ó´μ ¢¸¥Ì ¶·¥μ¡· §μ¢ ´¨°  ¸¸μÍ¨¨·μ¢ ´´μ° ¸ ´¨³ ²μ± ²Ó´μ° ¢´ÊÉ·¥´´¥° ¸¨³-
³¥É·¨¨, ¸μμÉ¢¥É¸É¢Ê¥É ¸μ¡¸É¢¥´´μ Ô²¥±É·μ³ £´¨É´μ³Ê ¶μ²Õ. ‚¢¥¤¥´μ ¶μ´ÖÉ¨¥
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, ¨ ¤ ´ ¤¥¤Ê±É¨¢´Ò°
¢Ò¢μ¤ Ê· ¢´¥´¨° ÔÉμ£μ ¶μ²Ö ¢ £¥μ³¥É·¨Î¥¸±μ° ¨ ¤¨´ ³¨Î¥¸±μ° Ëμ·³¥. ‚Ò¢¥¤¥´Ò
μ¡Ð¥±μ¢ ·¨ ´É´Ò¥ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö ´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ ¨
³ £´¨É´μ£μ ¶μ²¥°. „ ´  Ë¨§¨Î¥¸± Ö ¨´É¥·¶·¥É Í¨Ö É¥μ·¨¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±-
É·μ³ £´¨É´μ£μ ¶μ²Ö.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ-
¡μ¢  �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2012

Pestov I. B. P2-2012-143
Geometric Theory of Fundamental Interactions.
Generalized Electromagnetic Field

In this report a theory of a generalized electromagnetic ˇeld is formulated, which
is titled so because the singlet state of this ˇeld corresponds to the electromagnetic
ˇeld. A concept of a ground state of the generalized electromagnetic ˇeld is intro-
duced and deductive derivation of equations of this ˇeld in both geometrical and
dynamical form is given. The general covariant Maxwell equations for the elec-
tric and magnetic ˇelds are derived. A physical interpretation of the theory of the
generalized electromagnetic ˇeld is given.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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�¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ Å ÔÉμ μ¤´  ¨§ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨-
Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´, ±μÉμ· Ö ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨ ´ §Ò¢ ¥É¸Ö
²¨´¥°´μ° ¸¢Ö§´μ¸ÉÓÕ. �É¨³ μ¶·¥¤¥²Ö¥É¸Ö ³¥¸Éμ ¨ ¶μ²μ¦¥´¨¥ μ¡μ¡Ð¥´´μ£μ
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ± ± μ¡Ñ¥±É  ¨¸¸²¥¤μ¢ ´¨° ¢ ¸μ¢·¥³¥´´μ° ¤¨ËË¥-
·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨. ‘É ÉÊ¸ ²¨´¥°´μ° ¸¢Ö§´μ¸É¨ ± ± Ë¨§¨Î¥¸±μ£μ ¶μ²Ö
¢ÒÉ¥± ¥É ¨§ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨ ¨ ¶μ¸²¥¤μ¢ É¥²Ó´μ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¢
ÔÉμ° £² ¢¥ ¢ É¥¸´μ° ¸¢Ö§¨ ¸ μ¡Ð¥° ±μ´Í¥¶Í¨¥° ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö ¨ ¥¸É¥-
¸É¢¥´´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¥°, ±μÉμ· Ö · ¸¸³ É·¨¢ ¥É¸Ö
§¤¥¸Ó ± ± ³ ±¸¨³ ²Ó´μ¥ · ¸Ï¨·¥´¨¥ ¤¢ÊÌ¸Éμ·μ´´¥° ¨²¨ ¡¨² É¥· ²Ó´μ° ¸¨³-
³¥É·¨¨. � ¶μ³´¨³, ÎÉμ ¤¢ÊÌ¸Éμ·μ´´ÖÖ ¸¨³³¥É·¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¶μ²¥³ ¢·¥-
³¥´¨ ¨ ¶μÉμ±μ³ ¢·¥³¥´¨. �μÉμ± ¢·¥³¥´¨ Å ÔÉμ ´¥μ¡Ìμ¤¨³μ¥ Ê¸²μ¢¨¥ ¤²Ö
ÉμÎ´μ° Ëμ·³Ê²¨·μ¢±¨ ËÊ´¤ ³¥´É ²Ó´μ£μ ¤¨´ ³¨Î¥¸±μ£μ ¶μ´ÖÉ¨Ö Å ¸±μ·μ-
¸É¨ ¨§³¥´¥´¨Ö ¶μ²¥¢μ° ¢¥²¨Î¨´Ò ¸μ ¢·¥³¥´¥³. �μ²¥ ¢·¥³¥´¨ μÉ´μ¸¨É¸Ö ±
¸¨¸É¥³ ³ ¸ ¸μ¡¸É¢¥´´Ò³ ¶μ¢¥¤¥´¨¥³, ¤¢¨¦¥´¨¥ ¢ ±μÉμ·ÒÌ  ¡¸μ²ÕÉ´μ ´¥ § -
¢¨¸¨É μÉ ± ±¨Ì-²¨¡μ ¢´¥Ï´¨Ì, § · ´¥¥ § ¤ ´´ÒÌ Ê¸²μ¢¨°. ‚·¥³Ö ¢ É ±μ³
¸²ÊÎ ¥ ¸ÊÐ¥¸É¢Ê¥É ± ± ¶·¨·μ¤´μ¥ ± Î¥¸É¢μ, ´¥· §·Ò¢´μ ¸¢Ö§ ´´μ¥ ¸μ ¢¸Ö±μ°
¤¨´ ³¨Î¥¸±μ° ¸¨¸É¥³μ°. ‚¢¥¤¥´¨¥ ±μ´Í¥¶Í¨¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É-
´μ£μ ¶μ²Ö μ§´ Î ¥É ¥¸É¥¸É¢¥´´ÊÕ £¥μ³¥É·¨§ Í¨Õ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨,
¸²¥¤μ¢ É¥²Ó´μ, ¢±²ÕÎ¥´¨¥ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ · ³±¨ μ¡Ð¥° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨. �¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ¤²Ö ±· É±μ¸É¨ Ê¶μ³¨´ ¥É¸Ö
± ± ¤¦¥Ë. �É¸Õ¤  ¤¦¥Ë¸É É¨± , ¤¦¥Ë¤¨´ ³¨± , ¤¦¥Ë¸¨³³¥É·¨Ö. ‚ É¥μ·¨Õ
μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¢Ìμ¤¨É ³ ¸ÏÉ ¡
· §³¥·´μ¸É¨ ¤²¨´Ò, ±μÉμ·Ò° Ì · ±É¥·¨§Ê¥É · §³¥·Ò μ¡² ¸É¨, ¢´¥ ±μÉμ·μ°
´ ¶·Ö¦¥´´μ¸ÉÓ ÔÉμ£μ ¶μ²Ö ¡Ò¸É·μ ¸¶ ¤ ¥É. �·¥μ¡· §μ¢ ´¨Ö ¤¦¥Ë¸¨³³¥É·¨¨,
§ ¤ ÕÐ¨¥ ´¥²¨´¥°´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²´μ° ²¨´¥°´μ° £·Ê¶¶Ò GL(n,R), ± -
¸ ÕÉ¸Ö Éμ²Ó±μ ËÊ´±Í¨° ¶μ²Ö ¨ ´¥ § É· £¨¢ ÕÉ ±μμ·¤¨´ É. �É¨³ μ´¨ μÉ²¨Î -
ÕÉ¸Ö μÉ ²μ± ²Ó´ÒÌ ¤¨ËË¥μ³μ·Ë¨§³μ¢. �¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥
¢§ ¨³μ¤¥°¸É¢Ê¥É Éμ²Ó±μ ¸μ ¸¢μ¨³ μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ¨ £· ¢¨É Í¨μ´´Ò³
¶μ²¥³ ¨ ´¨± ± ´¥ ¶·μÖ¢²Ö¥É ¸¥¡Ö ¢μ ¢§ ¨³μ¤¥°¸É¢¨¨ ¸ μ¡ÒÎ´Ò³ ¢¥Ð¥¸É¢μ³.

Š ± ¨§¢¥¸É´μ, É¥³´ Ö ³ É¥·¨Ö ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° μ¤´Ê ¨§ § £ ¤μ± ¸μ-
¢·¥³¥´´μ° ±μ¸³μ²μ£¨¨ [1Ä3]. ’¥³´ Ö ³ É¥·¨Ö ´¥ ¨¸¶Ê¸± ¥É ¨ ´¥ μÉ· ¦ ¥É
Ô²¥±É·μ³ £´¨É´μ£μ ¨§²ÊÎ¥´¨Ö ¨ ¢μ§¤¥°¸É¢Ê¥É ´  ¤·Ê£¨¥ ¢¨¤¨³Ò¥ ´¥¡¥¸´Ò¥
É¥²  Éμ²Ó±μ £· ¢¨É Í¨μ´´Ò³ μ¡· §μ³. …¸²¨ ¶·¥¤¸É ¢²ÖÉÓ É¥³´ÊÕ ³ É¥·¨Õ
¢ É¥·³¨´ Ì Î ¸É¨Í, Éμ ¨§ ±μ¸³μ²μ£¨Î¥¸±¨Ì ´ ¡²Õ¤¥´¨° ¸²¥¤Ê¥É, ÎÉμ ÔÉ¨ Î -
¸É¨ÍÒ ´¥ μÉ´μ¸ÖÉ¸Ö ± ¨§¢¥¸É´Ò³ Î ¸É¨Í ³, μ´¨ ´¥°É· ²Ó´Ò, ¸±μ·¥¥ ³ ¸¸¨¢´Ò,
Î¥³ ´¥É, ¸É ¡¨²Ó´Ò ¨ ¢§ ¨³μ¤¥°¸É¢ÊÕÉ ¸² ¡μ. ‘Î¨É ²μ¸Ó, ÎÉμ ´ ¨¡μ²¥¥ ³´μ-
£μμ¡¥Ð ÕÐ¨° ± ´¤¨¤ É ´  ·μ²Ó Î ¸É¨ÍÒ É¥³´μ° ³ É¥·¨¨ ¥¸ÉÓ ´¥°É· ²¨´μ,
´μ ·¥§Ê²ÓÉ ÉÒ ¶μ¸²¥¤´¨Ì Ô±¸¶¥·¨³¥´Éμ¢ ´  �μ²ÓÏμ³  ¤·μ´´μ³ ±μ²² °¤¥·¥
¤¥² ÕÉ ÔÉμÉ ¶·μ£´μ§ ³ ²μ¢¥·μÖÉ´Ò³. ‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ Ì · ±É¥·¨¸É¨±¨ É¥³-
´μ° ³ É¥·¨¨ μÉ´μ¸ÖÉ¸Ö ¨ ± μ¡μ¡Ð¥´´μ³Ê Ô²¥±É·μ³ £´¨É´μ³Ê ¶μ²Õ, ¶μÔÉμ³Ê
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¥¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ÔÉμ ¶μ²¥ ¸μμÉ¢¥É¸É¢Ê¥É É¥³´μ° ³ É¥·¨¨. ‘¥°-
Î ¸ ´ Î ²¨¸Ó ¶μ¨¸±¨ Î ¸É¨Í É¥³´μ° ³ É¥·¨¨ ¢ ² ¡μ· Éμ·´ÒÌ Ô±¸¶¥·¨³¥´É Ì,
¨ ¸Ëμ·³Ê²¨·μ¢ ´´μ° É¥μ·¨¨ ¶·¥¤¸Éμ¨É ¸¤¥² ÉÓ ÔÉμÉ ¶μ¨¸± ± ± ³μ¦´μ ¡μ²¥¥
Í¥²¥´ ¶· ¢²¥´´Ò³.

1. Š��–…�–ˆŸ ����™…���ƒ� �‹…Š’��Œ�ƒ�ˆ’��ƒ� ��‹Ÿ

�¶·¥¤¥²¥´¨¥ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¨ ¶·¨³¥´¨É¥²Ó´μ ± ¤¦¥ËÊ ¶·Ö³μ
¸²¥¤Ê¥É ¨§ £¥μ³¥É·¨Î¥¸±μ£μ ¸³Ò¸²  ÔÉμ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò. �Ê¸ÉÓ ¶ ·  ¢¥±-
Éμ·´ÒÌ ¶μ²¥° v ¨ v μ¡² ¤ ¥É ¤¢ÊÌ¸Éμ·μ´´¥° ¨²¨ §¥·± ²Ó´μ° ¸¨³³¥É·¨¥°, É. ¥.
vi = Ri

jv
j . …¸²¨ ¢¥±Éμ·´μ¥ ¶μ²¥ v Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ¶ · ²²¥²Ó´μ£μ

¶¥·¥´μ¸ , Éμ ¶μ²¥, ¥³Ê §¥·± ²Ó´μ¥, ´¥ ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Éμ³Ê ¦¥ ¸ ³μ³Ê
Ê· ¢´¥´¨Õ. ‚¥±Éμ·´μ¥ ¶μ²¥ v ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ ¶ · ²²¥²Ó-
´μ£μ ¶¥·¥´μ¸  ¶μ μÉ´μÏ¥´¨Õ ± ¸¢Ö§´μ¸É¨, ±μÉμ·ÊÕ ³μ¦´μ ´ §¢ ÉÓ §¥·± ²Ó-
´μ° ¤ ´´μ° ¸¢Ö§´μ¸É¨. „·Ê£¨³¨ ¸²μ¢ ³¨, ¶ · ²²¥²Ó´Ò° ¶¥·¥´μ¸ ¸¨¸É¥³Ò ¤¢ÊÌ
¢¥±Éμ·´ÒÌ ¶μ²¥°, μ¡² ¤ ÕÐ¥° ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¥°, μ¶·¥¤¥²Ö¥É¸Ö ¶ -
·μ° ¸¢Ö§´μ¸É¥° P i

jk ¨ P i
jk, É ±¦¥ μ¡² ¤ ÕÐ¨Ì ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¥°. ˆ§

§ ±μ´  ¶ · ²²¥²Ó´μ£μ ¶¥·¥´μ¸  ¢¥±Éμ·´ÒÌ ¶μ²¥° ¢ÒÉ¥± ¥É § ±μ´ ¶·¥μ¡· §μ-
¢ ´¨Ö ¤²Ö ¸¢Ö§´μ¸É¥° ¶·¨ μÉ· ¦¥´¨¨:

P i
jk = Ri

mPm
jnRn

k + Ri
m∂jR

m
k .

’ ± μ¶·¥¤¥²¥´´ Ö ¤¢ÊÌ¸Éμ·μ´´ÖÖ ¸¨³³¥É·¨Ö ¤μ¶Ê¸± ¥É ¥¸É¥¸É¢¥´´μ¥ ³ ±¸¨-
³ ²Ó´μ¥ · ¸Ï¨·¥´¨¥ ¨ ¶·¨μ¡·¥É ¥É ¸É ÉÊ¸ ¤¦¥Ë¸¨³³¥É·¨¨ GL(n,R). ‡ ±μ´
¶·¥μ¡· §μ¢ ´¨Ö ¶μÉ¥´Í¨ ²  ¤¦¥Ë  ¨³¥¥É ¢¨¤

P i
jk = Si

mPm
jnT n

k + Si
m∂jT

m
k ,

£¤¥ T i
j ¥¸ÉÓ ±μ³¶μ´¥´ÉÒ μ¶¥· Éμ·  S−1, μ¡· É´μ£μ μ¶¥· Éμ·Ê S, Si

kT k
j = δi

j .
„¦¥Ë¸¨³³¥É·¨Ö ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¢ ¤¨´ ³¨Î¥¸±μ°, É ± ¨ ¢ ¸É É¨Î¥-
¸±μ° É¥μ·¨¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. „μ± ¦¥³, ÎÉμ ¶·¥μ¡· §μ-
¢ ´¨Ö ¤¦¥Ë¸¨³³¥É·¨¨ ´¥ ¢Ò¢μ¤ÖÉ §  · ³±¨ ±² ¸¸  ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì
¶μ²¥¢ÒÌ ¢¥²¨Î¨´.

� ¸¸³μÉ·¨³ ¡¥¸±μ´¥Î´μ ³ ²μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ¤¦¥Ë¸¨³³¥É·¨¨, ¶μ² £ Ö
Si

k = δi
k + U i

k. ’¥´§μ·´μ¥ ¶μ²¥ U i
k ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¢ ¢¨¤¥ ¸Ê³³Ò

¤¢ÊÌ É¥´§μ·´ÒÌ ¶μ²¥° U i
k = X i

j + Y i
j , £¤¥

X i
j =

1
2
(U i

k + Ũ i
k), Y i

j =
1
2
(U i

k − Ũ i
j), Ũ i

j = gikU l
kglj .

ˆ§ μ¶·¥¤¥²¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ X̃ i
j = X i

j , Ỹ i
j = −Y i

j ¨²¨ Xij = Xji, Yij = −Yji,

£¤¥ Xij = X l
iglj, Yij = Y l

i glj . ’ ±¨³ μ¡· §μ³, μ¡Ð¥¥ ²¨´¥°´μ¥ ¶·¥μ¡· §μ-
¢ ´¨¥ ¢¸¥£¤  ³μ¦´μ § ¤ ÉÓ ¸ ¶μ³μÐÓÕ ¤¢ÊÌ ±μ¢ ·¨ ´É´ÒÌ É¥´§μ·´ÒÌ ¶μ²¥°:
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¸¨³³¥É·¨Î´μ£μ ¨  ´É¨¸¨³³¥É·¨Î´μ£μ, ±μÉμ·Ò¥ ¢Ìμ¤ÖÉ ¢ ±² ¸¸ ¸μ¡¸É¢¥´´μ
£¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

„¦¥Ë¸¨³³¥É·¨Ö, μÎ¥¢¨¤´μ, ¥¸ÉÓ ³ ±¸¨³ ²Ó´μ ¢μ§³μ¦´μ¥ · ¸Ï¨·¥´¨¥ ¡¨-
² É¥· ²Ó´μ° ¸¨³³¥É·¨¨ ¨ ¶μÔÉμ³Ê Ê· ¢´¥´¨Ö μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É-
´μ£μ ¶μ²Ö, ¸μ£² ¸μ¢ ´´Ò¥ ¸ ÔÉμ° ¸¨³³¥É·¨¥°, ¢Ò· ¦ ÕÉ ´ ¨¡μ²¥¥ μ¡Ð¨° Ë¨-
§¨Î¥¸±¨° § ±μ´. ‘É É¨Î¥¸± Ö É¥μ·¨Ö μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö
Ê¶μ³¨´ ¥É¸Ö ± ± ¤¦¥Ë¸É É¨± ,   ¤¨´ ³¨Î¥¸± Ö Å ± ± ¤¦¥Ë¤¨´ ³¨± .

”¨§¨Î¥¸±¨° ¸³Ò¸² μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸μ¸Éμ¨É ¢ ¸²¥-
¤ÊÕÐ¥³. �Éμ ¶μ²¥ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ É ± ´ §Ò¢ ¥³μ° É¥³´μ° ³ É¥·¨¨,
  ¥£μ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥, ± ± ¡Ê¤¥É ¶μ± § ´μ, Ö¢²Ö¥É¸Ö ¶μ²¥³ ” · ¤¥ÖÄ
Œ ±¸¢¥²² . ‘¨´£²¥É´Ò³ ¸μ¸ÉμÖ´¨¥³ ¤¦¥Ë  ´ §Ò¢ ¥É¸Ö É ±μ¥ ¸μ¸ÉμÖ´¨¥, ±μ-
Éμ·μ¥ ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¢¸¥Ì ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨. ”¨-
§¨Î¥¸±¨° ¸³Ò¸² ¤¦¥Ë¸¨³³¥É·¨¨, ± ± ¡Ê¤¥É Ö¸´μ ¨§ ¶μ¸²¥¤ÊÕÐ¥£μ, ¸μ¸Éμ¨É
¢ Éμ³, ÎÉμ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨³¥¥É
´¥É·¨¢¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê,   Ê· ¢´¥´¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ´ ·ÊÏ ÕÉ ¤¦¥Ë-
¸¨³³¥É·¨Õ. ‚ ÔÉμ³ ¸³Ò¸²¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ´ ¡²Õ¤ ¥³μ¥ ¶·μÖ¢²¥´¨¥ ¤¦¥Ë¸¨³-
³¥É·¨¨. ‘ÊÐ¥¸É¢μ¢ ´¨¥ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¦¥Ë  ¶μ§¢μ²Ö¥É ¸Ëμ·³Ê²¨·μ-
¢ ÉÓ É¥μ·¨Õ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ± ± É¥μ·¨Õ ¶μ²Ö ¸ ÔËË¥±-
É¨¢´μ° ³ ¸¸μ°, ¨´¢ ·¨ ´É´ÊÕ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨.
�μÔÉμ³Ê ³μ¦´μ ¸± § ÉÓ, ÎÉμ É¥³´ Ö ³ É¥·¨Ö Å ÔÉμ ¸±·ÒÉÒ° ÉÖ¦¥²Ò° ¸¢¥É.
ˆ¤¥Ö μ ¢μ§³μ¦´μ³ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¢Éμ·μ° · §´μ¢¨¤´μ¸É¨ ËμÉμ´μ¢, ´¥ ¸¢Ö§ ´-
´ÒÌ ¸ ¨§¢¥¸É´Ò³¨ Ëμ·³ ³¨ ³ É¥·¨¨, ¡Ò²  ¸Ëμ·³Ê²¨·μ¢ ´  ¤μ¸É ÉμÎ´μ ¤ ¢´μ
¨ ¤μ ¸¨Ì ¶μ·  ±É¨¢´μ ¶·μ¢¥·Ö¥É¸Ö [4]. „¦¥Ë¤¨´ ³¨±  μ¡¥¸¶¥Î¨¢ ¥É ÔÉ¨³
¶μ¨¸± ³ μ¶·¥¤¥²¥´´ÊÕ Í¥²¥´ ¶· ¢²¥´´μ¸ÉÓ.

2. Š��–…�–ˆŸ ��’…�–ˆ�‹œ��ƒ� ��‹Ÿ

� ·Ö¤Ê ¸ ±μ´Í¥¶Í¨¥° ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò ¢¢¥-
¤¥³ É ±¦¥ μ¡ÐÊÕ ±μ´Í¥¶Í¨Õ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö, ±μÉμ· Ö É¥¸´μ ¸¢Ö§ ´ 
¸ ¶·¨´Í¨¶μ³ ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, μ§´ Î ÕÐ¨³,
ÎÉμ ¢ ² £· ´¦¨ ´Ò Ë¨§¨Î¥¸±¨Ì ¶μ²¥°, μÉ²¨Î´ÒÌ μÉ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ´¥
¤μ²¦´Ò ¢Ìμ¤¨ÉÓ ¶·μ¨§¢μ¤´Ò¥ μÉ ¶μÉ¥´Í¨ ²  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, É. ¥. ±μ-
¢ ·¨ ´É´Ò¥ ¶·μ¨§¢μ¤´Ò¥. „ ¤¨³ É¥¶¥·Ó μ¡Ð¥¥ μ¶·¥¤¥²¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ£μ
¶μ²Ö.

�Ê¸ÉÓ ¨§ ±μ³¶μ´¥´É ´¥±μÉμ·μ° ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨-
Î¨´Ò ¨ ¨Ì Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ³μ¦´μ ¸μ¸É ¢¨ÉÓ ¸ ¶μ³μÐÓÕ μ¤´¨Ì Éμ²Ó±μ
 ²£¥¡· ¨Î¥¸±¨Ì μ¶¥· Í¨° ´μ¢ÊÕ £¥μ³¥É·¨Î¥¸±ÊÕ ¢¥²¨Î¨´Ê, Éμ£¤  ¢μ§´¨±Ï Ö
¶ ·  £¥μ³¥É·¨Î¥¸±¨Ì ¢¥²¨Î¨´ ´ §Ò¢ ¥É¸Ö ¶μÉ¥´Í¨ ²Ó´Ò³ ¶μ²¥³. �μÉ¥´Í¨ ²Ó-
´μ¥ ¶μ²¥ Ì · ±É¥·¨§Ê¥É¸Ö ¶μÉ¥´Í¨ ²μ³ P ¨ ´ ¶·Ö¦¥´´μ¸ÉÓÕ H ¨ ¢ ¶μ¸²¥-
¤ÊÕÐ¥³ § ¶¨¸Ò¢ ¥É¸Ö ± ± ¶ ·  (P, H). ‘¢Ö§Ó ³¥¦¤Ê ¶μÉ¥´Í¨ ²μ³ ¨ ´ ¶·Ö-
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¦¥´´μ¸ÉÓÕ ´ §Ò¢ ¥É¸Ö ¥¸É¥¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ° ¨ ¢ ¸¨³¢μ²¨Î¥¸±μ° Ëμ·³¥
§ ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: H = ∂P. ‘¢Ö§Ó ±μ´Í¥¶Í¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ
¶μ²Ö ¸ ¶·¨´Í¨¶μ³ ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¸μ¸Éμ¨É
¢ Éμ³, ÎÉμ ¤²Ö ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö (P, H) ³μ¦´μ ¶μ¸É·μ¨ÉÓ ² £· ´¦¨ ´,
±μÉμ·Ò° ´¥ ¸μ¤¥·¦¨É ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ.

„μ± ¦¥³, ÎÉμ ¢¸¥ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨¥ ¶μ²¥¢Ò¥ ¢¥²¨Î¨´Ò Ö¢²ÖÕÉ¸Ö
¶μÉ¥´Í¨ ²Ó´Ò³¨ ¶μ²Ö³¨. …¸²¨ ¢§ÖÉÓ ±μ³¶μ´¥´ÉÒ ¸¨³³¥É·¨Î´μ£μ ±μ¢ ·¨ ´É-
´μ£μ É¥´§μ·´μ£μ ¶μ²Ö gij ¨ · ¸¸³μÉ·¥ÉÓ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ÔÉ¨Ì ±μ³¶μ´¥´É,
Éμ ÔÉ¨ ¶·μ¨§¢μ¤´Ò¥ ´¥ ¸μ¸É ¢²ÖÕÉ ±μ³¶μ´¥´É É¥´§μ·  ¨²¨ ± ±μ£μ-²¨¡μ £¥μ-
³¥É·¨Î¥¸±μ£μ μ¡Ñ¥±É . �¤´ ±μ ¨§ ±μ³¶μ´¥´É gij ¨ ¨Ì Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ c
¶·¨³¥´¥´¨¥³ Éμ²Ó±μ  ²£¥¡· ¨Î¥¸±¨Ì μ¶¥· Í¨° ¸μ¸É ¢²Ö¥É¸Ö ´μ¢ Ö £¥μ³¥É·¨-
Î¥¸± Ö ¢¥²¨Î¨´ , ±μ³¶μ´¥´ÉÒ ±μÉμ·μ° ´ §Ò¢ ÕÉ¸Ö ¸¨³¢μ² ³¨ Š·¨¸ÉμËË¥²Ö
¨ μ¶¨¸Ò¢ ÕÉ¸Ö Ìμ·μÏμ ¨§¢¥¸É´μ° Ëμ·³Ê²μ°

Γi
jk =

1
2
gil(∂jgkl + ∂jgkl − ∂lgjk), (1)

£¤¥ gil ¥¸ÉÓ ±μ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ gij . ‘¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö Ö¢²Ö-
ÕÉ¸Ö ¥¸É¥¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ° gij . ‚ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ (¢ ¸μμÉ¢¥É¸É¢¨¨
¸ μ¶·¥¤¥²¥´¨¥³ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö) gij ¥¸ÉÓ ¶μÉ¥´Í¨ ²,   Γi

jk Å ´ ¶·Ö¦¥´-
´μ¸ÉÓ. �μÉ¥´Í¨ ²Ó´μ¥ ¶μ²¥ (g, Γ) ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ £· ¢¨É Í¨μ´´μ³Ê
¶μ²Õ.

…¸É¥¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ° ¸¶¨´μ¢μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¢´¥Ï´¥¥ ¤¨ËË¥·¥´-
Í¨·μ¢ ´¨¥, ±μÉμ·μ¥ ¸´μ¢  ¤ ¥É ¸¶¨´μ¢μ¥ ¶μ²¥.

…¸É¥¸É¢¥´´μ° ¶·¨§¢μ¤´μ° ²¨´¥°´μ° ( ËË¨´´μ°) ¸¢Ö§´μ¸É¨ Ö¢²Ö¥É¸Ö É¥´-
§μ· �¨³ ´  ÔÉμ° ¸¢Ö§´μ¸É¨:

Hijl
k = ∂iP

k
jl − ∂jP

k
il + P k

imPm
jl − P k

jmPm
il .

Š ± ¢¨¤´μ ¨§ ÔÉμ° Ëμ·³Ê²Ò, μÉ²¨Î¨É¥²Ó´μ° μ¸μ¡¥´´μ¸ÉÓÕ μ¡μ¡Ð¥´´μ£μ Ô²¥±-
É·μ³ £´¨É´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö ¥£μ ¸ ³μ¤¥°¸É¢¨¥: ¶μ¸±μ²Ó±Ê μ´μ Ö¢²Ö¥É¸Ö ´¥²¨-
´¥°´Ò³ ¤ ¦¥ ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¤·Ê£¨Ì ¶μ²¥°. ‘²¥¤μ¢ É¥²Ó´μ, μ¡Ð¥¥ Ô²¥±É·μ³ £-
´¨É´μ¥ ¶μ²¥, ±μÉμ·μ¥ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ É¥³´μ° ³ É¥·¨¨ ¨²¨ ¸±·ÒÉμ³Ê
¸¢¥ÉÊ, Ö¢²Ö¥É¸Ö ´¥ Éμ²Ó±μ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´μ°, ´μ
¨ ´μ¢Ò³ ¶μÉ¥´Í¨ ²Ó´Ò³ ¶μ²¥³.

…¸É¥¸É¢¥´´μ° ¶·μ¨§¢μ¤´μ° ¶μ²Ö ¢·¥³¥´¨ Ö¢²Ö¥É¸Ö ¶μÉμ± ¢·¥³¥´¨, μ¶·¥-
¤¥²¥´´Ò° ¢ÒÏ¥. �É¨³ ¤μ± § É¥²Ó¸É¢μ § ¢¥·Ï¥´μ.

„²Ö ±· É±μ¸É¨ ¨ ¢Ò· §¨É¥²Ó´μ¸É¨ ¶¨¸Ó³  ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥³ ¨¸¶μ²Ó§μ-
¢ ÉÓ ³ É·¨Î´Ò¥ μ¡μ§´ Î¥´¨Ö, ¢Ò¤¥²ÖÖ ¶·¨ ÔÉμ³ ³ É·¨ÍÒ ¦¨·´Ò³ Ï·¨ËÉμ³.
�·¨¢¥¤¥³ μ¸´μ¢´μ° ¸¶¨¸μ± μ¡μ§´ Î¥´¨°, ±μÉμ·Ò° ¡Ê¤¥É ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ¢ ¶μ-
¸²¥¤ÊÕÐ¥³:

S = (Sk
l ), Pi = (P k

il), E = (δk
l ), Hij = (Hijl

k), TrS = Sk
k .
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‚ ´μ¢ÒÌ μ¡μ§´ Î¥´¨ÖÌ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¶μÉ¥´Í¨ ²  ¤¦¥Ë  Pi ¶·¨´¨-
³ ¥É ¢¨¤

Pi = SPiS−1 + S∂iS−1 = Pi + SDiS−1, (2)

£¤¥ Di μ¡μ§´ Î ¥É ¥¸É¥¸É¢¥´´Ò° ¤¨ËË¥·¥´Í¨ ²Ó´Ò° μ¶¥· Éμ·, ¸μ£² ¸μ¢ ´´Ò°
¸ · ¸¸³ É·¨¢ ¥³μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¥° ¨ μ¶·¥¤¥²Ö¥³Ò° É ±:

DiS = ∂iS + PiS− SPi = ∂iS + [Pi,S].

�ÉμÉ μ¶¥· Éμ· ¨³¥¥É ¢ ¦´μ¥ §´ Î¥´¨¥ ¶·¨ · ¸¸³μÉ·¥´¨¨ ¤¦¥Ë¸¨³³¥É·¨¨ ¨
¢Ò¢μ¤¥ Ê· ¢´¥´¨° μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. ‘μμÉ´μÏ¥´¨¥ (2)
Ö¢²Ö¥É¸Ö ¶·¥μ¡· §μ¢ ´¨¥³ ¸¢Ö§´μ¸É¨, É ± ± ± SDiS−1 ¥¸ÉÓ É¥´§μ·´μ¥ ¶μ²¥
É¨¶  (1,2) ¨ ¶μÔÉμ³Ê Pi ¶·¥μ¡· §Ê¥É¸Ö É ± ¦¥, ± ± Pi, ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ
¶·¥μ¡· §μ¢ ´¨ÖÌ ±μμ·¤¨´ É. ‡¤¥¸Ó ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢¸¥ ¨´¤¥±¸Ò, ´Ê-
³¥·ÊÕÐ¨¥ ±μ³¶μ´¥´ÉÒ ¤¦¥Ë , Ö¢²ÖÕÉ¸Ö ±μμ·¤¨´ É´Ò³¨, ´μ ¤¢  ¨§ ´¨Ì ¸¢Ö-
§ ´Ò ¸ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨. ‚ ÔÉμ³ ¸μ¸Éμ¨É ¢ ¦´ Ö μ¸μ-
¡¥´´μ¸ÉÓ £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¢μμ¡Ð¥
¨ É¥μ·¨¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ Î ¸É´μ¸É¨. ‚ ³ É·¨Î´ÒÌ
μ¡μ§´ Î¥´¨ÖÌ ¸¢Ö§Ó ¶μÉ¥´Í¨ ²  ¤¦¥Ë  ¸ ¥£μ ´ ¶·Ö¦¥´´μ¸ÉÓÕ ¤ ¥É¸Ö ¸μμÉ´μ-
Ï¥´¨¥³

Hij = ∂iPj − ∂jPi + [Pi,Pj ],

¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö É¥´§μ·  ´ ¶·Ö¦¥´´μ¸É¨ ¶·¨
¶·¥μ¡· §μ¢ ´¨ÖÌ ¤¦¥Ë¸¨³³¥É·¨¨ Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´Ò³:

Hij = SHijS−1. (3)

„²Ö ´ ¶·Ö¦¥´´μ¸É¨ ¤¦¥Ë  Hij ¸¶· ¢¥¤²¨¢μ ¸μμÉ´μÏ¥´¨¥

DiHjk = ∂iHjk + [Pi,Hjk],

¨ ¥¸²¨ Di μ¶·¥¤¥²Ö¥É¸Ö ¶μÉ¥´Í¨ ²μ³ Pi, Éμ ¨§ (2) ¨ (3) ¸²¥¤Ê¥É, ÎÉμ

DiHjk = S(DiHjk)S−1.

‚ μ¡Ð¥³ ¸²ÊÎ ¥ μ¶¥· Éμ· Di ´¥ Ö¢²Ö¥É¸Ö μ¡Ð¥±μ¢ ·¨ ´É´Ò³, μ¤´ ±μ ±μ³³Ê-
É Éμ· [Di, Dj ] ¢¸¥£¤  Ö¢²Ö¥É¸Ö μ¡Ð¥±μ¢ ·¨ ´É´Ò³, ¶μ¸±μ²Ó±Ê

[Di, Dj ]S = [Hij ,S].

„²Ö ´ ¶·Ö¦¥´´μ¸É¨ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ¶·¨´¨³ ¥É ¢¨¤

[Di, Dj ]Hkl = [Hij ,Hkl]. (4)

’ ±¨³ μ¡· §μ³, μ¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥, μ¶¨¸Ò¢ ÕÐ¥¥ ´¥ Éμ²Ó±μ
¢¨¤¨³Ò°, ´μ ¨ ¸±·ÒÉÒ° ¸¢¥É (É¥³´ÊÕ ³ É¥·¨Õ), Ö¢²Ö¥É¸Ö ´μ¸¨É¥²¥³ ¢´ÊÉ·¥´-
´¥° ¸¨³³¥É·¨¨, ¨³¥¥É £¥μ³¥É·¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ ¨ μ¡¥¸¶¥Î¨¢ ¥É ¢¥¸Ó³ 
´¥É·¨¢¨ ²Ó´ÊÕ ¸¢Ö§Ó ¤¦¥Ë¸¨³³¥É·¨¨ ¸ ¶·¨´Í¨¶μ³ μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸É¨.
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3. “��‚�…�ˆŸ „†…”‘’�’ˆŠˆ

‚ ÔÉμ³ · §¤¥²¥ ¤ ´ ¢Ò¢μ¤ Ê· ¢´¥´¨° ¤¦¥Ë¸É É¨±¨. �μ¸²¥ Éμ£μ ± ± ÔÉ  § -
¤ Î  ¡Ê¤¥É ¶μ²´μ¸ÉÓÕ ·¥Ï¥´ , ¶¥·¥Ìμ¤ ± ¤¨´ ³¨Î¥¸±μ° É¥μ·¨¨ μ¡μ¡Ð¥´´μ£μ
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸μ¢¥·Ï ¥É¸Ö Ê¢¥²¨Î¥´¨¥³ · §³¥·´μ¸É¨ Ë¨§¨Î¥¸±μ£μ
¶·μ¸É· ´¸É¢  ´  ¥¤¨´¨ÍÊ ¨ § ³¥´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ¢¢¥¤¥´´μ° ¢ÒÏ¥ ¢¸¶μ-
³μ£ É¥²Ó´μ° ³¥É·¨±μ°, ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¶μ²¥³ ¢·¥³¥´¨, É. ¥. ¥¸É¥¸É¢¥´-
´μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ° Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö. ‡ ¤ Î  ¢Ò¢μ¤  Ê· ¢-
´¥´¨° ¤¦¥Ë¤¨´ ³¨±¨ ¸Î¨É ¥É¸Ö ¶μ²´μ¸ÉÓÕ ·¥Ï¥´´μ°, ±μ£¤  · ¸±·ÒÉ  ¶·¨-
Î¨´´ Ö ¸É·Ê±ÉÊ·  ÔÉ¨Ì Ê· ¢´¥´¨°. „²Ö ÔÉμ£μ ´Ê¦´μ ´ °É¨ μ¶¥· Éμ· Ô¢μ²Õ-
Í¨¨, É. ¥. § ¶¨¸ ÉÓ · ¸¸³ É·¨¢ ¥³Ò¥ Ê· ¢´¥´¨Ö ¢ É ±μ° ·¥¶ · ³¥É·¨§ Í¨μ´´μ-
¨´¢ ·¨ ´É´μ° Ëμ·³¥, ±μÉμ· Ö Ö¸´μ ¶μ± §Ò¢ ¥É, ± ±, §´ Ö ¸μ¸ÉμÖ´¨¥ ¶μ²Ö ¢
μ¶·¥¤¥²¥´´Ò° ³μ³¥´É ¢·¥³¥´¨, ´ °É¨ ¸μ¸ÉμÖ´¨Ö ÔÉμ£μ ¶μ²Ö ¢ ¶μ¸²¥¤ÊÕÐ¨¥
³μ³¥´ÉÒ ¢·¥³¥´¨. ’ ³, £¤¥ ÔÉμ ´¥ ¸¢Ö§ ´μ ¸ ± ±¨³¨-Éμ μ¸μ¡Ò³¨ Ê¸²μ¦´¥-
´¨Ö³¨, · §³¥·´μ¸ÉÓ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  Ö¢²Ö¥É¸Ö ¶ · ³¥É·μ³. �É¨³
¶μ¤Î¥·±¨¢ ¥É¸Ö ¢Ò¤¥²¥´´μ¸ÉÓ Ë¨§¨Î¥¸±¨Ì · §³¥·´μ¸É¥° É·¨ ¨ Î¥ÉÒ·¥.

“· ¢´¥´¨Ö ¤¦¥Ë¸É É¨±¨ ¶·¥¤¶μ² £ ÕÉ ¢Ò¶μ²´¥´¨¥ ¸²¥¤ÊÕÐ¨Ì Ê¸²μ¢¨°:
¶μ·Ö¤μ± Ê· ¢´¥´¨° ´¥ ¢ÒÏ¥ ¢Éμ·μ£μ, ¸μμÉ¢¥É¸É¢¨¥ ¶·¨´Í¨¶Ê ³¨´¨³ ²Ó´μ-
¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ·¥¶ · ³¥É·¨§ Í¨μ´´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ.
‚¸¥³ ÔÉ¨³ É·¥¡μ¢ ´¨Ö³ Ê¤μ¢²¥É¢μ·Ö¥É ² £· ´¦¨ ´

LP = −1
4
Tr(HijHij), (5)

£¤¥ Hij = gikgjlHkl, ±μÉμ·Ò° μ¡· §Ê¥É μ¸´μ¢Ê ¢¸¥£μ ¶μ¸²¥¤ÊÕÐ¥£μ · ¸¸³μ-
É·¥´¨Ö. �ÉμÉ ² £· ´¦¨ ´ ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë-
¸¨³³¥É·¨¨, ±μÉμ·ÊÕ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¸²¥¤¸É¢¨¥
¶·¨´Í¨¶  ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¨ ¢ÒÉ¥± ÕÐ¥° ¨§
´¥£μ ±μ´Í¥¶Í¨¨ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö. �¸μ¡μ¥ §´ Î¥´¨¥ ¤¦¥Ë¸¨³³¥É·¨¨ ¸μ-
¸Éμ¨É §¤¥¸Ó, ¸μ¡¸É¢¥´´μ £μ¢μ·Ö, ¢ Éμ³, ÎÉμ μ´  ¨¸±²ÕÎ ¥É ¨§ · ¸¸³μÉ·¥´¨Ö
É¥´§μ·´Ò¥ ¢¥²¨Î¨´Ò É¨¶  H l

ljk ¨²¨ P l
jk −P l

kj ¨ ÔÉ¨³ μ¡¥¸¶¥Î¨¢ ¥É ¥¤¨´¸É¢¥´-
´μ¸ÉÓ μ¸´μ¢´μ£μ ² £· ´¦¨ ´ .

�μÉ¥´Í¨ ² ³ ¤¦¥Ë  Pi ¨ Pi = SPiS−1 + S∂iS−1 ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μ
¨ Éμ ¦¥ §´ Î¥´¨¥ ² £· ´¦¨ ´  LP . �É  ¸¨ÉÊ Í¨Ö  ´ ²μ£¨Î´  ¢Ò·μ¦¤¥´¨Õ
Ô´¥·£¥É¨Î¥¸±¨Ì Ê·μ¢´¥° ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥. ‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸´Ö-
É¨¥ ¢Ò·μ¦¤¥´¨Ö μ¡¥¸¶¥Î¨¢ ¥É¸Ö · ¸¸³μÉ·¥´¨¥³ ¶μ²´μ£μ ´ ¡μ·  μ¶¥· Éμ·μ¢,
±μ³³ÊÉ¨·ÊÕÐ¨Ì ¸ £ ³¨²ÓÉμ´¨ ´μ³ ¨²¨ ¢¢¥¤¥´¨¥³ ¢´¥Ï´¥£μ ¶μ²Ö, ÎÉμ ¤¥² ¥É
´ ¡²Õ¤ ¥³μ° ÉÊ ¸¨³³¥É·¨Õ, ±μÉμ· Ö ¸Éμ¨É §  ÔÉ¨³ Ö¢²¥´¨¥³. ‚ ¤¦¥Ë¸É É¨±¥
¨ ¤¦¥Ë¤¨´ ³¨±¥ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¢Ò·μ¦¤¥´¨Ö ¸¢Ö§ ´ ¸ É¥³, ÎÉμ μ¶·¥¤¥²¥´-
´μ¥ ´¨¦¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨³¥¥É ´¥É·¨-
¢¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê, ±μÉμ· Ö μ¡·¥É ¥É Ëμ·³Ê ´μ¢μ£μ ¶μÉ¥´Í¨ ²Ó´μ£μ ¶μ²Ö.
‘´ÖÉ¨¥ ¢Ò·μ¦¤¥´¨Ö ¶·¨ ÔÉμ³ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ μ¶·¥¤¥²Ö¥É¸Ö ¸ ³μ° Ë¨-
§¨Î¥¸±μ° ¸¨¸É¥³μ°,   ´¥ ± ±¨³¨-²¨¡μ ¢´¥Ï´¨³¨ Ê¸²μ¢¨Ö³¨, ´¥ ¨³¥ÕÐ¨³¨
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´¨± ±μ£μ μÉ´μÏ¥´¨Ö ± ¶·¨·μ¤¥ ¢¥Ð¥°. �Éμ μÎ¥´Ó ¢ ¦´μ, É ± ± ± ´¥ ¨³¥¥É
¸³Ò¸²  ·¥Ï ÉÓ Ê· ¢´¥´¨Ö, ¨³¥ÕÐ¨¥ ËÊ´±Í¨μ´ ²Ó´Ò° ¶·μ¨§¢μ². �É¨ Ê· ¢´¥-
´¨Ö ¶·¥¤¢ ·¨É¥²Ó´μ ¤μ²¦´Ò ¡ÒÉÓ ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ¶μ¶μ²´¥´Ò, ÎÉμ¡Ò
´ ·ÊÏ¨ÉÓ ¨¸Ìμ¤´ÊÕ ¸¨³³¥É·¨Õ Ê· ¢´¥´¨°, ´¥ ¶μÉ¥·Ö¢ ¶·¨ ÔÉμ³ ¨¸Ìμ¤´μ°
¸¨³³¥É·¨¨ ¢¸¥Ì Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´. ‚ ¶μ¸²¥¤ÊÕÐ¥³ ÔÉ¨ μ¡Ð¨¥ · ¸¸Ê¦¤¥-
´¨Ö ¡Ê¤ÊÉ ±μ´±·¥É¨§¨·μ¢ ´Ò.

‚ ·Ó¨·ÊÖ ² £· ´¦¨ ´ LP ¶μ Pi ¨ ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨¥

δHij = DiδPj − DjδPi,

¶μ²ÊÎ ¥³

δLP = Tr((
1
√

g
Di(

√
gHij))δPj) −

1
√

g
∂iTr(

√
gHijδPj)

¨ μÉ¸Õ¤ , ¶·¨ ¢Ò¶μ²´¥´¨¨ μ¡ÒÎ´ÒÌ Ê¸²μ¢¨°, Ê· ¢´¥´¨Ö ¶μ²Ö

1
√

g
Di(

√
gHij) = 0, (6)

£¤¥ g = Det(gij). ‚Éμ· Ö £·Ê¶¶  Ê· ¢´¥´¨°

DiHjk + DjHki + DkHij = 0 (7)

¢ÒÉ¥± ¥É ¨§ Éμ¦¤¥¸É¢  Ÿ±μ¡¨

([Di, [Dj , Dk]] + [Dj , [Dk, Di]] + [Dk, [Di, Dj ]])S = 0.

ˆ§ μ¸´μ¢´μ£μ ¸¢μ°¸É¢  μ¶¥· Éμ·  Di ¸²¥¤Ê¥É, ÎÉμ Ê· ¢´¥´¨Ö (6) ¨ (7) ¨´¢ -
·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨. …¸²¨ Pi Å ·¥Ï¥´¨¥
´ §¢ ´´ÒÌ Ê· ¢´¥´¨°, Éμ Pi = SPiS−1 + S∂iS−1 É ±¦¥ ·¥Ï¥´¨¥ É¥Ì ¦¥
¸ ³ÒÌ Ê· ¢´¥´¨°.

�μ± ¦¥³, ÎÉμ Ê· ¢´¥´¨Ö ¤¦¥Ë¸É É¨±¨ Ö¢²ÖÕÉ¸Ö μ¡Ð¥±μ¢ ·¨ ´É´Ò³¨. Œ¥-
Éμ¤, ±μÉμ·Ò³ ÔÉμ ¡Ê¤¥É ¸¤¥² ´μ, Ö¢²Ö¥É¸Ö ±²ÕÎμ³ ¤²Ö Ê¸É ´μ¢²¥´¨Ö ¶·¨-
Î¨´´μ° ¸É·Ê±ÉÊ·Ò ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö.
ˆ³¥¥³

1
√

g
Di(

√
gHij) = ∂iHij + Γn

niH
ij + [Pi, Hij ],

É ± ± ± Γn
ni = 1√

g∂i
√

g. �μ μ¶·¥¤¥²¥´¨Õ ±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ¨³¥¥³

∇iHij = ∂iHij + Γn
niH

ij + Γj
inHin + ΓiHij − HijΓi,

£¤¥ Γi = (Γk
il). ‚¢μ¤Ö É¥´§μ·´μ¥ ¶μ²¥

W k
il = P k

il − Γk
il, Wi = Pi − Γi
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¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ 2Γj
inHink

l = (Γj
in − Γj

ni)H
ink

l = 0, Ê· ¢´¥´¨Ö³ (6) ³μ¦´μ
¶·¨¤ ÉÓ ¸²¥¤ÊÕÐ¨°, Ö¢´μ μ¡Ð¥±μ¢ ·¨ ´É´Ò°, ¢¨¤:

∇iHij + [Wi,Hij ] = 0.

�´ ²μ£¨Î´μ ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ Ê· ¢´¥´¨Ö (7) ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥

∇iHjk + ∇jHki + ∇kHij + [Wi, Hjk] + [Wj , Hki] + [Wk, Hij ] = 0.

’ ±¨³ μ¡· §μ³, ·¥¶ · ³¥É·¨§ Í¨μ´´ Ö ¨´¢ ·¨ ´É´μ¸ÉÓ Ê· ¢´¥´¨° (6) ¨ (7)
¤μ± § ´ .

‚ ·Ó¨·ÊÖ ¸± ²Ö·´ÊÕ ¶²μÉ´μ¸ÉÓ
√

gLP ¶μ gij , ¶μ²ÊÎ ¥³ É¥´§μ· ´ ¶·Ö¦¥-
´¨° μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¤¦¥Ë¸É É¨±¥

Tij = Tr(HikHj
k) + gijLP , (8)

£¤¥ Hj
k = Hjlg

kl. ˆ³¥¥É ³¥¸Éμ Éμ¦¤¥¸É¢μ

∇iTij = Tr(Hjk
1
√

g
Di(

√
gHik)) +

1
2
Tr(Hik(DiHjk + DjHki + DkHij)).

�É¸Õ¤  ¨ ¨§ Ê· ¢´¥´¨° (6) ¨ (7) ¸²¥¤Ê¥É, ÎÉμ É¥´§μ· ´ ¶·Ö¦¥´¨° ¤¦¥Ë 
Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³

∇iT
ij = 0, (9)

£¤¥ ∇i μ¡μ§´ Î ¥É, ± ± μ¡ÒÎ´μ, ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ μÉ´μÏ¥´¨Õ
± ¸¢Ö§´μ¸É¨ (1), ¶·¨´ ¤²¥¦ Ð¥° £· ¢¨É Í¨μ´´μ³Ê ¶μÉ¥´Í¨ ²Ê gij ¨ ∇i =
gik∇k. Š ± ¢¨¤´μ, É¥´§μ· ´ ¶·Ö¦¥´¨° μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨´¢ -
·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨.

�μ²´μ¥ ¤¥°¸É¢¨¥ ¤²Ö ¶μ²¥° gij ¨ Pi ¨³¥¥É ¢¨¤

A = −a

∫
R
√

g d3u − b
1
4

∫
Tr(HijHij)

√
g d3u,

£¤¥ R Å ¸± ²Ö·´ Ö ±·¨¢¨§´ , a ¨ b Å ¶μ¸ÉμÖ´´Ò¥. �·¨¶¨Ï¥³ ±μμ·¤¨´ É ³
· §³¥·´μ¸ÉÓ ¤²¨´Ò ¨ ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¤¥°¸É¢¨¥ ¡Ò²μ ¡¥§· §³¥·´Ò³. ’μ£¤ 
¶μÉ¥´Í¨ ² ¤¦¥Ë  ¨³¥¥É · §³¥·´μ¸ÉÓ μ¡· É´μ° ¤²¨´Ò, ¶μ¸±μ²Ó±Ê ∂P ¨ PP
¤μ²¦´Ò ¨³¥ÉÓ μ¤¨´ ±μ¢ÊÕ · §³¥·´μ¸ÉÓ. �μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö
Ö¢²Ö¥É¸Ö ¡¥§· §³¥·´Ò³. �μÔÉμ³Ê ¶·μ¨§¢¥¤¥´¨¥ ab Ö¢²Ö¥É¸Ö ¡¥§· §³¥·´μ° ¢¥-
²¨Î¨´μ°, ±μÉμ·ÊÕ ³μ¦´μ ¶μ²μ¦¨ÉÓ · ¢´μ° ¥¤¨´¨Í¥, ab = 1.

‚ ·Ó¨·ÊÖ ¶μ²´μ¥ ¤¥°¸É¢¨¥ A ¶μ gij , ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ , μ¶¨-
¸Ò¢ ÕÐ¨¥ ¢§ ¨³μ¤¥°¸É¢¨¥ μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸ £· ¢¨É Í¨μ´´Ò³
¶μ²¥³ ¢ ¤¦¥Ë¸É É¨±¥

Rij −
1
2
gijR = b2Tij , (10)
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£¤¥ Tij ¥¸ÉÓ É¥´§μ· ´ ¶·Ö¦¥´¨° ¤¦¥Ë . “· ¢´¥´¨Ö (6), (7) ¨ (10) ¸μ¢³¥¸É´Ò
¢¢¨¤Ê (9).

“· ¢´¥´¨Ö (6), (7) ¨ (10) ´¥ ¸μ¸É ¢²ÖÕÉ ¶μ²´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤¦¥Ë-
¸É É¨±¨ ± ± § ³±´ÊÉμ° ¸¨¸É¥³Ò, É ± ± ± ÔÉ  ¸¨¸É¥³  Ê· ¢´¥´¨° ¨´¢ ·¨ ´É´ 
μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨. ‚¥²¨Î¨´ ³¨, ¨´¢ ·¨ ´É´Ò³¨
μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨, Ö¢²ÖÕÉ¸Ö ² £· ´¦¨ ´, É¥´§μ·
´ ÉÖ¦¥´¨° ¨ ¸²¥¤ É¥´§μ·  ´ ¶·Ö¦¥´´μ¸É¨ ¤¦¥Ë  ¨ ¸²¥¤ É¥´§μ·  ¤¥¢¨ Í¨¨.
—Éμ¡Ò ´ °É¨ §´ Î¥´¨Ö ÔÉ¨Ì ¢¥²¨Î¨´, ´Ê¦´μ ·¥Ï¨ÉÓ Ê· ¢´¥´¨Ö ¶μ²Ö. „¦¥Ë-
¸¨³³¥É·¨¥° ¶·μ¸É· ´¸É¢μ ·¥Ï¥´¨° · §¡¨¢ ¥É¸Ö ´  ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨ ¨
ÔÉ¨³ μ¡´ ·Ê¦¨¢ ¥É¸Ö ËÊ´±Í¨μ´ ²Ó´Ò° ¶·μ¨§¢μ², ¸¢Ö§ ´´Ò° ¸ ·¥Ï¥´¨¥³ · ¸-
¸³ É·¨¢ ¥³ÒÌ Ê· ¢´¥´¨°. —Éμ¡Ò ¨§¡ ¢¨ÉÓ¸Ö μÉ ÔÉμ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ ¶·μ-
¨§¢μ² , ´Ê¦´μ ¶·¨¤ ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¤¥¢ÖÉ¨ ¸É¥¶¥´Ö³ ¸¢μ¡μ¤Ò μ¡Ð¥£μ
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¤¦¥Ë¸É É¨±¥ ¨²¨ Ï¥¸É´ ¤Í É¨ ¸É¥¶¥´Ö³ ¸¢μ¡μ¤Ò
¢ ¤¦¥Ë¤¨´ ³¨±¥. �É¨³ μ¡¥¸¶¥Î¨¢ ¥É¸Ö Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¤¦¥Ë¸¨³³¥É·¨¨.
ˆ§ Ê¸²μ¢¨Ö ¸ ³μ¤μ¸É ÉμÎ´μ¸É¨ ¨  ¡¸μ²ÕÉ´μ° § ³±´ÊÉμ¸É¨ μ¡Ð¥° ±¢ ´Éμ¢μ°
³¥Ì ´¨±¨ ¸²¥¤Ê¥É, ÎÉμ ³¥Ì ´¨§³ ´ ·ÊÏ¥´¨Ö ¤¦¥Ë¸¨³³¥É·¨¨ ¸ÊÉÓ ¢´ÊÉ·¥´´¥¥
¸¢μ°¸É¢μ ¸ ³μ° · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò. —Éμ¡Ò ¶μ± § ÉÓ, ÎÉμ ÔÉμ ¤¥°¸É¢¨-
É¥²Ó´μ É ±, ¢¢¥¤¥³ ¢ ¦´μ¥ ¶μ´ÖÉ¨¥ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö μ¡Ð¥£μ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö.

4. �‘��‚��… ‘�‘’�Ÿ�ˆ…

�¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ μ¡Ð¥£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³
Hij = 0 ¨ Ì · ±É¥·¨§Ê¥É¸Ö É ±¦¥ · ¢¥´¸É¢μ³ ´Ê²Õ É¥´§μ·  ´ ÉÖ¦¥´¨°. � °-
¤¥³ μ¡Ð¥¥ ·¥Ï¥´¨¥ · ¸¸³ É·¨¢ ¥³μ£μ Ê· ¢´¥´¨Ö ¨ Ê¡¥¤¨³¸Ö, ÎÉμ ¶·¨ ÔÉμ³
¶μÉ¥´Í¨ ² ¤¦¥Ë  Pi �= 0 ´¥ · ¢¥´ ´Ê²Õ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥
¨³¥¥É ´¥É·¨¢¨ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê. �μÔÉμ³Ê ¶μ²¥, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¶·μμ¡· §μ³
ÔÉμ° ¸É·Ê±ÉÊ·Ò, ´ §Ò¢ ¥É¸Ö ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³ μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö ¤¦¥Ë , ¨²¨ ¶·μ¸Éμ ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³.

�Ê¸ÉÓ ¤ ´μ n ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ±μ¢¥±Éμ·´ÒÌ ¶μ²¥° Eμ
i , p =

Det(Eμ
i ) �= 0. ƒ·¥Î¥¸±¨¥ ¨´¤¥±¸Ò Ö¢²ÖÕÉ¸Ö ´Ê³¥·ÊÕÐ¨³¨ ¨ ¶·¨´¨³ ÕÉ É¥

¦¥ §´ Î¥´¨Ö, ÎÉμ ¨ ±μμ·¤¨´ É´Ò¥. —Éμ¡Ò ¨§¡¥¦ ÉÓ ¶ÊÉ ´¨ÍÒ ¶·¨ § ¶¨¸¨
±μ³¶μ´¥´É ±μ¢¥±Éμ·μ¢ ¢ ¢¨¤¥ ³ É·¨ÍÒ, ¥¸É¥¸É¢¥´´μ ¶·¨´ÖÉÓ, ÎÉμ

i = 1, 2, . . . , n; μ = 1̄, 2̄, . . . , n̄.

�·¨ μ¡Ð¥³ ¶·¥μ¡· §μ¢ ´¨¨ ±μμ·¤¨´ É ui = ũi(u) ± ¦¤μ¥ ¨§ ÔÉ¨Ì ±μ¢¥±Éμ·-
´ÒÌ ¶μ²¥° ¶·¥μ¡· §Ê¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Ẽμ
i = Eμ

k

∂uk

∂ũi
, μ = 1̄, 1̄, . . . , n̄.
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ˆ§ ±μ³¶μ´¥´É Eμ
i Î¨¸Éμ  ²£¥¡· ¨Î¥¸±¨ ¸É·μÖÉ¸Ö ±μ³¶μ´¥´ÉÒ ¢§ ¨³´μ° ¸¨-

¸É¥³Ò ¢¥±Éμ·´ÒÌ ¶μ²¥° Ei
μ, É ±μ°, ÎÉμ ¢Ò¶μ²´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö

Ei
μEμ

j = δi
j , Ei

μEν
i = δν

μ. (11)

�μ² £ Ö P i
jk = Li

jk, £¤¥

Li
jk = Ei

μ∂jE
μ
k , (12)

´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ÔÉμ ¸μ¸ÉμÖ´¨¥ ¤¦¥Ë  Ö¢²Ö¥É¸Ö μ¸´μ¢´Ò³, É. ¥. ¤²Ö
´¥£μ Ê· ¢´¥´¨Ö Hij = 0 Ê¤μ¢²¥É¢μ·ÖÕÉ¸Ö ¤²Ö ²Õ¡μ° ²¨´¥°´μ ´¥§ ¢¨¸¨³μ°
¸¨¸É¥³Ò ±μ¢¥±Éμ·´ÒÌ ¶μ²¥° Eμ

k . …¸²¨ Li ¥¸ÉÓ ¤·Ê£μ¥ ·¥Ï¥´¨¥, Éμ ³μ¦´μ
¶μ± § ÉÓ, ÎÉμ

E
i

μ = Si
kEk

μ, Li = SLiS−1 + S∂iS−1.

’ ±¨³ μ¡· §μ³, ¸É·Ê±ÉÊ·´μ¥ ¶μ²¥ É ±¦¥ Ö¢²Ö¥É¸Ö ¶μÉ¥´Í¨ ²Ó´Ò³ ¶μ²¥³ (E, L),
§ ¤ ÕÐ¨³ ¶·¥¤¸É ¢²¥´¨¥ ¤¦¥Ë¸¨³³¥É·¨¨. ‚¢¥¤¥³ É¥´§μ·´μ¥ ¶μ²¥

Qi
jk = P i

jk − Li
jk = −Ei

μ(∂jE
μ
k − P l

jkEμ
l = −Ei

μ(DjE
μ
k = Eμ

k DjE
i
μ, (13)

±μÉμ·μ¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ¢μ§¡Ê¦¤¥´¨¥ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¦¥Ë .
‚ ¤¨ËË¥·¥´Í¨ ²Ó´μ° £¥μ³¥É·¨¨ É ±μ¥ É¥´§μ·´μ¥ ¶μ²¥ ´ §Ò¢ ¥É¸Ö Ëμ·³μ°
¸¢Ö§´μ¸É¨.

�·¨ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¤¦¥Ë¸¨³³¥É·¨¨ ÔÉμÉ É¥´§μ· ¶·¥μ¡· §Ê¥É¸Ö μ¤´μ-
·μ¤´μ:

Qi = SQiS−1.

�μÔÉμ³Ê ¸²¥¤ ÔÉμ£μ É¥´§μ·  Ö¢²Ö¥É¸Ö ¢ ¦´μ° Ë¨§¨Î¥¸±μ° ¢¥²¨Î¨´μ°, ±μ¢¥±-
Éμ·´Ò³ ¶μ²¥³, ¨´¢ ·¨ ´É´Ò³ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨.
�¡μ§´ Î¨¢ ÔÉμ ±μ¢¥±Éμ·´μ¥ ¶μ²¥ Ai, ¶μ²ÊÎ ¥³

Ai = TrQi.

’¥´§μ· Q Ö¢²Ö¥É¸Ö ¶·¨¢μ¤¨³Ò³, ¨ ¶μÔÉμ³Ê ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É · ¸¸³ -
É·¨¢ ÉÓ¸Ö Éμ²Ó±μ ´¥¶·¨¢μ¤¨³Ò° É¥´§μ·

T i
jk = Qi

jk − 1
n

Qm
jmδi

k, Tj = Qj −
1
n

(TrQj)E,

¸²¥¤ ±μÉμ·μ£μ · ¢¥´ ´Ê²Õ. „²Ö · ¸¸³μÉ·¥´¨Ö ÔÉμ£μ É¥´§μ·  ¥¸ÉÓ ¨ ¤·Ê£ Ö
¶·¨Î¨´ , μ ±μÉμ·μ° ¡Ê¤¥É ¨¤É¨ ·¥ÎÓ ´¨¦¥. ‘ μÉ±·ÒÉ¨¥³ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
¤¦¥Ë  ¶μÖ¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ³μ¤¨Ë¨Í¨·μ¢ ÉÓ ¥£μ ² £· ´¦¨ ´, μ¸É ¢ Ö¸Ó ¢
· ³± Ì É·¥¡μ¢ ´¨° ·¥¶ · ³¥É·¨§ Í¨μ´´μ° ¨´¢ ·¨ ´É´μ¸É¨ ¨ ¨´¢ ·¨ ´É´μ¸É¨
μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨,

LP = −b
1
4
Tr(HijHij) − a

2
Tr(TiTi), (14)
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£¤¥ a ¥¸ÉÓ ¶μ¸ÉμÖ´´ Ö, ±μÉμ·ÊÕ ¥¸É¥¸É¢¥´´μ μÉμ¦¤¥¸É¢¨ÉÓ ¸ ¶μ¸ÉμÖ´´μ°, Ì -
· ±É¥·¨§ÊÕÐ¥° · ¸c³ É·¨¢ ¥³ÊÕ ¸¨¸É¥³Ê ¶μ²¥°. ‚ ·Ó¨·ÊÖ (14) ¶μ P i

jk, ¶μ²Ê-
Î ¥³ ¸²¥¤ÊÕÐ¨¥ Ê· ¢´¥´¨Ö:

1
√

g
Di(

√
gHij) = 2Tj . (15)

ˆ§ (15) ¸²¥¤Ê¥É, ÎÉμ É¥´§μ·´μ¥ ¶μ²¥ Ti Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

1
√

g
Di(

√
gTi) = 0, (16)

É ± ± ± ¸μ£² ¸´μ (3) DiDj(
√

gHij) = 0. �É¨ Ê· ¢´¥´¨Ö, ±μÉμ·Ò¥ ¨´¢ ·¨ ´É´Ò
μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨, ´ ² £ ÕÉ ¤¥¢ÖÉÓ ¤μ¶μ²´¨É¥²Ó-
´ÒÌ Ê¸²μ¢¨° ´  ¶μÉ¥´Í¨ ² Pi, ¢¢μ¤Ö ¶·¨ ÔÉμ³ ¤¥¢ÖÉÓ ¤μ¶μ²´¨É¥²Ó´ÒÌ ¸É¥-
¶¥´¥° ¸¢μ¡μ¤Ò, ±μÉμ·Ò¥ Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´É ³¨ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö. �·¨
ÔÉμ³ μÎ¥´Ó ¢ ¦´μ, ÎÉμ É¥ ¦¥ ¸ ³Ò¥ Ê· ¢´¥´¨Ö ¶μÖ¢²ÖÕÉ¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨
² £· ´¦¨ ´  (15) ¶μ Ei

μ. ’ ±¨³ μ¡· §μ³, ³μ¦´μ ±μ´¸É É¨·μ¢ ÉÓ, ÎÉμ μ¸´μ¢-
´μ¥ ¸μ¸ÉμÖ´¨¥ ¤¦¥Ë  ¶μ§¢μ²Ö¥É ¢¢¥¸É¨ ´μ¢Ò¥ ¸É¥¶¥´¨ ¸¢μ¡μ¤Ò, ´¥ ¨§³¥´ÖÖ
μ¡Ð¥£μ ¨Ì Î¨¸² . �¸É ¥É¸Ö Éμ²Ó±μ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, ±μ-
Éμ·Ò¥ ¸ ´¥μ¡Ìμ¤¨³μ¸ÉÓÕ μ¡¥¸¶¥Î É ´ ·ÊÏ¥´¨¥ ¤¦¥Ë¸¨³³¥É·¨¨, ¶μ¸±μ²Ó±Ê
¨§ ±μ³¶μ´¥´É ¶μÉ¥´Í¨ ²  μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ´¥²Ó§Ö ¶μ¸É·μ¨ÉÓ ² £· ´¦¨ ´,
¨´¢ ·¨ ´É´Ò° μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨. …¸²¨ ¡Ò ¸ÊÐ¥-
¸É¢μ¢ ²¨ μ¡Ð¥±μ¢ ·¨ ´É´Ò¥ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, ¨´¢ ·¨ ´É´Ò¥ μÉ-
´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨, Éμ ¨ ¸ ³  ÔÉ  ¸¨³³¥É·¨Ö ¨³¥² 
¡Ò ³ ²μ ¸³Ò¸² .

5. “��‚�…�ˆŸ ‘’�“Š’“���ƒ� ��‹Ÿ

„¦¥Ë¸¨³³¥É·¨Ö ¡Ê¤¥É ´ ·ÊÏ¥´ , ¥¸²¨ ¢¢¥¸É¨ ¢ · ¸¸³μÉ·¥´¨¥ É¥´§μ·´μ¥
¶μ²¥

Hi
jk = Ei

μ(∂jE
μ
k − ∂kEμ

j ), (17)

±μ¸¨³³¥É·¨Î´μ¥ μÉ´μ¸¨É¥²Ó´μ ±μ¢ ·¨ ´É´ÒÌ ¨´¤¥±¸μ¢. „¥°¸É¢¨É¥²Ó´μ, ¨§ (5)
¸²¥¤Ê¥É, ÎÉμ ÔÉμ É¥´§μ·´μ¥ ¶μ²¥ ´¥ § ¤ ¥É ¶·¥¤¸É ¢²¥´¨Ö · ¸¸³ É·¨¢ ¥³μ°
¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨. ’ ±¨³ μ¡· §μ³, ÔÉμ É¥´§μ·´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ¥¸É¥-
¸É¢¥´´Ò³ ³¥Ì ´¨§³μ³ ´ ·ÊÏ¥´¨Ö ¤¦¥Ë¸¨³³¥É·¨¨, ¥¥ ´ ¡²Õ¤ ¥³Ò³ ¶·μÖ¢²¥-
´¨¥³. �μÉ¥´Í¨ ²Ó´μ¥ ¶μ²¥ (E, H), ±μÉμ·μ¥ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ μ¸´μ¢-
´μ³Ê ¸μ¸ÉμÖ´¨Õ ¤¦¥Ë , ± ± ¡Ò²μ ¸± § ´μ, ´ §Ò¢ ¥É¸Ö ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³.
�·μ¸É¥°Ï¨°, £¥μ³¥É·¨Î¥¸±¨ ³μÉ¨¢¨·μ¢ ´´Ò° ² £· ´¦¨ ´ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö
¶μ²ÊÎ ¥É¸Ö ¶·¨ · ¸¸³μÉ·¥´¨¨ ¸¢Ö§´μ¸É¨ ¢¨¤ 

Zi
jk = Γi

jk + Hi
jk = Li

jk + Γi
kj − Li

kj , (18)
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£¤¥ ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¶·¥¤¸É ¢²ÖÕÉ ¸¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö (1). �Éμ ¶μ ¸Ê-
Ð¥¸É¢Ê ¥¤¨´¸É¢¥´´ Ö ¥¸É¥¸É¢¥´´ Ö ¸¢Ö§´μ¸ÉÓ, ±μÉμ·ÊÕ ³μ¦´μ ¸μ¸É ¢¨ÉÓ ¨§
¸¢Ö§´μ¸É¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¦¥Ë  ¨ ¸¢Ö§´μ¸É¨ ‹¥¢¨-—¨¢¨ÉÒ, ¶·¥¤¸É ¢²Ö-
ÕÐ¥° £· ¢¨É Í¨μ´´μ¥ ¶μ²¥. ’¥´§μ· �¨³ ´  ¢¢¥¤¥´´μ° ¸¢Ö§´μ¸É¨ ³μ¦¥É ¡ÒÉÓ
§ ¶¨¸ ´ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Bijk
l = Rijk

l + ∇iH
l
jk −∇jH

l
ik + H l

imHm
jk − H l

jmHm
ik , (19)

£¤¥
Rijk

l = ∂iΓl
jk − ∂jΓl

ik + Γl
imΓm

jk − Γl
jmΓm

ik (20)

¥¸ÉÓ É¥´§μ· ±·¨¢¨§´Ò ³¥É·¨±¨ gij ,   ∇i, ± ± ¨ · ´¥¥, μ¡μ§´ Î ¥É ±μ¢ ·¨ ´É-
´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ μÉ´μÏ¥´¨Õ ± ¸¨³¢μ² ³ Š·¨¸ÉμËË¥²Ö ÔÉμ° ³¥É·¨±¨:

∇iH
l
jk = ∂iH

l
jk + Γl

imHm
jk − Γm

ij H l
mk − Γm

ikH l
jm.

‘¢¥·É±μ° ¶μ²ÊÎ ¥³ ¨§ (19) É¥´§μ· �¨ÎÎ¨ · ¸¸³ É·¨¢ ¥³μ° ¸¢Ö§´μ¸É¨

Bjk = Bijk
i = Rjk + ∇iH

i
jk −∇jH

i
ik + Hi

imHm
jk − Hi

jmHm
ik , (21)

£¤¥ Rjk ¥¸ÉÓ É¥´§μ· �¨ÎÎ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ˆ§ (21) ¸¢¥·É±μ° ¸ ³¥É·¨-
±μ° ¶μ²ÊÎ ¥³ ¸± ²Ö·´ÊÕ ±·¨¢¨§´Ê · ¸¸³ É·¨¢ ¥³μ° ¸¢Ö§´μ¸É¨ ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥:

B = gjkBjk = R + gjkU l
jmUm

kl −∇jU
j,

£¤¥ R ¥¸ÉÓ ¸± ²Ö·´ Ö ±·¨¢¨§´  £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ Hj = gjkH l
lk. ’ -

±¨³ μ¡· §μ³, ¸± ²Ö·´ Ö ±·¨¢¨§´  B ¢¢¥¤¥´´μ° ¸¢Ö§´μ¸É¨ ¤ ¥É ¥¸É¥¸É¢¥´-
´Ò°, £¥μ³¥É·¨Î¥¸±¨ ³μÉ¨¢¨·μ¢ ´´Ò° ² £· ´¦¨ ´, μ¡μ¡Ð ÕÐ¨° ² £· ´¦¨ ´
�°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É  ¨ ¸μ¤¥·¦ Ð¨° § ±μ´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö £· ¢¨É Í¨μ´-
´μ£μ ¶μ²Ö ¸ μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ¤¦¥Ë . ’ ±¨³ μ¡· §μ³, ¶·μ¸É¥°Ï¨° ² -
£· ´¦¨ ´ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö Lsf ¤ ¥É¸Ö Ëμ·³Ê²μ°

Lsf =
1
2
gjkH l

jmHm
kl , (22)

±μÉμ· Ö ¶μ± §Ò¢ ¥É, ÎÉμ μ´ ¸μ£² ¸Ê¥É¸Ö ¸ ¶·¨´Í¨¶μ³ ³¨´¨³ ²Ó´μ¸É¨ £· ¢¨-
É Í¨μ´´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, É ± ± ± ´¥ ¸μ¤¥·¦¨É ¶·μ¨§¢μ¤´ÒÌ μÉ ±μ³¶μ´¥´É
£· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² . ˆ´É¥·¥¸´μ° μ¸μ¡¥´´μ¸ÉÓÕ ÔÉμ£μ ² £· ´¦¨ ´ 
Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´Ò° É¥´§μ· Sjk = H l

jmHm
kl , ±μÉμ·Ò° ³μ¦´μ · ¸¸³ É·¨-

¢ ÉÓ ± ±  ´ ²μ£ ¸¨³³¥É·¨Î´μ£μ É¥´§μ·  �¨ÎÎ¨ Rjk , ¨£· ÕÐ¥£μ ¸Éμ²Ó ¢ ¦´ÊÕ
·μ²Ó ¢ É¥μ·¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. ’ ±¨³ μ¡· §μ³, É¥´§μ·´μ¥ ¶μ²¥ Hi

jk

¥¸É¥¸É¢¥´´μ · ¸¸³ É·¨¢ ÉÓ ± ± ´ ¶·Ö¦¥´´μ¸ÉÓ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸ ¶μÉ¥´Í¨-
 ²μ³ Eμ

i . ‚ £· ¢¨É Í¨¨ ÔÉμ³Ê ¶μÉ¥´Í¨ ²Ó´μ³Ê ¶μ²Õ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¨³¢μ²Ò
Š·¨¸ÉμËË¥²Ö ¨ ¶μÉ¥´Í¨ ² £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö.
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‚ § ±²ÕÎ¥´¨¥ ÔÉμ£μ · §¤¥²  Ê¸É ´μ¢¨³ ¥Ð¥ μ¤´Ê ²Õ¡μ¶ÒÉ´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê
· ¸¸³ É·¨¢ ¥³Ò³¨ ¶μÉ¥´Í¨ ²Ó´Ò³¨ ¶μ²Ö³¨. ‘É ´¤ ·É´Ò° ² £· ´¦¨ ´ £· ¢¨-
É Í¨μ´´μ£μ ¶μ²Ö Lg = R ¸μ¤¥·¦¨É ¢Éμ·Ò¥ ¶·μ¨§¢μ¤´Ò¥ gij ¨ ÔÉμ ¶·¨¢μ¤¨É
± ¨§¢¥¸É´Ò³ É·Ê¤´μ¸ÉÖ³. �μ± ¦¥³, ÎÉμ ÔÉμÉ ² £· ´¦¨ ´ ³μ¦¥É ¡ÒÉÓ ·¥¤ÊÍ¨-
·μ¢ ´ ¡¥§ ´ ·ÊÏ¥´¨Ö μ¡Ð¥° ±μ¢ ·¨ ´É´μ¸É¨ ± ² £· ´¦¨ ´Ê, ´¥ ¸μ¤¥·¦ Ð¥³Ê
¢Éμ·ÒÌ ¶·μ¨§¢μ¤´ÒÌ μÉ gij .

‚¢¥¤¥³ É¥´§μ·´μ¥ ¶μ²¥

Bi
jk = Ei

μ∇jE
μ
k = Li

jk − Γi
jk, (23)

±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É¸Ö ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³ ¨ £· ¢¨É Í¨¥°. �μ² £ Ö

Li
jk = Γi

jk + Li
jk − Γi

jk = Γi
jk + Bi

jk

¨ ¸²¥¤ÊÖ ¸Ì¥³¥ · ¸¸Ê¦¤¥´¨°, ¢¥¤ÊÐ¥° ± Ê· ¢´¥´¨Ö³ (21) ¨ (22), ¢Ò¢μ¤¨³
¸μμÉ´μÏ¥´¨¥

0 = Rjk + ∇iB
i
jk −∇jB

i
ik + Bi

imBm
jk − Bi

jmBm
ik .

�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ

R + ∇i(gjkBi
jk − gikBl

lk) = gjk(Bi
jmBm

ik − Bi
imBm

jk).

’ ±¨³ μ¡· §μ³, ² £· ´¦¨ ´ �°´ÏÉ¥°´ Äƒ¨²Ó¡¥·É  Ô±¢¨¢ ²¥´É¥´ ² £· ´¦¨ ´Ê

Lgs = gjk(Bi
jmBm

ik − Bi
imBm

jk),

ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

6. “��‚�…�ˆŸ ‘’�“Š’“���ƒ� ��‹Ÿ

�Ê¤¥³ ¢Ò¢μ¤¨ÉÓ ¸²¥¤¸É¢¨Ö ¨§ ² £· ´¦¨ ´  (22), ¢ ±μÉμ·μ³ ¸μ¤¥·¦¨É¸Ö
¢¸Ö ¨´Ëμ·³ Í¨Ö μ ¸É·Ê±ÉÊ·´μ³ ¶μ²¥. ‚ ·Ó¨·ÊÖ ¤¥°¸É¢¨¥ (22) ¶μ μÉ´μÏ¥´¨Õ
± gij , ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö �°´ÏÉ¥°´ 

Gij + Tij = 0,

£¤¥
Tij = −gijLsf + Hk

ilH
l
jk = Sij − gijLsf (24)

¥¸ÉÓ É¥´§μ· ´ ÉÖ¦¥´¨° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. ˆ§ (22) ¨ (24) ¸²¥¤Ê¥É, ÎÉμ
gijTij = 2 ¨, ¸²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ´¥ Ö¢²ÖÕÉ¸Ö
±μ´Ëμ·³´μ-¨´¢ ·¨ ´É´Ò³¨. �Éμ ¥Ð¥ μ¤´μ μ¡Ð¥¥ ¸¢μ°¸É¢μ £· ¢¨É Í¨¨ ¨
μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¦¥Ë .
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‚Ò¢¥¤¥³ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö, ¢ ·Ó¨·ÊÖ ¶μÉ¥´Í¨ ² El
μ. “¤μ¡´μ

¤²Ö ¶μ¸²¥¤ÊÕÐ¥£μ ¢¢¥¸É¨ ´μ¢μ¥ É¥´§μ·´μ¥ ¶μ²¥ ¢ ¢¨¤¥ μ¡· É¨³μ£μ ¶·¥μ¡· -
§μ¢ ´¨Ö É¥´§μ·  ´ ¶·Ö¦¥´´μ¸É¨ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö

F ij
k = gilHj

lk − gjlHi
lk = Hij

k − Hji
k ,

Hi
jk =

1
2
(gilFmn

l gjmgkn + gjlF
il
k − gklF

il
j ).

�μ¸±μ²Ó±Ê

Hi
jk = Ei

μ(∂jE
μ
k − ∂kEμ

j ) = Ei
μ(∇jE

μ
k −∇kEμ

j ),

¶μ²ÊÎ ¥³ ¨§ (22) ¶μ¸²¥¤μ¢ É¥²Ó´μ

δB = δLv = F jk
l (∇jE

μ
k )δEl

μ + F jk
l El

μ∇jδE
μ
l . (25)

‘μ£² ¸´μ (10)
δEν

k = −Eν
l Eμ

k δEl
μ,

¨ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° ¸Éμ·μ´¥ (25) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´μ ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥:

∇j(F
jk
l El

μδEμ
k ) + Eμ

k (∇jF
jk
l + F jk

m Eν
l ∇jE

m
ν )δEl

μ.

’ ±¨³ μ¡· §μ³, ¢ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶ ¤ ¥É ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨°
¤²Ö ±μ³¶μ´¥´É ¶μÉ¥´Í¨ ²  μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö:

Eμ
k∇jF

jk
l + F jk

l ∇jE
μ
k + F jk

m Eμ
k Eν

l ∇jE
m
ν = 0.

�ÉÊ ¸¨¸É¥³Ê ¢μ§³μ¦´μ § ¶¨¸ ÉÓ ¢ ¡μ²¥¥ ¸¨³³¥É·¨Î´μ° Ëμ·³¥, É. ¥. ¡¥§ ±μ¢ -
·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ μÉ ±μ³¶μ´¥´É ¶μÉ¥´Í¨ ² . ˆ§ (16) ¨ (29) ¶μ²ÊÎ ¥³

Eν
l ∇jE

m
ν = −Em

ν ∇jE
ν
l = −Bm

jl , ∇jE
μ
k = Bm

jkEμ
m,

¨, ¸²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨Ö ¶μ²Ö ¶·¨μ¡·¥É ÕÉ É ±μ° ¢¨¤:

∇jF
jk
l + Bk

jmF jm
l − Bm

jl F
jk
m = 0. (26)

�μ¤μ¡´μ Ê· ¢´¥´¨Ö³ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö ¨ Ê· ¢´¥´¨Ö³ μ¡Ð¥£μ Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö ¢Ò¢¥¤¥´´Ò¥ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö Ö¢²ÖÕÉ¸Ö ¸ÊÐ¥-
¸É¢¥´´μ ´¥²¨´¥°´Ò³¨. ’ ± ± ± F jk

k = gjiHk
ik = gjiHi = Hj, Éμ ´  ·¥Ï¥´¨ÖÌ

Ê· ¢´¥´¨° (26) ¢Ò¶μ²´Ö¥É¸Ö Ê· ¢´¥´¨¥

∇jH
j = 0,

14



±μÉμ·μ¥ ¨³¥¥É Ëμ·³Ê § ±μ´  ¸μÌ· ´¥´¨Ö. � ¸¸³ É·¨¢ ¥³Ò° ² £· ´¦¨ ´ ¸É·Ê±-
ÉÊ·´μ£μ ¶μ²Ö ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°

E
i

μ = Aν
μEi

ν , Det(Aν
μ) �= 0,

£¤¥ Aν
μ ¥¸ÉÓ ¶μ¸ÉμÖ´´ Ö ³ É·¨Í . �μ² £ Ö Aν

μ = aδν
μ, ¶μ²ÊÎ¨³ ± ± · § ¶μ-

¸²¥¤´¥¥ Ê· ¢´¥´¨¥. �Éμ Ö¢²Ö¥É¸Ö ¸¨²Ó´Ò³ Ê± § ´¨¥³ ´  Éμ, ÎÉμ Ê· ¢´¥´¨Ö
¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ³μ¦´μ § ¶¨¸ ÉÓ ¢ Ëμ·³¥ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö. �μ± ¦¥³,
ÎÉμ ÔÉμ ¤¥°¸É¢¨É¥²Ó´μ É ±.

�Ê¸ÉÓ
v

∇i ¥¸ÉÓ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ μÉ´μÏ¥´¨Õ ± ¸¢Ö§´μ¸É¨ (17).
ˆ³¥¥³

∇jF
jk
l =

v

∇j F jk
l − Bj

jiF
ik
l − Bk

jmF jm
l + Bm

jl F
jk
m ,

¨ Ê· ¢´¥´¨Ö (26) ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥:

(
v

∇j −Bj)F
jk
l = 0,

£¤¥ Bi ¥¸ÉÓ ¸¢¥·É±  É¥´§μ·´μ£μ ¶μ²Ö (23), Bi = Bk
ki. ’ ± ± ±

v

∇i Eμ
k = 0,

v

∇i El
ν = 0, Éμ ¨§ ¶μ¸²¥¤´¥° ·¥¤ ±Í¨¨ Ê· ¢´¥´¨° ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸²¥¤Ê¥É,

ÎÉμ ¢¥±Éμ·´Ò¥ ¶μ²Ö
J iμ

ν = F ik
l El

νEμ
k

Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³

(
v

∇j −Bj)J iμ
ν = 0,

¨§ ±μÉμ·ÒÌ ¸²¥¤Ê¥É, ÎÉμ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢
Ëμ·³¥ § ±μ´μ¢ ¸μÌ· ´¥´¨Ö

∇iJ
iμ
ν = 0, (27)

£¤¥
J iμ

ν = (gilHj
lk − gjlHi

lk)Ek
ν Eμ

j , Hi
jk = Ei

μ(∂jE
μ
k − ∂kEμ

j ).

� ¸¸³μÉ·¨³ ¸· §Ê ¦¥ ¶¥·¥Ìμ¤ μÉ ¸É É¨±¨ ± ¤¨´ ³¨±¥. ‹ £· ´¦¨ ´ ¸É·Ê±-
ÉÊ·´μ£μ ¶μ²Ö ¢ ¤¨´ ³¨±¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

Lsf =
1
2
gjkH l

jmHm
kl ,

£¤¥ gjk = 2tjtk − gjk ¥¸ÉÓ ¢¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨± . �É¸Õ¤  Ö¸´μ, ÎÉμ ¶·¨
¶¥·¥Ìμ¤¥ μÉ ¸É É¨±¨ ± ¤¨´ ³¨±¥ ´Ê¦´μ ¢ Ê· ¢´¥´¨ÖÌ ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö § ³¥-
´¨ÉÓ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ∇i, ¶·¨´ ¤²¥¦ ÐÊÕ gjk, ´  ±μ¢ ·¨ ´É´ÊÕ
¶·μ¨§¢μ¤´ÊÕ ∇i, ¶·¨´ ¤²¥¦ ÐÊÕ gil. �¤´ ±μ ¨§¢¥¸É´μ, ÎÉμ ∇iJ

iμ
ν = ∇iJ

iμ
ν .

�μÔÉμ³Ê ¶·μ¸Éμ ¶μ² £ ¥³

J iμ
ν = ti(t,Jμ

ν ) + J iμ
ν − ti(t,Jμ

ν ) = ρμ
ν ti + Siμ

ν
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¨ § ¶¨¸Ò¢ ¥³ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

∇tρ
μ
ν + ϕρμ

ν + ∇iS
iμ
ν = 0, (28)

£¤¥
J iμ

ν = (gilHj
lk − gjlHi

lk)Ek
ν Eμ

j , Hi
jk = Ei

μ(∂jE
μ
k − ∂kEμ

j ).

�μÖ¸´¨³ ¸¢Ö§Ó ¢Ò¢¥¤¥´´μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¸ Ê· ¢´¥´¨Ö³¨ (21). ‚ -
·¨ Í¨μ´´Ò° ¶·¨´Í¨¶, ¸É·μ£μ £μ¢μ·Ö, ¢³¥¸Éμ Ê· ¢´¥´¨° (26) ¤ ¥É Ê· ¢´¥´¨Ö,

¢ ¶· ¢μ° Î ¸É¨ ±μÉμ·ÒÌ ¸Éμ¨É ´¥ ´Ê²Ó,  
1
√

g
Di(

√
gTi). ‘μ£² ¸´μ Ê· ¢´¥-

´¨Ö³ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ÔÉμ ¢Ò· ¦¥´¨¥ · ¢´μ ´Ê²Õ ¨
¶μÔÉμ³Ê ¢ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ´¥ ¢Ìμ¤ÖÉ ±μ³¶μ´¥´ÉÒ ¶μÉ¥´Í¨ ² 
¤¦¥Ë . „¦¥Ë¸É É¨±  ¨ ¤¦¥Ë¤¨´ ³¨±  Å ÔÉμ £¥μ³¥É·¨§ Í¨Ö É¥μ·¨¨ Œ ±¸-
¢¥²² , μ¤´μ¢·¥³¥´´μ Ö¢²ÖÕÐ Ö¸Ö ¥¥ ¥¸É¥¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³, ¢ÒÉ¥± ÕÐ¨³
¨§ ±μ´Í¥¶Í¨¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö. ’ ±¨³ μ¡· §μ³, É¥μ·¨Ö μ¡μ¡Ð¥´-
´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ ·¥§Ê²ÓÉ Éμ¢ £¨¶μÉ¥§Ò £¥μ-
³¥É·¨§ Í¨¨. ˆ´É¥·¥¸´μ, ÎÉμ ¢ · ¡μÉ Ì �°´ÏÉ¥°´  ¨ ¤·Ê£¨Ì  ¢Éμ·μ¢ ¶·¥¤-
¶·¨´¨³ ²¨¸Ó ¶μ¶ÒÉ±¨ ¸¢Ö§ ÉÓ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ¸μ ¸É·Ê±ÉÊ·´Ò³ ¶μ²¥³,
¶·¥¤¸É ¢²ÖÕÐ¨³ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¤¦¥Ë  ¢ ¶·¨´ÖÉμ° §¤¥¸Ó É¥·³¨´μ²μ£¨¨.

‚Ò¢¥¤¥³ Ê· ¢´¥´¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¤·Ê£¨³ ³¥Éμ¤μ³, ¨¤¥Õ ±μÉμ·μ£μ
¶μ¤¸± §Ò¢ ¥É ±² ¸¸¨Î¥¸± Ö ³¥Ì ´¨± . �Ê¸ÉÓ ¤ ´ ² £· ´¦¨ ´ ´¥±μÉμ·μ° ³¥-
Ì ´¨Î¥¸±μ° ¸¨¸É¥³Ò L(q, q̇). „¨ËË¥·¥´Í¨·ÊÖ ÔÉμÉ ² £· ´¦¨ ´ ¶μ ¢·¥³¥´¨,
´¥É·Ê¤´μ ¢Ò¢¥¸É¨ Éμ¦¤¥¸É¢μ

d

dt

(
L − q̇

∂L

∂q̇

)
=

(
∂L

∂q
− d

dt

(
∂L

∂q̇

))
,

¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ ¥¸²¨ ¶·¨· ¢´ÖÉÓ ´Ê²Õ ¢Ò· ¦¥´¨¥ ¢ ¸±μ¡± Ì ¢ ¶· -
¢μ° ¸Éμ·μ´¥ Éμ¦¤¥¸É¢ , Éμ ¢Ò· ¦¥´¨¥, ¸ÉμÖÐ¥¥ ¢ ¸±μ¡± Ì ¢ ²¥¢μ° ¸Éμ·μ´¥
Éμ¦¤¥¸É¢ , ¡Ê¤¥É ¨´É¥£· ²μ³ ¤¢¨¦¥´¨Ö. ’ ±¨³ μ¡· §μ³, μ¤´μ¢·¥³¥´´μ ¶μ-
²ÊÎ ¥³ ¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö, ¨ ¢ ¦´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö. �¥μ¡Ìμ¤¨³μ¸ÉÓ
¶¥·¥´μ¸  · ¸¸³μÉ·¥´´μ£μ ³¥Éμ¤  ¢Ò¢μ¤  Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ É¥μ·¨Õ ¶μ²Ö
¶·μ¤¨±Éμ¢ ´ ¸²¥¤ÊÕÐ¨³ μ¡¸ÉμÖÉ¥²Ó¸É¢μ³. �·¨ · ¸¸³μÉ·¥´¨¨ Ê· ¢´¥´¨° �°´-
ÏÉ¥°´ , μ¶¨¸Ò¢ ÕÐ¨Ì ¢ ¸É É¨±¥ § ±μ´ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ¸
£· ¢¨É Í¨μ´´Ò³ ¶μ²¥³, ´¥μ¡Ìμ¤¨³μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¤¨¢¥·£¥´Í¨Ö É¥´§μ·  ´ -
ÉÖ¦¥´¨° ¸É·Ê±ÉÊ·´μ£μ ¶μ²Ö ´  Ê· ¢´¥´¨ÖÌ ÔÉμ£μ ¶μ²Ö · ¢´  ´Ê²Õ. �¤´ ±μ
¶μ¶ÒÉ±  ¶·μ¤¥² ÉÓ ÔÉμ ´¥¶μ¸·¥¤¸É¢¥´´μ ¢¸É·¥Î ¥É¸Ö ¸ ´¥¶·¥μ¤μ²¨³Ò³¨ É·Ê¤-
´μ¸ÉÖ³¨, ´¥¸³μÉ·Ö ´  ± ¦ÊÐÊÕ¸Ö ¶·μ¸ÉμÉÊ ¸¨ÉÊ Í¨¨. �·¨Î¨´  ÔÉμ£μ μ¸É ¥É¸Ö
¸μ¢¥·Ï¥´´μ ´¥Ö¸´μ°.

ˆÉ ±, ¡¥·¥³ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ μÉ ´ Ï¥£μ ² £· ´¦¨ ´  ¨ ¶μ²Ê-
Î ¥³ ¢ ± Î¥¸É¢¥ ¶¥·¢μ£μ Ï £  ¸²¥¤ÊÕÐ¥¥ Éμ¦¤¥¸É¢μ:

∇mLsf = F jk
l ∇mEl

μ∇jE
μ
k + F jk

l El
μ∇m∇jE

μ
k .
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ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê ¤²Ö ±μ³³ÊÉ Éμ·  ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ

∇m∇jE
μ
k −∇j∇mEμ

k = −Rl
mjkEμ

l

¨ · ¢¥´¸É¢ 

∇mEμ
k = −Eμ

l Eν
k∇mEl

μ, El
μ∇mEμ

k = Bl
mk,

¶·¥¤¸É ¢¨³ ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ¶· ¢μ° ¸Éμ·μ´¥ Éμ¦¤¥¸É¢  ¢ ¢¨¤¥

F jk
l El

μ∇m∇jE
μ
k = ∇j(F

jk
l Bl

mk) + ∇j(F
jk
l El

μ)Eμ
l Eν

k∇mEl
μ − F jk

l Rl
mjk.

�·¨³¥´ÖÖ Ëμ·³Ê²Ê ¤²Ö ±μ³³ÊÉ Éμ·  ±μ¢ ·¨ ´É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ ± É¥´§μ·-
´μ³Ê ¶μ²Õ F jk

l ¨ ÊÎ¨ÉÒ¢ Ö Éμ¦¤¥¸É¢μ

Rl
mjk + Rl

jkm + Rl
kmj = 0,

¶·¨¤¥³ ± · ¢¥´¸É¢Ê
F jk

l Rl
mjk = ∇j∇kF jk

m .

‚ ·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´μ¥ Éμ¦¤¥¸É¢μ ¶·¨³¥É ¢¨¤

∇mLsf = ∇j(∇kF kj
m − Bl

mkF kj
l ) − [L]kl Bl

mk,

£¤¥
[L]kl = ∇jF

jk
l − Bn

jlF
jk
n + Bk

jnF jn
l

¥¸ÉÓ ¶·μ¨§¢μ¤´ Ö ‹ £· ´¦ . „¥² Ö  ²£¥¡· ¨Î¥¸±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö, ³μ¦´μ
¶μ± § ÉÓ, ÎÉμ

∇kF kj
m − Bl

mkF kj
l = [L]jm + gijHk

ilH
l
mk.

�±μ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥ Éμ¦¤¥¸É¢ 

∇i(gij [L]jm + Hk
ilH

l
mk − gimLsf ) = [L]kl Bl

mk.

‚ ¸¨²Ê ÔÉμ£μ Éμ¦¤¥¸É¢  ¶·¨Ìμ¤¨É¸Ö μ¸É ¢¨ÉÓ ¨¤¥Õ μ Éμ³, ÎÉμ¡Ò ¸É·Ê±ÉÊ·´μ¥
¶μ²¥ μÉμ¦¤¥¸É¢¨ÉÓ ¸ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³, É ± ± ± Éμ£¤  ¨§ Ê· ¢´¥´¨°

∇i(gij [L]jm + Hk
ilH

l
mk − gimLsf ) = 0

¡Ê¤ÊÉ ¸²¥¤μ¢ ÉÓ Ê· ¢´¥´¨Ö [L]kl Bl
mk = 0. ˆ§ ¶μ²ÊÎ¥´´μ£μ Éμ¦¤¥¸É¢  ¸É ´μ-

¢¨É¸Ö Ö¸´μ° ¨ ¶·¨Î¨´  Éμ° É·Ê¤´μ¸É¨, μ ±μÉμ·μ° £μ¢μ·¨²μ¸Ó ¢ÒÏ¥. �μÖ¢²¥´¨¥
¢Ò· ¦¥´¨Ö ¢¨¤  ∇j [L]jm É·Ê¤´μ ¶·¥¤¢¨¤¥ÉÓ § · ´¥¥.

� ¸¸³μÉ·¨³ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¤¦¥Ë¸É É¨±¥. …¸²¨ ´ ¶·Ö¦¥´´μ¸ÉÓ
¤¦¥Ë  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¢¸¥Ì ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨, Éμ
μ¶·¥¤¥²Ö¥³μ¥ ÔÉ¨³ Ê¸²μ¢¨¥³ ¸μ¸ÉμÖ´¨¥ ´ §Ò¢ ¥É¸Ö ¸¨´£²¥É´Ò³:

HijS = SHij ,
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¨ ¶μ¸±μ²Ó±Ê S Å ¶·μ¨§¢μ²Ó´Ò° Ô²¥³¥´É · ¸¸³ É·¨¢ ¥³μ° £·Ê¶¶Ò ¢´ÊÉ·¥´´¥°
¸¨³³¥É·¨¨, Éμ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥ ¤μ²¦´μ Ê¤μ¢²¥É¢μ·ÖÉÓ É ±¦¥ Ê· ¢´¥´¨Ö³

Hij =
1
n

TrHijE.

�É¨ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ·¥Ï¥´¨¥

Pi = Li + AiE,

£¤¥ Li Å ¶·μ¨§¢μ²Ó´μ¥ μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¨ Ai Å ¶·μ¨§¢μ²Ó´μ¥ ±μ¢¥±Éμ·-
´μ¥ ¶μ²¥. ’ ± ± ± TrPi = ∂iln q + nAi, £¤¥ q = Det(Eμ

i ), Éμ

1
n

TrHij = ∂iAj − ∂jAi = Fij .

� ¸¸³μÉ·¨³ § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¢¥²¨Î¨´Ò, · ¢´μ° ¸²¥¤Ê μÉ ¶μÉ¥´Í¨ ² 
¤¦¥Ë . �μ²μ¦¨³ Bi = TrPi = P k

ik. ‘μ£² ¸´μ (5) ¨ ¶· ¢¨²Ê ¤¨ËË¥·¥´Í¨·μ-
¢ ´¨Ö μ¶·¥¤¥²¨É¥²¥°, § ±μ´ ¶·¥μ¡· §μ¢ ´¨Ö ¤²Ö Bi ¨³¥¥É ¢¨¤

Bi = Bi − ∂iln| � |,

£¤¥ � = Det(Si
j). ’ ±¨³ μ¡· §μ³, ¸²¥¤ ¶μÉ¥´Í¨ ²  ¤¦¥Ë  ¨¸¶ÒÉÒ¢ ¥É £· -

¤¨¥´É´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö, ±μÉμ·Ò¥ μ¡· §ÊÕÉ  ¡¥²¥¢Ê £·Ê¶¶Ê. „²Ö ¶μ²´μÉÒ
± ·É¨´Ò · ¸¸³μÉ·¨³ É ±¦¥ ¢μ¶·μ¸ μ § ±μ´¥ ¶·¥μ¡· §μ¢ ´¨Ö Bi ¶·¨ ¶·μ¨§-
¢μ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ±μμ·¤¨´ É. ˆ§ (4) ¸²¥¤Ê¥É, ÎÉμ ÔÉμÉ § ±μ´ ¨³¥¥É
¢¨¤

P̃i = (Pm − ∂mln|J |)∂um

∂ũi
,

£¤¥ J =
∣∣∣∣∂ũ

∂u

∣∣∣∣ ¥¸ÉÓ Ö±μ¡¨ ´ ¶·¥μ¡· §μ¢ ´¨Ö. ‡¤¥¸Ó μ¡· Ð ¥É ´  ¸¥¡Ö ¢´¨-

³ ´¨¥ Éμ, ÎÉμ μ¡ÒÎ´μ³Ê ¶·¥μ¡· §μ¢ ´¨Õ, ¶·¨¸ÊÐ¥³Ê ±μ¢¥±Éμ·´μ³Ê ¶μ²Õ,
¶·¥¤Ï¥¸É¢Ê¥É £· ¤¨¥´É´μ¥ ¶·¥μ¡· §μ¢ ´¨¥.

� °¤¥³ Ê· ¢´¥´¨Ö, ±μÉμ·Ò³ ¶μ¤Î¨´Ö¥É¸Ö É¥´§μ· Fij . �¥·Ö ¢ Ê· ¢´¥´¨ÖÌ
(9) ¨ (10) ¸²¥¤, ¶μ²ÊÎ ¥³ ¤¢¥ £·Ê¶¶Ò Ê· ¢´¥´¨°

1
√

g
∂i(

√
gF ij) = 0, ∂iFjk + ∂jFki + ∂kFij = 0, (29)

±μÉμ·Ò¥ ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²ÖÕÉ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥ ¢ ¤¦¥Ë¸É É¨±¥ ¨ ¸ ´¥-
±μÉμ·Ò³¨ ÊÉμÎ´¥´¨Ö³¨, μ ±μÉμ·ÒÌ ·¥ÎÓ ´¨¦¥, ¢ ¤¦¥Ë¤¨´ ³¨±¥. ‚ ¤¦¥Ë¸É -
É¨±¥ · §³¥·´μ¸ÉÓ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  · ¢´  É·¥³ ¨ ¸¨¸É¥³  Ê· ¢´¥´¨°
(28) ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

1
√

g
∂i(

√
gV i) = 0, ∂iVj − ∂jVi = 0, V i =

1
2
eijkFjk.
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�É¸Õ¤  § ±²ÕÎ ¥³, ÎÉμ ¢ ¤ ´´μ° ¸¨ÉÊ Í¨¨ ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥ ¶·¥¤¸É ¢²¥´μ
£ ·³μ´¨Î¥¸±¨³ ¢¥±Éμ·μ³. ƒ ·³μ´¨Î¥¸±¨¥ ¢¥±Éμ·Ò ¸ÊÐ¥¸É¢ÊÕÉ ´¥ ¢¸¥£¤ , ¨,
´ ¶·¨³¥·, ´  É·¥Ì³¥·´μ° ¸Ë¥·¥ ¥¤¨´¸É¢¥´´Ò³ ·¥Ï¥´¨¥³ · ¸¸³ É·¨¢ ¥³ÒÌ
Ê· ¢´¥´¨° ¡Ê¤¥É É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥. ‚ ¤¦¥Ë¤¨´ ³¨±¥ · §³¥·´μ¸ÉÓ Ë¨§¨-
Î¥¸±μ£μ ¶·μ¸É· ´¸É¢  · ¢´  Î¥ÉÒ·¥³, ¶·¨¸ÊÉ¸É¢Ê¥É ¶μ²¥ ¢·¥³¥´¨ ± ± ¥¸É¥-
¸É¢¥´´Ò°  É·¨¡ÊÉ ¤¨´ ³¨±¨, μ¶·¥¤¥²¥´  ¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö ¸μ ¢·¥³¥´¥³
Ë¨§¨Î¥¸±¨Ì ¶μ²¥°, ÎÉμ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ Ë¨§¨Î¥¸±μ¥ ¶μ²¥ ± ± ¸ÊÐ-
´μ¸ÉÓ, ¶¥·¥´μ¸ÖÐÊÕ Ô´¥·£¨Õ ¨ ¨³¶Ê²Ó¸. „μ± ¦¥³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨§
Ê· ¢´¥´¨° (29) ¢Ò¢μ¤ÖÉ¸Ö Ê· ¢´¥´¨Ö Œ ±¸¢¥²² .

7. ‚›‚�„ “��‚�…�ˆ‰ Œ�Š‘‚…‹‹�

�¥·¥Ìμ¤ μÉ Ê· ¢´¥´¨° ¤¦¥Ë¸É É¨±¨ ± Ê· ¢´¥´¨Ö³ ¤¦¥Ë¤¨´ ³¨±¨ Ëμ·-
³ ²Ó´μ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö Ê¢¥²¨Î¥´¨¥³ · §³¥·´μ¸É¨ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ 
¨ ¶·μ¸Éμ° § ³¥´μ° ·¨³ ´μ¢μ° ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ³¥É·¨±¨ ´  ¢¸¶μ-
³μ£ É¥²Ó´ÊÕ ³¥É·¨±Ê, μ¶·¥¤¥²¥´´ÊÕ ¢ÒÏ¥. ‚¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨±  ¥¸É¥-
¸É¢¥´´Ò³ μ¡· §μ³ ¢¢μ¤¨É ¤¢¥ ¢¥²¨Î¨´Ò, μ¡Ñ¥¤¨´¥´´Ò¥ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³-
³¥É·¨¥°. ”¨§¨Î¥¸±¨° ¸³Ò¸² Ê± § ´´ÒÌ ¤¥°¸É¢¨° ¸μ¸Éμ¨É ¢ ¶¥·¥Ìμ¤¥ ± Ê· ¢´¥-
´¨Ö³, μ¶¨¸Ò¢ ÕÐ¨³ ¤¨´ ³¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò. ‚Ò¢μ¤ ÔÉ¨Ì Ê· ¢´¥´¨° Ö¢²Ö¥É¸Ö
£² ¢´μ° § ¤ Î¥° ¤¦¥Ë¤¨´ ³¨±¨. �·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  Ê· ¢´¥´¨° ¢ Ö¢´μ³ ¢¨¤¥
¢Ò¸ÉÊ¶ ¥É ¢ Ëμ·³¥ μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨, ±μÉμ·Ò° ¨ ¸μ¸É ¢²Ö¥É £² ¢´μ¥ μÉ²¨-
Î¨¥ Ê· ¢´¥´¨° ¤¦¥Ë¸É É¨±¨ μÉ Ê· ¢´¥´¨° ¤¦¥Ë¤¨´ ³¨±¨. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸
ÔÉ¨³ § ³¥Î ´¨¥³ μ¸´μ¢´μ° ² £· ´¦¨ ´ ¤¦¥Ë¤¨´ ³¨±¨ § ¶¨¸Ò¢ ¥É¸Ö ¢ ¢¨¤¥

LP = −1
4
Tr(HijH

ij
), (30)

£¤¥
H

ij
= gikgjlHkl = 2tiJj − 2tiJj + Hij , Ji = tkHik.

“· ¢´¥´¨Ö ¤²Ö É¥´§μ·  ¸¨´£²¥É´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¦¥Ë  Fij Ê¤μ¡´μ § ¶¨¸ ÉÓ
Éμ£¤  ¢ ¸²¥¤ÊÕÐ¥°, Ô±¢¨¢ ²¥´É´μ° ¨¸Ìμ¤´μ°, Ëμ·³¥:

∇i

∗
F

ij = 0, ∇iF
ij

= 0, (31)

£¤¥

∗
F

ij =
1
2
eijklFkl, F

ij
= Fklg

ikgjl = 2tiEj − 2tjEi + F ij, Ei = tkFik,

¨ eijkl ¥¸ÉÓ ±μ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  ‹¥¢¨-—¨¢¨ÉÒ, ´μ·³¨·μ-
¢ ´´μ£μ, ± ± μ¡ÒÎ´μ, ´  μ¶·¥¤¥²¨É¥²Ó £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² , e1234 =√

g. „²Ö ¢Ò¢μ¤  Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¨§ Ê· ¢´¥´¨° (22) ¶·¥¤¢ ·¨É¥²Ó´μ Ê¸É -
´μ¢¨³ μ¸´μ¢´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¢¥±Éμ·´μ°  ²£¥¡·Ò ¨ ¢¥±Éμ·´μ£μ  ´ ²¨§  ´ 
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Î¥ÉÒ·¥Ì³¥·´μ³ Ë¨§¨Î¥¸±μ³ ³´μ£μμ¡· §¨¨, ±μÉμ·Ò¥ ¢ ¦´Ò ¨ ¸ ³¨ ¶μ ¸¥¡¥,
É ± ± ± Ö¢²ÖÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò³ μ¡μ¡Ð¥´¨¥³ μ¡ÒÎ´ÒÌ ¢¥±Éμ·´μ°  ²£¥¡·Ò ¨
¢¥±Éμ·´μ£μ  ´ ²¨§ , ¶·μ¤¨±Éμ¢ ´´Ò³ ´μ¢μ° ±μ´Í¥¶Í¨¥° ¢·¥³¥´¨.

‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° A ¨ B μ¶·¥¤¥²Ö¥É¸Ö ·¨-
³ ´μ¢μ° ³¥É·¨±μ° (1), ± ± ¨ · ´¥¥, (A,B) = gijA

iBj . ‚¥±Éμ·´μ¥ ¶·μ¨§¢¥-
¤¥´¨¥ C = [AB] ¤¢ÊÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸É·μ¨³ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Ci = [A × B]i = eijkltjAkBl.

‡¤¥¸Ó ¢¶μ²´¥ μÉÎ¥É²¨¢μ ¢¨¤´μ, ± ±¨³ μ¡· §μ³ ¶μÉμ± ¢·¥³¥´¨ ¶μ§¢μ²Ö¥É ¶¥-
·¥´¥¸É¨ μ¡ÒÎ´ÊÕ ¢¥±Éμ·´ÊÕ  ²£¥¡·Ê ¨  ´ ²¨§ ¸ É·¥Ì³¥·´ÒÌ ³´μ£μμ¡· §¨° ´ 
Î¥ÉÒ·¥Ì³¥·´Ò¥ ³´μ£μμ¡· §¨Ö. �Î¥¢¨¤´μ, ÎÉμ [A×B]+[B×A] = 0. �·Ö³Ò³¨
¢ÒÎ¨¸²¥´¨Ö³¨ ¶·μ¢¥·ÖÕÉ¸Ö μ¸´μ¢´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¢¥±Éμ·´μ°  ²£¥¡·Ò

|[A × B]| = |A||B| sinϕ, [A× [B × C]] = B(A,C) − C(A,B).

‘ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¢¥±Éμ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Å ÔÉμ μÉμ¡· ¦¥´¨¥,
±μÉμ·μ¥ ± ¦¤μ° ¶ ·¥ ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸É ¢¨É ¢ ¸μμÉ¢¥É¸É¢¨¥ ¢¥±Éμ·´μ¥ ¶μ²¥,
μ·Éμ£μ´ ²Ó´μ¥ ¶μÉμ±Ê ¢·¥³¥´¨. �Éμ ¢¥±Éμ·´μ¥ ¶μ²¥ ± ¸ ¥É¸Ö ¶·μ¸É· ´¸É¢¥´-
´μ£μ ¸¥Î¥´¨Ö ¢ ± ¦¤μ° ¥£μ ÉμÎ±¥.

„¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò ¢¥±Éμ·´μ£μ  ´ ²¨§  μ¶·¥¤¥²ÖÕÉ¸Ö É ±¦¥
¥¸É¥¸É¢¥´´μ. „²Ö ¤¨¢¥·£¥´Í¨¨ ¨ £· ¤¨¥´É  ¨³¥¥³, ¸μμÉ¢¥É¸É¢¥´´μ,

div A =
1
√

g
∂i(

√
gAi), (gradφ)i = (gij − titj)∂jφ = gij∂jφ − tiDtφ

¨, ± ± ¸²¥¤¸É¢¨¥,

div gradφ =
1
√

g
∂i(

√
ggij∂jφ) − 1

√
g
∂i(

√
gti∇tφ) = ∇i∇iφ −∇i(ti∇tφ).

�μÉμ· ¢¥±Éμ·´μ£μ ¶μ²Ö A μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢¥±Éμ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ∇ ¨ A:

(rotA)i = [∇× A] = eijkltj∂kAl =
1
2
eijkltj(∂kAl − ∂lAk).

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ
rot gradφ = 0.

�Î¥¢¨¤´μ, ÎÉμ ¢¸¥ μ¶¥· Í¨¨ ¢¥±Éμ·´μ°  ²£¥¡·Ò μ¡Ð¥±μ¢ ·¨ ´É´Ò. ‚¢¥¤¥³
¶μ²Ö·´Ò° ¨  ±¸¨ ²Ó´Ò° ±μ¢¥±Éμ·Ò ¸μμÉ´μÏ¥´¨Ö³¨

Ei = tkFik, (32)

Hi = tk
∗
F ik, (33)
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£¤¥
∗
F ij = gikgjl

∗
F kl. �Î¥¢¨¤´μ, ÎÉμ ÔÉ¨ ±μ¢¥±Éμ·Ò μ·Éμ£μ´ ²Ó´Ò ¶μÉμ±Ê ¢·¥-

³¥´¨
tiHi = tiEi = 0.

� §·¥Ï Ö Ê· ¢´¥´¨Ö (32), (33) μÉ´μ¸¨É¥²Ó´μ Fik, ¶μ²ÊÎ ¥³

Fij = −tiEj + tjEi − εijklt
kH l. (34)

�Éμ ¸μμÉ´μÏ¥´¨¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± μÉμ¡· ¦¥´¨¥, § ¤ ¢ ¥³μ¥ £· ¤¨-
¥´Éμ³ ¶μ²Ö ¢·¥³¥´¨, ±μÉμ·μ¥ ¶μ²Ö·´μ³Ê ¨  ±¸¨ ²Ó´μ³Ê ±μ¢¥±Éμ· ³ ¸É ¢¨É
¢ ¸μμÉ¢¥É¸É¢¨¥ ±μ¸μ¸¨³³¥É·¨Î´μ¥ É¥´§μ·´μ¥ ¶μ²¥. �Éμ μÉμ¡· ¦¥´¨¥ ¨´¢ ·¨-
 ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°

Ei ⇒ Ei + λti, Hi ⇒ Hi + μti,

¶μÔÉμ³Ê ¢ ²Õ¡μ³ ¸²ÊÎ ¥ Ê¸²μ¢¨¥ μ·Éμ£μ´ ²Ó´μ¸É¨ ¶μÉμ±Ê ¢·¥³¥´¨ ¢Ò¶μ²-
´Ö¥É¸Ö, ¨ ¶·¨ ÔÉμ³ Ê¸²μ¢¨¨ · ¸¸³μÉ·¥´´μ¥ μÉμ¡· ¦¥´¨¥ Ö¢²Ö¥É¸Ö ¢§ ¨³´μ-
μ¤´μ§´ Î´Ò³. ˆ§ (19) ¸²¥¤Ê¥É, ÎÉμ

∗
F

ij = −tiHj + tjHi − eijkltkEl, F
ij

= tiEj − tjEi − eijkltkHl. (35)

�μ¤¸É ¢²ÖÖ (35) ¢ (22), ¶μ²ÊÎ ¥³ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¤²Ö ¢¢¥¤¥´ÒÌ ¶μ²¥°
¢ ¸²¥¤ÊÕÐ¥° μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥:

rotE = − 1
√

g
Dt(

√
gH), rotH =

1
√

g
Dt(

√
gE). (36)

ˆ§ Ê· ¢´¥´¨° (36) ¸²¥¤Ê¥É, ÎÉμ

Dt(∂i(
√

gHi)) = 0, Dt(∂i(
√

gEi)) = 0,

¨ ¶μÔÉμ³Ê ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö ¸μ¢³¥¸É´Ò ¸μ ¸¢Ö§Ö³¨. ˆ§ ÔÉ¨Ì ¦¥ Ê· ¢-
´¥´¨° ¢Ò¢μ¤¨É¸Ö, ÎÉμ

Dt(
√

gtiE
i) = 0, Dt(

√
gtiH

i) = 0,

¨, ¸²¥¤μ¢ É¥²Ó´μ, μ·Éμ£μ´ ²Ó´μ¸ÉÓ ¶μÉμ±Ê ¢·¥³¥´¨ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ±
´ Î ²Ó´μ¥ Ê¸²μ¢¨¥. ‚Ò¢¥¤¥´´Ò¥ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ Œ ±¸¢¥²² 
¤²Ö ´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥°. ’ ±¨³ μ¡· §μ³, £¨-
¶μÉ¥§  £¥μ³¥É·¨§ Í¨¨ ¶μ§¢μ²Ö¥É ¤ ÉÓ ¤¥¤Ê±É¨¢´Ò° ¢Ò¢μ¤ ËÊ´¤ ³¥´É ²Ó´ÒÌ
Ê· ¢´¥´¨° Ë¨§¨±¨, ÎÉμ ¸¢¨¤¥É¥²Ó¸É¢Ê¥É ¢ ¶μ²Ó§Ê ÔÉμ° £¨¶μÉ¥§Ò ¨ ´μ¢μ° ±μ´-
Í¥¶Í¨¨ ¢·¥³¥´¨. ˆ§ Ëμ·³Ê²Ò ¤²Ö É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¤¦¥Ë  ´¥É·Ê¤´μ
¶μ²ÊÎ¨ÉÓ ¢Ò· ¦¥´¨¥ ¤²Ö ±μ³¶μ´¥´É É¥´§μ·  Ô´¥·£¨¨-¨³¶Ê²Ó¸  ¥£μ ¸¨´£²¥É-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ É¥·³¨´ Ì ´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ
¶μ²¥°:

Tij =
1
2
gij(|E|2 + |H |2) − EiEj − HiHj − tiΠj − tjΠi, (37)
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£¤¥ Πi ¥¸ÉÓ ±μ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  ¶μÉμ±  Ô´¥·£¨¨ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö

Πi = eijkltjEkHl, Π = [EH].

�É¸Õ¤  ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö

εm = titjTij =
1
2
(E2 + H2),

  É ±¦¥ ¢Ò· ¦¥´¨¥ ¤²Ö ³ ±¸¢¥²²μ¢¸±μ£μ É¥´§μ·  ´ ¶·Ö¦¥´¨°

M i
j =

1
2
hi

j(|E|2 + |H |2) − EiEj − HiHj .

‚Ò¸μÎ °Ï¨³ ¸É ÉÊ¸μ³ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¶μ¤É¢¥·¦¤ ¥É¸Ö ¶· ¢¨²Ó´μ¸ÉÓ
μ¡Ð¨Ì μ¶·¥¤¥²¥´¨°, ¤ ´´ÒÌ ¢ÒÏ¥ ¶·¨ ¶μ¸É·μ¥´¨¨ £· ¢¨¤¨´ ³¨±¨.

� ¸¸³μÉ·¨³ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ´  Ëμ´¥ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö
´¥±μÉμ·μ° ¶μ²´μ° ¸¨¸É¥³Ò ¶μ²¥°, ±μÉμ· Ö Ì · ±É¥·¨§Ê¥É¸Ö Éμ²Ó±μ É¥³, ÎÉμ
¸±μ·μ¸ÉÓ ¨§³¥´¥´¨Ö £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ²  ¸μ ¢·¥³¥´¥³ ¶·μ¶μ·Í¨μ-

´ ²Ó´  £· ¢¨É Í¨μ´´μ³Ê ¶μÉ¥´Í¨ ²Ê, É. ¥. Dtgij =
1
2
ϕgij . ‚ É ±μ³ ¶·¨¡²¨-

¦¥´¨¨, ±μ£¤  Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ Ö¢²Ö¥É¸Ö ¢´¥Ï´¨³ ¶μ μÉ´μÏ¥´¨Õ ±
Ô²¥±É·μ³ £´¨É´μ³Ê ¶μ²Õ, ¤²Ö ¶²μÉ´μ¸É¨ Ô´¥·£¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨§
Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¢Ò¢μ¤¨É¸Ö ¸²¥¤ÊÕÐ¥¥ μ¡Ð¥±μ¢ ·¨ ´É´μ¥ Ê· ¢´¥´¨¥:

1
√

g
Dt(

√
gεm) + ∇iΠi = 0.

�Éμ ¢ ÉμÎ´μ¸É¨ § ±μ´ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ Ê± § ´-
´μ³ ¶·¨¡²¨¦¥´¨¨, ±μ£¤  ¶μÉμ± Ô´¥·£¨¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö · ¢¥´

Gj = −3
2
hi

j∂iϕ.

’ ±¨³ μ¡· §μ³, ¶μ¸É·μ¥´  ¶μ¸²¥¤μ¢ É¥²Ó´ Ö μ¡Ð¥±μ¢ ·¨ ´É´ Ö É¥μ·¨Ö
¢§ ¨³μ¤¥°¸É¢¨Ö ¸¢¥É  ¨ £· ¢¨É Í¨¨, ±μÉμ· Ö ´¥ ¢¸ÉÊ¶ ¥É ¢ ¶·μÉ¨¢μ·¥Î¨¥ ¸
É¥³ μÎ¥¢¨¤´Ò³ Ë ±Éμ³, ÎÉμ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ¶μ²¥°:
Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ.

8. ���‘’���‘’‚…���Ÿ ‘ˆŒŒ…’�ˆŸ

�·μ¸É· ´¸É¢¥´´ Ö ¸¨³³¥É·¨Ö ¶·¥¤¸É ¢²¥´  £·Ê¶¶μ° ²μ± ²Ó´ÒÌ ¤¨ËË¥μ-
³μ·Ë¨§³μ¢ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¨ ¶·¨μ¡·¥É ¥É ¢ ¦´μ¥ §´ Î¥´¨¥ ¶·¨
·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¤¦¥Ë¸É É¨±¨ ¨ ¤¦¥Ë¤¨´ ³¨±¨. „ ¤¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
μ¶·¥¤¥²¥´¨Ö, ¸μ£² ¸μ¢ ´´Ò¥ ¸ ¤¦¥Ë¸¨³³¥É·¨¥°. ƒ·Ê¶¶  ¤¦¥Ë¸¨³³¥É·¨¨ ¨´-
É· ´§¨É¨¢´  ¨ · §¡¨¢ ¥É ³´μ¦¥¸É¢μ ¶μÉ¥´Í¨ ²μ¢ Pi ´  ±² ¸¸Ò Ô±¢¨¢ ²¥´É-
´μ¸É¨. ‹μ± ²Ó´Ò° ¤¨ËË¥μ³μ·Ë¨§³ É ±¦¥ Ê¸É ´ ¢²¨¢ ¥É μÉ´μÏ¥´¨¥ Ô±¢¨¢ -
²¥´É´μ¸É¨ ¢ ³´μ¦¥¸É¢¥ ¶μÉ¥´Í¨ ²μ¢ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. „¢  ¶μÉ¥´Í¨ ²  P̃i
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¨ Pi ¡Ê¤ÊÉ Ô±¢¨¢ ²¥´É´Ò, ¥¸²¨ ¸ÊÐ¥¸É¢Ê¥É É ±μ° ²μ± ²Ó´Ò° ¤¨ËË¥μ³μ·Ë¨§³,
ÎÉμ

P̃ i
jk(u) = ϕi

l(u)(P l
mn(u)fm

j (u)fn
k (u) + ∂jf

l
k(u),

£¤¥
f i

j(u) = ∂jf
i(u), ϕi

j(u) = ∂jϕ
i(u).

‹μ± ²Ó´Ò° ¤¨ËË¥μ³μ·Ë¨§³ μ¸É ¢²Ö¥É ¨´¢ ·¨ ´É´Ò³ ±² ¸¸ Ô±¢¨¢ ²¥´É´μ¸É¨,
μ¶·¥¤¥²Ö¥³Ò° ¤¦¥Ë¸¨³³¥É·¨¥°, ¥¸²¨ ´¥±μÉμ·Ò° Ô²¥³¥´É ÔÉμ£μ ±² ¸¸  Ô±¢¨-
¢ ²¥´É´μ¸É¨ ¶·¥μ¡· §Ê¥É¸Ö ²μ± ²Ó´Ò³ ¤¨ËË¥μ³μ·Ë¨§³μ³ ¢, ¢μμ¡Ð¥ £μ¢μ·Ö,
¤·Ê£μ° Ô²¥³¥´É Éμ£μ ¦¥ ±² ¸¸  Ô±¢¨¢ ²¥´É´μ¸É¨. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤μ²¦´μ
¡ÒÉÓ

P̃j = SPjS−1 + S∂jS−1

¤²Ö ²Õ¡μ£μ S. ‡ ¶¨Ï¥³ ÔÉμ Ê· ¢´¥´¨¥ ¢ ¨´Ë¨´¨É¥§¨³ ²Ó´μ° Ëμ·³¥, ¶μ² £ Ö

ϕi(u) = ui + si(u), f i(u) = ui − si(u),

S = E + U, S−1 = E − U, U = (U i
j).

�μ¸²¥ ´¥±μÉμ·ÒÌ ¶·¥μ¡· §μ¢ ´¨° μ±μ´Î É¥²Ó´Ò° ·¥§Ê²ÓÉ É ¶·¨´¨³ ¥É É ±μ°
¢¨¤:

DjW + siHij = DjU, W = (W i
j ) = (∂js

i + P i
kjs

k).

’ ± ± ± É¥´§μ·´μ¥ ¶μ²¥ U i
j ³μ¦¥É ¡ÒÉÓ ²Õ¡Ò³, Éμ, ´¥ ´ ·ÊÏ Ö μ¡Ð´μ¸É¨,

³μ¦´μ ¶μ²μ¦¨ÉÓ U = W ¨ § ¶¨¸ ÉÓ Ê¸²μ¢¨¥ ¨´¢ ·¨ ´É´μ¸É¨ ¶μÉ¥´Í¨ ² 
¤¦¥Ë  ¨ ¥£μ ¸¨´£²¥É´μ£μ ¸μ¸ÉμÖ´¨Ö μÉ´μ¸¨É¥²Ó´μ ²μ± ²Ó´ÒÌ ¤¨ËË¥μ³μ·Ë¨§-
³μ¢ ¢ ¸²¥¤ÊÕÐ¥° Ëμ·³¥, Ö¢´μ ¨´¢ ·¨ ´É´μ° μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°
¤¦¥Ë¸¨³³¥É·¨¨:

siHij = 0, siFij = 0. (38)

…¸²¨ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ¸μ¸ÉμÖ´¨¥ ¤¦¥Ë  ¡Ò²μ ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ
¢¸¥Ì ²μ± ²Ó´ÒÌ ¤¨ËË¥μ³μ·Ë¨§³μ¢, Éμ ¤μ²¦´μ ¡ÒÉÓ

Hij = 0, Fij = 0.

ˆ´¢ ·¨ ´É´μ¥ ¸μ¸ÉμÖ´¨¥ Ö¢²Ö¥É¸Ö μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ¤¦¥Ë  ¨ · ¸¸³ É·¨-
¢ ²μ¸Ó ¢ÒÏ¥.

�·¨³¥´¨³ ¢Ò¢¥¤¥´´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ´ Ìμ¦¤¥´¨Ö ¸μ¸ÉμÖ´¨Ö Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö, ¨´¢ ·¨ ´É´μ¥ μÉ´μ¸¨É¥²Ó´μ ¢· Ð¥´¨°. ’·μ°±  ¢¥±Éμ·´ÒÌ
¶μ²¥°, μ¶·¥¤¥²ÖÕÐ Ö £·Ê¶¶Ê ¢· Ð¥´¨° O(3) ¢ ¥¸É¥¸É¢¥´´ÒÌ ±μμ·¤¨´ É Ì
x = x1, y = x2, z = x3, t ¨³¥¥É ¢¨¤

s1 = (0, x3, −x2, 0), s2 = (−x3, 0, x1, 0), s3 = (x2, −x1, 0, 0).

’ ± ± ± t = (0, 0, 0, 1, ), ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö

[s2 × s3] = x1r, [s3 × s1] = x2r, [s1 × s2] = x3r,
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£¤¥ r = (x1, x2, x3, 0). ‚¥±Éμ·Ò · ¸c³ É·¨¢ ¥³μ° É·μ°±¨ μ·Éμ£μ´ ²Ó´Ò · -
¤¨Ê¸Ê-¢¥±Éμ·Ê ¨ ²¨´¥°´μ ¸¢Ö§ ´Ò:

(s1, r) = (s2, r) = (s3, r) = 0, x1s1 + x2s2 + x3s3 = 0.

ˆ§ (38) ¤²Ö ´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥° ¶μ²ÊÎ ¥³
Ê· ¢´¥´¨¥

(s, E)t = (s, t)E + [s× H] = 0.

…¸²¨ (s, t) = 0, Éμ μÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤μ²¦´μ ¡ÒÉÓ

(s, E) = 0, [s× H] = 0.

’ ±¨³ μ¡· §μ³, ¨´¢ ·¨ ´É´μ¥ μÉ´μ¸¨É¥²Ó´μ ¢· Ð¥´¨° ¸μ¸ÉμÖ´¨¥ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö ´ Ìμ¤¨É¸Ö ± ± ·¥Ï¥´¨¥ ¸¨cÉ¥³Ò Ê· ¢´¥´¨°

(sμ, E) = 0, [sμ × H] = 0, μ = 1, 2, 3.

�É¸Õ¤  ´ Ìμ¤¨³, ÎÉμ
E = α(r)r, H = 0.

…¸²¨ ¤¨¢¥·£¥´Í¨Ö ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö · ¢´  ´Ê²Õ, Éμ μÉ¸Õ¤ 
²¥£±μ ´ Ìμ¤¨É¸Ö, ÎÉμ α(r) = Cr−3, £¤¥ C Å ¶μ¸ÉμÖ´´ Ö. �É¸Õ¤  ¸²¥¤Ê¥É,
ÎÉμ ³ £´¨É´Ò° § ·Ö¤ ¨³¥¥É μÉ´μÏ¥´¨¥ ± μ¸´μ¢´μ³Ê ¸μ¸ÉμÖ´¨Õ Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö, μ¶·¥¤¥²Ö¥³μ³Ê Ê· ¢´¥´¨¥³ Fij = 0. �¡Ð¥¥ ·¥Ï¥´¨¥ ÔÉμ£μ
Ê· ¢´¥´¨Ö μ¡¸Ê¦¤ ²μ¸Ó ¶·¨ ¨§²μ¦¥´¨¨ ¸¶¨´¤¨´ ³¨±¨.

9. ��ˆ—ˆ���Ÿ ‘’�“Š’“�� “��‚�…�ˆ‰ ����™…���ƒ�
�‹…Š’��Œ�ƒ�ˆ’��ƒ� ��‹Ÿ

‚Ò¢μ¤ ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö,
· ¸±·Ò¢ ÕÐ¨° ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ÔÉ¨Ì Ê· ¢´¥´¨°, ¶·μ¢¥¤¥³, μ¶¨· Ö¸Ó ´ 
¸Ì¥³Ê · ¸¸Ê¦¤¥´¨°, ¶·¨³¥´¥´´ÊÕ ¶·¨ ¢Ò¢μ¤¥ Ê· ¢´¥´¨° Œ ±¸¢¥²² . � Î´¥³
¸ Ê· ¢´¥´¨° (10), § ¶¨¸ ´´ÒÌ ¢ μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥. �μ²μ¦¨³

∗
Hij =

1
2
eijklHkl,

∗
Hij =

1
2
eijklHkl.

’μ£¤  μ¡¸Ê¦¤ ¥³Ò¥ Ê· ¢´¥´¨Ö § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

∇i

∗
Hij + [Wi,

∗
Hij ] = 0.

‚¢¥¤¥³ Ô²¥±É·¨Î¥¸±ÊÕ ¨ ³ £´¨É´ÊÕ ´ ¶·Ö¦¥´´μ¸É¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö ¸μμÉ´μÏ¥´¨Ö³¨

Ji = tkHik, Mi = tk
∗
Hik,
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Hik = −tiJk + tkJi − eikjlt
jMl.

�É¸Õ¤  ´ Ìμ¤¨³
∗
H

ij = −tiM j + tjM i − eijkltkJl.

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ ÔÉμ£μ ¢Ò· ¦¥´¨Ö ¢ ¨¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö ¢Ò¢μ¤¨³ É ±ÊÕ
μ¡Ð¥±μ¢ ·¨ ´É´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ´ ¶·Ö¦¥´´μ¸É¥° ¤¦¥Ë :

∇iMi + [Wi,Mi] = 0,

DtMi + ϕMi = −eijkltj(∇kJl + [Wk,Jl]),

£¤¥
DtMi = tk∇kMi + tk[Wk,Mi] − Mk∇kti, ϕ = ∇it

i.

�μ¸±μ²Ó±Ê

∇kJl + [Wk, bfJ l] = DkJl − Γn
klJn, DtMi = tkDkMi − Mk∂kti,

∇iMi + [Wi,Mi] =
1
√

g
Di(

√
gMi),

Ê¸É ´μ¢²¥´´Ò¥ Ê· ¢´¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

1
√

g
Di(

√
gMi) = 0,

tkDkMi − Mk∂kti + ϕMi = −eijkltjDkJl.

ˆ´¢ ·¨ ´É´μ¸ÉÓ ÔÉμ° £·Ê¶¶Ò Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë-
¸¨³³¥É·¨¨ μÎ¥¢¨¤´ .

�¥·¥°¤¥³ ± ¤·Ê£μ° £·Ê¶¶¥ Ê· ¢´¥´¨° ¤¦¥Ë¤¨´ ³¨±¨, ±μÉμ·ÊÕ ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

∇iH
ij

+ [Wi,H
ij

] + μ2T
j

= 0,

£¤¥
H

ij
= gikgjlHkl, Wi = Pi − Γi, T

i
= gikTk.

‚¢¥¤¥´¨¥ ¢¸¶μ³μ£ É¥²Ó´μ£μ É¥´§μ·´μ£μ ¶μ²Ö gij ¶μ§¢μ²Ö¥É ¤²Ö ¢Ò¢μ¤  ¢Éμ·μ°
¶ ·Ò Ê· ¢´¥´¨° ¤¦¥Ë¤¨´ ³¨±¨ ¶·¨³¥´¨ÉÓ ÉμÉ ¦¥ ³¥Éμ¤, ÎÉμ ¨ · ´¥¥. ‚ ¦´μ¥
§´ Î¥´¨¥ Ë ±É¨Î¥¸±¨ ¨³¥¥É Éμ²Ó±μ ¸μμÉ´μÏ¥´¨¥

H
ij

= tiJj − tjJi − eijkltkMl

¨ · §²μ¦¥´¨¥
Ti = (Ti − tit

kTk) + tit
kTk = Si + tiS.
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�μÔÉμ³Ê ¢Ò¶¨Ï¥³ ¸· §Ê ±μ´¥Î´Ò° ·¥§Ê²ÓÉ É

1
√

g
Di(

√
gJi) = μ2S,

tkDkJi − Jk∂kti + ϕJi = eijkltjDkJl + μ2Si.

‚¢¥¤¥³ μ¶¥· Éμ·Ò Rot ¨ Div, ¶μ² £ Ö

J = (Ji), RotJ = (eijkltjDkJl), Div J =
1
√

g
Di(

√
gJi).

‚ ¶·¨´ÖÉÒÌ μ¡μ§´ Î¥´¨ÖÌ ¶μ²´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° μ¡μ¡Ð¥´´μ£μ Ô²¥±-
É·μ³ £´¨É´μ£μ ¶μ²Ö ¶·¨´¨³ ¥É ¢¨¤

DtM + ϕM = −RotJ, Div M = 0, tiMi = 0, (39)

DtJ + ϕJ = RotM + μ2S, Div J = μ2S, tiJi = 0. (40)

Š ± ¢¨¤´μ, ¤¦¥Ë¸¨³³¥É·¨Ö ¢´μ¸¨É ¸¢μ¨ ±μ··¥±É¨¢Ò ¢ μ¶·¥¤¥²¥´¨¥ μ¶¥· -
Éμ·  Ô¢μ²ÕÍ¨¨ ¨ ÔÉμÉ μ¶¥· Éμ· Ö¢²Ö¥É¸Ö · §²¨Î´Ò³ ¤²Ö £· ¢¨É Í¨μ´´μ£μ
¶μ²Ö, ¸¶¨´μ¢μ£μ ¶μ²Ö ¨ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, ÎÉμ, ±μ´¥Î´μ,
μ¡Ê¸²μ¢²¥´μ É¥³, ± ± ¢¸ÉÊ¶ ¥É ¢ ¨£·Ê £¥μ³¥É·¨Î¥¸± Ö ¢´ÊÉ·¥´´ÖÖ ¸¨³³¥É·¨Ö,
μ¶·¥¤¥²ÖÕÐ Ö ¸É ÉÊ¸ ËÊ´¤ ³¥´É ²Ó´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶μ²¥°.

10. ‚‡�ˆŒ�„…‰‘’‚ˆ… ‘ „�“ƒˆŒˆ ��‹ŸŒˆ

�¡μ¡Ð¥´´μ¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ £· ¢¨É Í¨μ´´Ò³
¶μ²¥³. ‚§ ¨³μ¤¥°¸É¢¨¥ ¤¦¥Ë  ¸μ ¸¶¨´μ¢Ò³ ¶μ²¥³ ³μ¦¥É ¶·μ¨¸Ìμ¤¨ÉÓ Éμ²Ó±μ
¶μ ± ´ ²Ê, μ¶·¥¤¥²Ö¥³μ³Ê ² £· ´¦¨ ´μ³

Lint = qBiC
i, Bi = TrPi.

’ ±μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢Ò£²Ö¤¨É ´¥¥¸É¥¸É¢¥´´Ò³, É ± ± ±, ¡¥·Ö ¸²¥¤ μÉ ³μ-
¤¨Ë¨Í¨·μ¢ ´´ÒÌ Ê· ¢´¥´¨° μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, ¶μ²ÊÎ¨³,
ÎÉμ ¸¶¨´μ¢μ¥ ¶μ²¥ Ë ±É¨Î¥¸±¨ ¢§ ¨³μ¤¥°¸É¢Ê¥É ¸ ¸¨´£²¥É´Ò³ ¸μ¸ÉμÖ´¨¥³
¤¦¥Ë . ‚Ò¢μ¤ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ É¥μ·¨Õ μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö ´Ê¦´μ ¶μ¸É·μ¨ÉÓ É ±, ÎÉμ¡Ò ¸¨´£²¥É´μ¥ ¸μ¸ÉμÖ´¨¥ ¤¦¥Ë  ¢Ò¸ÉÊ¶ ²μ
± ± ´¥§ ¢¨¸¨³μ¥ ¶μ²¥. �Éμ, ¤¥°¸É¢¨É¥²Ó´μ, ³μ¦´μ μ¸ÊÐ¥¸É¢¨ÉÓ ¸²¥¤ÊÕÐ¨³
μ¡· §μ³. ‚¢μ¤¨³ ¢ · ¸¸³μÉ·¥´¨¥ É¥´§μ·´μ¥ ¶μ²¥

Gij = Hij −
1
n

TrHij ,
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¸²¥¤ ±μÉμ·μ£μ μÎ¥¢¨¤´μ · ¢¥´ ´Ê²Õ. ’ ±¨³ μ¡· §μ³, ´¥μ¡Ìμ¤¨³μ ¤²Ö ³μ¤¨Ë¨-
Í¨·μ¢ ´´μ£μ É¥´§μ·  ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²ÊÎ¨ÉÓ É ±¨¥ ¦¥ Ê· ¢´¥´¨Ö, ± ± ¨ ¤²Ö
É¥´§μ·  ´ ¶·Ö¦¥´´μ¸É¨ Hij . „²Ö ÔÉμ£μ ´Ê¦´μ ± ² £· ´¦¨ ´Ê (14) ¤μ¡ ¢¨ÉÓ
¸² £ ¥³μ¥

Lad =
1
4n

TrHijTrHij .

‚ ·Ó¨·ÊÖ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ² £· ´¦¨ ´, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨Ö

1
√

g
Di(

√
gGij) = 2Tj ,

±μÉμ·Ò¥ ¶μ Ëμ·³¥ ´¥ μÉ²¨Î ÕÉ¸Ö μÉ Ê· ¢´¥´¨° (15), ´μ ¨§ ±μÉμ·ÒÌ ¸²¥¤Ê¥É,
ÎÉμ ¸²¥¤ μÉ É¥´§μ·  Tj ¤μ²¦¥´ · ¢´ÖÉÓ¸Ö ´Ê²Õ. ’ ±¨³ μ¡· §μ³, ¸±·ÒÉÒ°
ÉÖ¦¥²Ò° ¸¢¥É ¢§ ¨³μ¤¥°¸É¢Ê¥É Éμ²Ó±μ £· ¢¨É Í¨μ´´μ.

‚Ò¶¨Ï¥³ É¥¶¥·Ó ¢ μ±μ´Î É¥²Ó´μ° Ëμ·³¥ ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö μ¡μ¡-
Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨ ¥£μ ¸¨´£²¥É´μ£μ ¸μ¸ÉμÖ´¨Ö, ´μ ¸ ÊÎ¥-
Éμ³ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²Ö ” · ¤¥ÖÄŒ ±¸¢¥²²  ¸μ ¸¶¨´μ¢Ò³ ¶μ²¥³. “· ¢´¥´¨Ö
μ¡μ¡Ð¥´´μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö

DtM + ϕM = −RotJ, Div M = 0, tiMi = 0, TrM = 0, TrJ = 0,

DtJ + ϕJ = RotM + μ2S, Div J = μ2S, tiJi = 0.

“· ¢´¥´¨Ö Œ ±¸¢¥²² 

rotE = − 1
√

g
Dt(

√
gH), div H = 0, (t,H) = 0,

rotH =
1
√

g
Dt(

√
gE) + J, div E = ρ, (t,E) = 0,

£¤¥

ρ = tiC
i, J i = Ci − ti(t,C)

¸ÊÉÓ ¸μμÉ¢¥É¸É¢¥´´μ ¶²μÉ´μ¸ÉÓ ¨ Ë¨§¨Î¥¸±¨° Éμ± ¸¶¨´μ¢μ£μ ¶μ²Ö.
‚ ¦´μ¥ § ³¥Î ´¨¥. ‚ ·¥§Ê²ÓÉ É¥ ¢±²ÕÎ¥´¨Ö ¢§ ¨³μ¤¥°¸É¢¨Ö μ¡μ¡Ð¥´´μ£μ

Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸ ¥£μ μ¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ´ ·ÊÏ ¥É¸Ö ¨´¢ ·¨ ´É-
´μ¸ÉÓ Ê· ¢´¥´¨° ¤¦¥Ë¸É É¨±¨ ¨ ¤¦¥Ë¤¨´ ³¨±¨ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°
¤¦¥Ë¸¨³³¥É·¨¨. �·¨ ÔÉμ³ ¢¸¥ ¢ ¦´Ò¥ ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¢¥²¨Î¨´Ò
μ¸É ÕÉ¸Ö ¨´¢ ·¨ ´É´Ò³¨ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° ¤¦¥Ë¸¨³³¥É·¨¨. �Éμ
Ö¢²¥´¨¥ ³μ¦´μ ´ §¢ ÉÓ ¥¸É¥¸É¢¥´´Ò³ ´ ·ÊÏ¥´¨¥³ ¤¦¥Ë¸¨³³¥É·¨¨.
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