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‘· ¢´¥´¨¥ ³¥Éμ¤μ¢ Ë· ±É ²Ó´μ£μ  ´ ²¨§  ¶·¨ ¨§ÊÎ¥´¨¨ Ë· ±É ²μ¢
¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥°

�¡¸Ê¦¤ ¥É¸Ö ¶μ´ÖÉ¨¥ · §³¥·´μ¸É¨ ± ± ±μ²¨Î¥¸É¢¥´´μ° Ì · ±É¥·¨¸É¨±¨ £¥μ-
³¥É·¨¨ ¶·μ¸É· ´¸É¢ . �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ  ¤·μ´Ò, ·μ¦¤¥´´Ò¥ ¢μ ¢§ ¨³μ¤¥°-
¸É¢¨ÖÌ Î ¸É¨Í ¨ Ö¤¥·, ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ´ ¡μ·Ò ÉμÎ¥± ¢ É·¥Ì³¥·´μ³
Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ (pT , η, φ), μ¡² ¤ ÕÐ¨¥ ¸¢μ°¸É¢ ³¨ Ë· ±É ² . � §³¥·´μ¸ÉÓ
• Ê¸¤μ·Ë Ä	¥§¨±μ¢¨Î  DF · ¸¸³ É·¨¢ ¥É¸Ö ± ± ´ ¨¡μ²¥¥ ¥¸É¥¸É¢¥´´ Ö Ì · ±-
É¥·¨¸É¨±  ¤²Ö μ¶·¥¤¥²¥´¨Ö · §³¥·´μ¸É¨ Ë· ±É ² . �·¨¢¥¤¥´μ ¸· ¢´¥´¨¥ · §-
²¨Î´ÒÌ ³¥Éμ¤μ¢ Å ¶μ¤¸Î¥É  ±²¥Éμ± (BC), P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (PaC), ¸¨¸É¥³
Ê· ¢´¥´¨° P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (SePaC), μ¶·¥¤¥²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·-
´μ¸É¨. �·¥¤¸É ¢²¥´  ¶·μÍ¥¤Ê·  ¢Ò¡μ·  μ¶É¨³ ²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ · ¸-
¸³ É·¨¢ ¥³ÒÌ ³¥Éμ¤μ¢. �μ± § ´μ, ÎÉμ ÔÉ¨ ¶ · ³¥É·Ò ¶μ§¢μ²ÖÕÉ ¢μ¸¸É ´μ¢¨ÉÓ
Ë· ±É ²Ó´ÊÕ · §³¥·´μ¸ÉÓ DF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° Nlev ¨ ¸É·Ê±ÉÊ·Ê Ë· ±É ²  ¸
³ ±¸¨³ ²Ó´μ° ÔËË¥±É¨¢´μ¸ÉÓÕ. �É³¥Î ÕÉ¸Ö μ¸μ¡¥´´μ¸É¨ PaC- ¨ SePaC-³¥Éμ¤μ¢
¶·¨  ´ ²¨§¥ Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ Ë¨§¨±¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° ¨³. ‚.ˆ. ‚¥±¸²¥· 
¨ �.Œ. 	 ²¤¨´  �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2013

Dedovich T.G., Tokarev M.V. P11-2013-5
Comparison of Fractal Analysis Methods
in the Study of Fractals with Independent Branching

Dimension as a quantitative characteristic of a space geometry is discussed.
Hadrons produced in collisions of particles and nuclei are assumed to be sample of
points in 3D-space (pT , η, φ) having properties of a fractal. HausdorffÄBesicovitch
dimension is regarded as the most natural quantity to determine the fractal dimen-
sion DF . Results of comparison of the various methods as Box Counting (BC),
P-adic Coverage (PaC), System of Equation of P-adic Coverage (SePaC), to deter-
mine a fractal dimension are presented. The procedure to determine the optimal
values of the parameters of these methods is described. It allows us to ˇnd the
fractal dimension, number of fractal levels, and fractal structure with maximal efˇ-
ciency. Features of PaC and SePaC methods for analysis of fractals with independnet
branching are noted.

The investigation has been performed at the Veksler and Baldin Laboratory of
High Energy Physics, JINR.
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‚μ ¢¸¥ ¶¥·¨μ¤Ò · §¢¨É¨Ö Ë¨§¨±¨ ¶·¥¤¸É ¢²¥´¨¥ μ ¶·μ¸É· ´¸É¢¥ ¨ ¢·¥-
³¥´¨ ¨³¥²μ ËÊ´¤ ³¥´É ²Ó´μ¥ §´ Î¥´¨¥. ‚ É¥Î¥´¨¥ ÉÒ¸ÖÎ¥²¥É¨° ¶·μ¸É· ´-
¸É¢μ ¨ ¢·¥³Ö · ¸¸³ É·¨¢ ²¨¸Ó · §¤¥²Ó´μ ¨ ´ ¤¥²Ö²¨¸Ó ¥¢±²¨¤μ¢μ° ³¥É·¨±μ°.
‚ XIX ¢. ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö ± ·¤¨´ ²Ó´μ ¨§³¥´¨²¨¸Ó. ‚ ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨
μÉ´μ¸¨É¥²Ó´μ¸É¨ ¶·μ¸É· ´¸É¢μ ¨ ¢·¥³Ö ¥¤¨´Ò. �´¨ μ¡· §ÊÕÉ ¶·μ¸É· ´¸É¢μ
Œ¨´±μ¢¸±μ£μ, Ì · ±É¥·¨§Ê¥³μ¥ ¶¸¥¢¤μ¥¢±²¨¤μ¢μ° ³¥É·¨±μ°. ‚ μ¡Ð¥° É¥μ-
·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨ Î¥ÉÒ·¥Ì³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ´ ¤¥²Ö¥É¸Ö ¶¸¥¢¤μ·¨³ ´μ-
¢μ° ³¥É·¨±μ°.

�¤´μ° ¨§ ±μ²¨Î¥¸É¢¥´´ÒÌ Ì · ±É¥·¨¸É¨± ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨ Ö¢²Ö¥É¸Ö
· §³¥·´μ¸ÉÓ. …¥ μ¶·¥¤¥²¥´¨¥ ¢ ³ É¥³ É¨±¥ ¨ Ë¨§¨±¥ ¨³¥¥É ¶·¨´Í¨¶¨ ²Ó´Ò¥
· §²¨Î¨Ö. ‚ ³ É¥³ É¨±¥ ¸ÊÐ¥¸É¢Ê¥É ´¥¸±μ²Ó±μ Ëμ·³ ²Ó´ÒÌ · ¢´μ¶· ¢´ÒÌ
μ¶·¥¤¥²¥´¨° · §³¥·´μ¸É¨ [1]. ”¨§¨Î¥¸±μ¥ μ¶·¥¤¥²¥´¨¥ ´ ±² ¤Ò¢ ¥É ¤μ¶μ²-
´¨É¥²Ó´Ò¥ μ£· ´¨Î¥´¨Ö, μÉ· ¦ ÕÐ¨¥ ¸¢Ö§Ó · §³¥·´μ¸É¨ ¸ ¨§³¥·Ö¥³Ò³¨ ¢¥²¨-
Î¨´ ³¨, ËÊ´¤ ³¥´É ²Ó´Ò³¨ Ë¨§¨Î¥¸±¨³¨ ¸É·Ê±ÉÊ· ³¨, § ±μ´ ³¨ ¸μÌ· ´¥´¨Ö,
³¥É·¨Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨. ‚ 1917 £. ¢ ®’·Ê¤ Ì �³¸É¥·-
¤ ³¸±μ°  ± ¤¥³¨¨¯ ¡Ò²  μ¶Ê¡²¨±μ¢ ´  ¸É ÉÓÖ �. �·¥´Ë¥¸É  ®Š ±¨³ μ¡· -
§μ³ ¢ ËÊ´¤ ³¥´É ²Ó´ÒÌ § ±μ´ Ì Ë¨§¨±¨ ¶·μÖ¢²Ö¥É¸Ö Éμ, ÎÉμ ¶·μ¸É· ´¸É¢μ
¨³¥¥É É·¨ ¨§³¥·¥´¨Ö¯. �¢Éμ· ¶·¨Ï¥² ± ¢Ò¢μ¤Ê, ÎÉμ · §³¥·´μ¸ÉÓ ´¥ Ö¢²Ö¥É¸Ö
 ¶·¨μ·´Ò³ Î¨¸²μ³,   ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ë¨§¨Î¥¸±μ¥ ¶μ´ÖÉ¨¥, μ¡² ¤ ÕÐ¥¥
μ¶·¥¤¥²¥´´Ò³ Ô³¶¨·¨Î¥¸±¨³ ¸É ÉÊ¸μ³. � §¢¨É¨¥ ±¢ ´Éμ¢μ° Ë¨§¨±¨ ¶·¨¢¥²μ ±
¸μ³´¥´¨Õ μ ´¥¶·¥·Ò¢´μ° ¸É·Ê±ÉÊ·¥ ¶·μ¸É· ´¸É¢ -¢·¥³¥´¨, ¶μÖ¢²¥´¨Õ ´μ¢μ£μ
¶·¥¤¸É ¢²¥´¨Ö μ ¥£μ ¤¨¸±·¥É´μ¸É¨ ¨ § ¢¨¸¨³μ¸É¨ · §³¥·´μ¸É¨ ¶·μ¸É· ´¸É¢ 
μÉ ³ ¸ÏÉ ¡ . ‚ ±¢ ´Éμ¢μ° É¥μ·¨¨ ¶μ²Ö ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò · ¸Ìμ¤¨³μ¸É¥°
¶·¨¢¥²μ ± ¢¢¥¤¥´¨Õ ³¥Éμ¤  · §³¥·´μ° ·¥£Ê²Ö·¨§ Í¨¨, ¨¸¶μ²Ó§ÊÕÐ¥£μ ´¥Í¥-
²μ¥ §´ Î¥´¨¥ · §³¥·´μ¸É¨ μ¡Ñ¥³²ÕÐ¥£μ ¶·μ¸É· ´¸É¢ .

�¤¨´ ¨§ ³ É¥³ É¨Î¥¸±¨Ì ³¥Éμ¤μ¢ [1] ´ Ìμ¦¤¥´¨Ö ´¥Í¥²μÎ¨¸²¥´´μ° · §-
³¥·´μ¸É¨ ¤¨¸±·¥É´μ£μ ³´μ¦¥¸É¢  μ¸´μ¢ ´ ´  μ¶·¥¤¥²¥´¨¨ ³¥·Ò • Ê¸¤μ·Ë .
�μ¸²¥¤´ÖÖ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨¥³:

Mδ = lim
ε→0

inf
K

N∑

i=1

lδi . (1)

‡¤¥¸Ó μ¶¥· Éμ· inf μ§´ Î ¥É ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ¶μ ¢¸¥³ ¢μ§³μ¦´Ò³ ¶μ-
±·ÒÉ¨Ö³ K ³´μ¦¥¸É¢ . „¨ ³¥É·Ò Ï ·μ¢ ¶μ±·ÒÉ¨Ö li ´¥ ¶·¥¢ÒÏ ÕÉ §´ Î¥-
´¨¥ ε. � §³¥·´μ¸ÉÓ • Ê¸¤μ·Ë Ä	¥§¨±μ¢¨Î  DF μ¶·¥¤¥²Ö¥É¸Ö ± ± §´ Î¥´¨¥ δ,
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¶·¨ ±μÉμ·μ³ ³¥·  Mδ ¨³¥¥É ±μ´¥Î´μ¥ §´ Î¥´¨¥ [2]. ‚¥²¨Î¨´  ε−1 ´ §Ò¢ -
¥É¸Ö · §·¥Ï¥´¨¥³. �´  Ì · ±É¥·¨§Ê¥É · §²¨Î ¥³ÊÕ ¸É·Ê±ÉÊ·´μ¸ÉÓ ³´μ¦¥¸É¢ 
´  ³ ¸ÏÉ ¡ Ì ´¥ ³¥´ÓÏ¥ ε. �¡Ñ¥±ÉÒ, ¤²Ö ±μÉμ·ÒÌ ¢¥²¨Î¨´  DF ¶·¨´¨³ ¥É
´¥Í¥²μÎ¨¸²¥´´μ¥ §´ Î¥´¨¥, ¢ μÉ²¨Î¨¥ μÉ Éμ¶μ²μ£¨Î¥¸±μ° · §³¥·´μ¸É¨ DT ,
´ §Ò¢ ÕÉ¸Ö Ë· ±É ² ³¨. �É²¨Î¨É¥²Ó´μ° Î¥·Éμ° Ë· ±É ²μ¢ Ö¢²Ö¥É¸Ö ¨Ì ¸ ³μ-
¶μ¤μ¡¨¥ ´  · §´ÒÌ ³ ¸ÏÉ ¡ Ì.

‚ Ë¨§¨±¥ ¢Ò¸μ±¨Ì Ô´¥·£¨° ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ  ¤·μ´Ò, ·μ¦¤¥´´Ò¥ ¢μ
¢§ ¨³μ¤¥°¸É¢¨ÖÌ Î ¸É¨Í ¨ Ö¤¥·, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ´ ¡μ·Ò ÉμÎ¥± ¢ É·¥Ì-
³¥·´μ³ Ë §μ¢μ³ ¶·μ¸É· ´¸É¢¥ (pT , η, φ). ‡¤¥¸Ó pT Å ¶μ¶¥·¥Î´Ò° ¨³¶Ê²Ó¸,
η Å ¶¸¥¢¤μ¡Ò¸É·μÉ  ¨ φ Å  §¨³ÊÉ ²Ó´Ò° Ê£μ² Î ¸É¨ÍÒ. � ¸¶·¥¤¥²¥´¨¥ ÉμÎ¥±
§ ¢¨¸¨É μÉ ³¥Ì ´¨§³  μ¡· §μ¢ ´¨Ö Î ¸É¨Í, ´¥ Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´Ò³ ¨ ³μ¦¥É
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± Ë· ±É ². �μÔÉμ³Ê Ë· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ Ì · ±É¥·¨-
§Ê¥É ¤¨´ ³¨Î¥¸±¨¥ ¸¢μ°¸É¢  ¶·μÍ¥¸¸  μ¡· §μ¢ ´¨Ö Î ¸É¨Í.

„²Ö μ¶·¥¤¥²¥´¨Ö Ë· ±É ²Ó´ÒÌ · §³¥·´μ¸É¥° ¨¸¶μ²Ó§Ê¥É¸Ö ´¥¸±μ²Ó±μ ¡ -
§μ¢ÒÌ ³¥Éμ¤μ¢: ¶μ¤¸Î¥É  ±²¥Éμ± (BC) [3Ä5], ·¥£Ê²Ö·¨§ Í¨¨ [6], R/S ´μ·-
³¨·μ¢ ´´μ£μ · §³ Ì  [7], ³ ±¸¨³Ê³μ¢ ³μ¤Ê²¥° ¢¥°¢²¥É-¶·¥μ¡· §μ¢ ´¨Ö [8].
‚ · ¡μÉ Ì [9, 10] ¶·¥¤¸É ¢²¥´Ò ´μ¢Ò¥ ³¥Éμ¤Ò Ë· ±É ²Ó´μ£μ  ´ ²¨§ : ³¥Éμ¤
P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (PaC) ¨ ³¥Éμ¤ ¸¨¸É¥³ Ê· ¢´¥´¨° P- ¤¨Î¥¸±¨Ì ¶μ±·Ò-
É¨° (SePaC). �´¨ ¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ Ë· ±É ²Ó´ÊÕ · §³¥·´μ¸ÉÓ DF , ±μ-
²¨Î¥¸É¢μ Ê·μ¢´¥° Nlev ¨ ¸É·Ê±ÉÊ·Ê Ë· ±É ²μ¢.

‚ ¤ ´´μ° · ¡μÉ¥ ¶·μ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨-
³Ò³ ¤¥²¥´¨¥³ Î ¸É¥° BC-, PaC- ¨ SePaC-³¥Éμ¤ ³¨. ‚ · §¤. 1 ¶·¥¤¸É ¢²¥´
¸Í¥´ ·¨° ¶ ·Éμ´´μ£μ ²¨¢´Ö ¸ ¶μ¸²¥¤ÊÕÐ¥°  ¤·μ´¨§ Í¨¥°, ¶·¨¢μ¤ÖÐ¨° ±
μ¡· §μ¢ ´¨Õ Ë· ±É ² , ¨ ¸Ëμ·³Ê²¨·μ¢ ´Ò · §²¨Î´Ò¥ £¨¶μÉ¥§Ò Ëμ·³¨·μ¢ -
´¨Ö Ë· ±É ²μ¢. ‚ · §¤. 2 ¤ ´μ μ¶¨¸ ´¨¥ BC-, PaC- ¨ SePaC-³¥Éμ¤μ¢. �·μÍ¥-
¤Ê·  ¢Ò¡μ·  μ¶É¨³ ²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ ³¥Éμ¤μ¢ ¶·¨¢¥¤¥´  ¢ · §¤. 3.
�μ± § ´μ, ÎÉμ ¢Ò¡· ´´Ò¥ ¶ · ³¥É·Ò ¶μ§¢μ²ÖÕÉ ¢μ¸¸É ´μ¢¨ÉÓ Ë· ±É ²Ó´ÊÕ
· §³¥·´μ¸ÉÓ, ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ¨ ¸É·Ê±ÉÊ·Ê Ë· ±É ²  ¸ ³ ±¸¨³ ²Ó´μ° ÔË-
Ë¥±É¨¢´μ¸ÉÓÕ. �¥§Ê²ÓÉ ÉÒ ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§ , ¶μ²ÊÎ¥´´Ò¥ · ¸¸³μÉ·¥´-
´Ò³¨ ³¥Éμ¤ ³¨, ¶·¨¢¥¤¥´Ò ¢ · §¤. 4. �¸´μ¢´Ò¥ ¢Ò¢μ¤Ò ¸Ëμ·³Ê²¨·μ¢ ´Ò
¢ § ±²ÕÎ¥´¨¨.

1. ”��Š’�‹› Š�Š ���’���›… ‹ˆ‚�ˆ
ˆ ���–…‘‘ �„���ˆ‡�–ˆˆ

„²Ö  ´ ²¨§  ¢§ ¨³μ¤¥°¸É¢¨Ö  ¤·μ´μ¢ ¨ Ö¤¥· Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö · §-
²¨Î´Ò¥ ³μ´É¥-± ·²μ-£¥´¥· Éμ·Ò ¸μ¡ÒÉ¨° (PYTHIA ¨ JETSET [11], HER-
WIG [12], SHERPA [13], HIJING [14], ARIADNE [15], UrQMD [16]). �¶¨¸ -
´¨¥ ¢§ ¨³μ¤¥°¸É¢¨Ö  ¤·μ´μ¢ ¢ · ³± Ì ¶ ·Éμ´´μ° ³μ¤¥²¨ ¢±²ÕÎ ¥É ³¥Ì ´¨§³
· §¢¨É¨Ö ¶ ·Éμ´´μ£μ ²¨¢´Ö ¢ ´ Î ²Ó´μ³ ¨ ±μ´¥Î´μ³ ¸μ¸ÉμÖ´¨ÖÌ. �¶¨Ï¥³
±· É±μ ´¥±μÉμ·Ò¥ Ì · ±É¥·´Ò¥ μ¸μ¡¥´´μ¸É¨ ÔÉμ£μ ¶·μÍ¥¸¸ . �·¥¤¶μ² £ ¥É¸Ö,
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�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ¤μ¶Ê¸É¨³ÒÌ ¤¨ ¶ §μ´μ¢ η-¶·μ¸É· ´¸É¢  μÉ Ê·μ¢´Ö Ë· ±É ² .
”· ±É ²Ò ¸ ´¥§ ¢¨¸¨³Ò³ ( ) ¨ § ¢¨¸¨³Ò³ (¡) ¤¥²¥´¨¥³ Î ¸É¥°

ÎÉμ ´  ± ¦¤μ³ Ï £¥ · §¢¨É¨Ö ²¨¢´Ö ¶ ·Éμ´ a ¨§²ÊÎ ¥É ¤¢  ¤μÎ¥·´¨Ì b ¨ c.
Š¨´¥³ É¨±  ¶·μÍ¥¸¸  ¨§²ÊÎ¥´¨Ö μ¶¨¸Ò¢ ¥É¸Ö ¢¥²¨Î¨´μ° ¤μ²¨ Ô´¥·£¨¨ z, ¶¥-
·¥¤ ¢ ¥³μ° ¤μÎ¥·´¨³ ¶ ·Éμ´ ³: Eb = zEa, Ec = (1− z)Ea. Š¨´¥³ É¨Î¥¸±¨°
¤¨ ¶ §μ´ ¨§³¥´¥´¨Ö §´ Î¥´¨° ¢¥²¨Î¨´Ò z (z− < z < z+) μ¶·¥¤¥²Ö¥É ¤¨ ¶ §μ´
Ê£²  ¨§²ÊÎ¥´¨Ö ¶ ·Éμ´  Θ (Ê£²  · ¸±·ÒÉ¨Ö) Θ− < Θ < Θ+. �·¨ ÔÉμ³ Ê£²Ò
· ¸±·ÒÉ¨Ö ¤μÎ¥·´¨Ì ¶ ·Éμ´μ¢ Ê¶μ·Ö¤μÎ¥´Ò: Θb, Θc < Θa.

„ ²¥¥ ¶·¥¤¸É ¢²¥´ ¸Í¥´ ·¨° · §¢¨É¨Ö ¶ ·Éμ´´μ£μ ²¨¢´Ö ¨ ¶·μÍ¥¸¸   ¤·μ-
´¨§ Í¨¨, ¶·¨¢μ¤ÖÐ¨° ± Ë· ±É ²Ê ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥°. �  ¶¥·¢μ³
Ï £¥ ¶ ·Éμ´ a, ¢ÒÌμ¤ÖÐ¨° ¨§ ¦¥¸É±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¨³¥ÕÐ¨° §´ Î¥´¨¥
¶¸¥¢¤μ¡Ò¸É·μÉÒ η = 0 ¨§ μ¡² ¸É¨ ¢μ§³μ¦´ÒÌ §´ Î¥´¨° |η| � 5, ¨§²ÊÎ ¥É ¤¢ 
¶ ·Éμ´  b ¨ c. „¨ ¶ §μ´ ¢μ§³μ¦´ÒÌ Ê£²μ¢ ¨§²ÊÎ¥´¨Ö (Θ+, Θ−) μ¶·¥¤¥²Ö¥É ¤μ-
¶Ê¸É¨³Ò¥ Î ¸É¨ ¶¸¥¢¤μ¡Ò¸É·μÉ´μ£μ ¶·μ¸É· ´¸É¢  (η = −0,5 ln (tg(Θ/2))) ¤²Ö
·μ¦¤¥´´ÒÌ ¶ ·Éμ´μ¢. �  ·¨¸. 1,   ¶·¨¢¥¤¥´Ò ¶¥·¢Ò¥ É·¨ Ê·μ¢´Ö Ë· ±É ² .
�·μ¸É· ´¸É¢μ, ¤μ¶Ê¸É¨³μ¥ ¤²Ö ·μ¤¨É¥²Ó¸±μ£μ ¶ ·Éμ´ , ¢ · ¸¸³ É·¨¢ ¥³μ³
¶·¨³¥·¥ Ê¸²μ¢´μ ¤¥²¨É¸Ö ´  É·¨ Î ¸É¨. „²Ö ± ¦¤μ£μ ¶ ·Éμ´  ¤μ¶Ê¸É¨³Ò° ¤¨ -
¶ §μ´ ¸μ¸Éμ¨É ¨§ μ¤´μ° Î ¸É¨ (¶¥·¢μ° ¨ É·¥ÉÓ¥° ¸μμÉ¢¥É¸É¢¥´´μ). �  ± ¦¤μ³
¶μ¸²¥¤ÊÕÐ¥³ Ï £¥ · §¢¨É¨Ö ²¨¢´Ö ¶·μÍ¥¸¸ ¨§²ÊÎ¥´¨Ö ¶μ¢Éμ·Ö¥É¸Ö. ’ ±¨³
μ¡· §μ³, ± ¦¤ Ö ¨§ ¤μ¶Ê¸É¨³ÒÌ Î ¸É¥° ¡Ò¸É·μÉ´μ£μ ¶·μ¸É· ´¸É¢  ¢ ¶·μÍ¥¸¸¥
¤ ²Ó´¥°Ï¥£μ ¤¥²¥´¨Ö ¸μÌ· ´Ö¥É ¸¢μÕ ¸É·Ê±ÉÊ·Ê ¨ · ¸¸³ É·¨¢ ¥É¸Ö ± ± ´¥§ -
¢¨¸¨³Ò° μ¡Ñ¥±É. �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¶·μÍ¥¸¸  ¤·μ´¨§ Í¨¨ É ±¦¥ ¸μÌ· ´Ö¥É
¸É·Ê±ÉÊ·Ê ¶ ·Éμ´´μ£μ ²¨¢´Ö. �·μÍ¥¸¸ Ëμ·³¨·μ¢ ´¨Ö É ±μ£μ Ë· ±É ²  ¡Ê¤¥³
´ §Ò¢ ÉÓ ·¥£Ê²Ö·´Ò³ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³.

‚¢¥¤¥³ É¥·³¨´ P- ¤¨Î¥¸±μ¥ Ëμ·³¨·μ¢ ´¨¥ Ë· ±É ²  ¶μ  ´ ²μ£¨¨
¸ P- ¤¨Î¥¸±¨³¨ Î¨¸² ³¨. P- ¤¨Î¥¸±μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ Î¨¸²μ x ¶·¥¤¸É ¢¨³μ
¢ ¢¨¤¥ ·Ö¤  ¶μ ¸É¥¶¥´Ö³ ²Õ¡μ£μ ¶·μ¸Éμ£μ Î¨¸²  P : (x = a0P

0 + a1P
1 +

a2P
2 + a3P

3 + . . .). P- ¤¨Î¥¸±μ¥ Ëμ·³¨·μ¢ ´¨¥ Ë· ±É ²  μ§´ Î ¥É, ÎÉμ ¢
¶·μÍ¥¸¸¥ ¥£μ Ëμ·³¨·μ¢ ´¨Ö ¶·μ¸É· ´¸É¢μ ¤¥²¨É¸Ö ´  M Î ¸É¥°, ±μ²¨Î¥¸É¢μ
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±μÉμ·ÒÌ ´  · §´ÒÌ ³ ¸ÏÉ ¡ Ì ¨§³¥´Ö¥É¸Ö ± ± ¸É¥¶¥´Ó Î¨¸²  P : M = Pn,
£¤¥ n = 0, 1, 2 . . . „²Ö Ë· ±É ² , ¶μ± § ´´μ£μ ´  ·¨¸. 1,  , μ¸´μ¢ ´¨¥ P = 3.

”· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢¥²¨Î¨´  DF , ¶·¨ ±μÉμ·μ°
¶·¥¤¥² (1) ¨³¥¥É ±μ´¥Î´μ¥ §´ Î¥´¨¥, ¨ Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö

N1
r∑

i=1

dDF

i = 1. (2)

‡¤¥¸Ó N1
r Å ±μ²¨Î¥¸É¢μ ¶·μ¡´¨±μ¢ (¤μ¶Ê¸É¨³ÒÌ ¤¨ ¶ §μ´μ¢) ¶¥·¢μ£μ Ê·μ¢´Ö;

di Å · §³¥·Ò ¶·μ¡´¨±μ¢, ¶μ±·Ò¢ ÕÐ¨Ì Ë· ±É ² (¤²¨´Ò ¤μ¶Ê¸É¨³ÒÌ ¤¨ ¶ -
§μ´μ¢) ´  ¶¥·¢μ³ Ê·μ¢´¥. ”· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ · ¸¸³ É·¨¢ ¥³μ£μ Ë· ±-
É ²  (·¨¸. 1,  ) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö

(1/3)DF + (1/3)DF = 1 (3)

¨ · ¢´  DF = ln 2/ ln 3 ≈ 0,6309 . . .
Š²¥ÉμÎ´ Ö · §³¥·´μ¸ÉÓ Db Ë· ±É ²  μ¶·¥¤¥²Ö¥É¸Ö ¸μ£² ¸´μ Ëμ·³Ê²¥

Db = − lim
δ→0

ln N(δ)
ln δ

, (4)

£¤¥ N(δ) Å ±μ²¨Î¥¸É¢μ ¶·μ¡´¨±μ¢ · §³¥·  δ, ¶μ±·Ò¢ ÕÐ¨Ì μ¡Ñ¥±É. �É³¥-
É¨³, ÎÉμ ¤²Ö ¤ ´´μ£μ Ë· ±É ²  ±²¥ÉμÎ´ Ö · §³¥·´μ¸ÉÓ (4) ¸μ¢¶ ¤ ¥É ¸ Ë· ±-
É ²Ó´μ° (1).

‘ÊÐ¥¸É¢ÊÕÉ Ë· ±É ²Ò, ¤²Ö ±μÉμ·ÒÌ ÔÉ¨ · §³¥·´μ¸É¨ · §²¨Î´Ò. ‚ ± -
Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 1, ¡ ¶μ± § ´ Ë· ±É ² ¸ § ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥°,
¤²Ö ±μÉμ·μ£μ DF �= Db. „¥É ²Ó´μ¥ · ¸¸³μÉ·¥´¨¥ · §²¨Î´ÒÌ É¨¶μ¢ Ë· ±É ²μ¢
¶·¨¢¥¤¥´μ ¢ ¸É ÉÓ¥ [10].

’ ±¨³ μ¡· §μ³, ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ · §¢¨É¨¥ ¶ ·Éμ´´μ£μ ²¨¢´Ö ¸ ¶μ-
¸²¥¤ÊÕÐ¥°  ¤·μ´¨§ Í¨¥° ³μ¦¥É ¶·¨¢¥¸É¨ ± μ¡· §μ¢ ´¨Õ Ë· ±É ²μ¢. �´¨
¶μ¤· §¤¥²ÖÕÉ¸Ö ´  ±² ¸¸Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·μÍ¥¸¸ ³ ¨Ì Ëμ·³¨·μ¢ ´¨Ö:
Ë· ±É ²Ò ¸ ´¥§ ¢¨¸¨³Ò³ ¨ § ¢¨¸¨³Ò³ ¤¥²¥´¨¥³.

2. BC-, PaC- ¨ SePaC-Œ…’�„› ”��Š’�‹œ��ƒ� ���‹ˆ‡�

Œ¥Éμ¤ ¶μ¤¸Î¥É  ±²¥Éμ± (BC) [4] Ö¢²Ö¥É¸Ö μ¤´¨³ ¨§ Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³ÒÌ
¤²Ö μ¶·¥¤¥²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨. ‚ · ¡μÉ Ì [9] ¨ [10] ¶·¥¤²μ¦¥´Ò
³¥Éμ¤Ò P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (PaC) ¨ ¸¨¸É¥³ Ê· ¢´¥´¨° P- ¤¨Î¥¸±¨Ì ¶μ-
±·ÒÉ¨° (SePaC) ¸μμÉ¢¥É¸É¢¥´´μ. ‚ ¤ ´´μ° · ¡μÉ¥ ¶·μ¢μ¤¨É¸Ö ¸· ¢´¥´¨¥ ÔÉ¨Ì
³¥Éμ¤μ¢: μ¶·¥¤¥²ÖÕÉ¸Ö ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·-
´μ¸É¨ DF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° Nlev ¨ μ¸´μ¢ ´¨Ö P ¢ P- ¤¨Î¥¸±μ³ Ëμ·³¨-
·μ¢ ´¨¨ Ë· ±É ² . ‚  ´ ²¨§¥ ¨¸¶μ²Ó§Ê¥É¸Ö ´ ¡μ· (774) É¥¸Éμ¢ÒÌ Ë· ±É ²μ¢,
¶μ²ÊÎ¥´´ÒÌ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³. ˆÌ ±μ²¨Î¥¸É¢μ μ¶·¥¤¥²Ö¥É¸Ö Î¨¸²μ³ ¢¸¥Ì
¢μ§³μ¦´Ò³¨ · §´μ¢¨¤´μ¸É¥° Ë· ±É ²μ¢ ¶μ μ¸´μ¢ ´¨Õ P = 3−8.
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2.1. Œ¥Éμ¤Ò ¶μ¤¸Î¥É  ±²¥Éμ± ¨ P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨°. BC- ¨ PaC-
³¥Éμ¤Ò μ¸´μ¢ ´Ò ´  μ¶·¥¤¥²¥´¨¨ ±²¥ÉμÎ´μ° · §³¥·´μ¸É¨, ¶μÔÉμ³Ê ¤ ²¥¥
¶·¨¢¥¤¥´Ò ¨Ì μ¡Ð¨¥ μ¸μ¡¥´´μ¸É¨ ¨ · §²¨Î¨Ö. Œ¥Éμ¤Ò ¢±²ÕÎ ÕÉ ¸²¥¤ÊÕ-
Ð¨¥ Ï £¨:

1. ‘Î¨ÉÒ¢ ´¨¥ ¤ ´´ÒÌ ({X = η, . . .}, ´ ¶·¨³¥·, ¶¸¥¢¤μ¡Ò¸É·μÉ Î ¸É¨Í ¢
¸μ¡ÒÉ¨¨).

2. �μ¸É·μ¥´¨¥ ´ ¡μ·  P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨°. Š ¦¤μ¥ ¶μ±·ÒÉ¨¥ ¶·¥¤¸É -
¢²Ö¥É ¸μ¡μ° · ¸¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò X . Šμ²¨Î¥¸É¢μ ¡¨´μ¢ {Mi} ¢ · ¸¶·¥¤¥-
²¥´¨ÖÌ ´ ¡μ·  ¨§³¥´Ö¥É¸Ö ¶μ ¸É¥¶¥´´μ³Ê § ±μ´Ê (Mi = (P )i, i = 0, 1, 2 . . .).
‚ BC-³¥Éμ¤¥, ± ± ¶· ¢¨²μ, ¨¸¶μ²Ó§Ê¥É¸Ö μ¤´μ P- ¤¨Î¥¸±μ¥ ¶μ±·ÒÉ¨¥ ¸ P = 2,
  ¢ PaC-³¥Éμ¤¥ Å · §²¨Î´Ò¥ P- ¤¨Î¥¸±¨¥ ¶μ±·ÒÉ¨Ö, P = 2, . . . Pmax.

3. �μ¤¸Î¥É ±μ²¨Î¥¸É¢  ´¥´Ê²¥¢ÒÌ ¡¨´μ¢ N(lev, P ). “¸²μ¢¨¥ ´ ¸ÒÐ¥´¨Ö
N(lev, P ) = N(lev + 1, P ) μ¶·¥¤¥²Ö¥É ±μ²¨Î¥¸É¢μ Ê·μ¢´¥° Nlev = lev.

4. ‚ÒÎ¨¸²¥´¨¥ ¶ · ³¥É·  DF ¸É¥¶¥´´μ° ËÊ´±Í¨¨ N ∼ MDF ¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ χ2 ²¨´¥°´μ°  ¶¶·μ±¸¨³ Í¨¨ ÔÉμ° ËÊ´±Í¨¨ ¢ ¤¢ ¦¤Ò ²μ£ ·¨Ë³¨-
Î¥¸±μ³ ³ ¸ÏÉ ¡¥ ¤²Ö ± ¦¤μ£μ P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö.

5. �·μ¢¥·±  Ê¸²μ¢¨Ö ÉμÎ´μ¸É¨ χ2 < χ2
lim, μ¶·¥¤¥²ÖÕÐ¥£μ, Ö¢²Ö¥É¸Ö ²¨

´ ¡μ· · ¸¸³ É·¨¢ ¥³ÒÌ Î ¸É¨Í Ë· ±É ²μ³, ¶·¨ ±μÉμ·μ³ Ë¨±¸¨·Ê¥É¸Ö μ¸´μ-
¢ ´¨¥ P ¨ · §³¥·´μ¸ÉÓ DF (P ).

�É³¥É¨³, ÎÉμ BC-³¥Éμ¤ ¨³¥¥É μ¤¨´ ¶ · ³¥É· χ2
lim,   PaC Å ¤¢  ¶ · ³¥-

É· : §´ Î¥´¨¥ μ¸´μ¢ ´¨Ö ³ ±¸¨³ ²Ó´μ£μ P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö Pmax ¨ χ2
lim.

2.2. Œ¥Éμ¤ c¨¸É¥³ Ê· ¢´¥´¨° P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (SePaC). SePaC-
³¥Éμ¤ ¢±²ÕÎ ¥É ¸²¥¤ÊÕÐ¨¥ Ï £¨:

1. ‘Î¨ÉÒ¢ ´¨¥ ¤ ´´ÒÌ ({X = η, . . .}, ´ ¶·¨³¥·, ¶¸¥¢¤μ¡Ò¸É·μÉ Î ¸É¨Í ¢
¸μ¡ÒÉ¨¨).

2. �μ¸É·μ¥´¨¥ ´ ¡μ·  P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨°: P = 3, . . . Pmax.

3. �μ¤¸Î¥É ±μ²¨Î¥¸É¢  ´¥´Ê²¥¢ÒÌ ¡¨´μ¢ N(lev, P ). “¸²μ¢¨¥ ´ ¸ÒÐ¥´¨Ö
N(lev, P ) = N(lev + 1, P ) μ¶·¥¤¥²Ö¥É ±μ²¨Î¥¸É¢μ Ê·μ¢´¥° Nlev = lev.

4. �´ ²¨§ ¸¨¸É¥³ Ê· ¢´¥´¨° (5) ¤²Ö μ¶·¥¤¥²¥´¨Ö £¨¶μÉ¥§Ò § ¢¨¸¨³μ£μ/´¥-
§ ¢¨¸¨³μ£μ ¤¥²¥´¨Ö, ¢±²ÕÎ ÕÐ¨°:

 ) ¶μ¸É·μ¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì ± ¦¤Ò° Ê·μ¢¥´Ó:

Ndlev∑

i=1

(di lev)Dlev
F = 1; (5)

Ndlev ¨ di lev Å ±μ²¨Î¥¸É¢μ ¨ ¤²¨´  ¤μ¶Ê¸É¨³ÒÌ ¤¨ ¶ §μ´μ¢ ¤²Ö ± ¦¤μ£μ
Ê·μ¢´Ö;

¡) ¢ÒÎ¨¸²¥´¨¥ §´ Î¥´¨° Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ Dlev
F ¤²Ö ± ¦¤μ£μ

Ê·μ¢´Ö ³¥Éμ¤μ³ ¤¥²¥´¨Ö μÉ·¥§±  ¶μ¶μ² ³;
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¢) μ¶·¥¤¥²¥´¨¥ ¸·¥¤´¥£μ §´ Î¥´¨Ö 〈Dlev
F 〉 ¨ μÉ±²μ´¥´¨Ö μÉ ¸·¥¤´¥£μ ΔDlev

F :

〈Dlev
F 〉 =

Nlev∑

lev=1

(Dlev
F )/Nlev ΔDlev

F = |〈Dlev
F 〉 − Dlev

F |. (6)

£) ¶·μ¢¥·±  Ê¸²μ¢¨Ö ÉμÎ´μ¸É¨ ΔDlev
F < Dev, ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É, Ö¢²Ö¥É¸Ö

²¨ ´ ¡μ· Î ¸É¨Í Ë· ±É ²μ³ (Ë¨±¸¨·Ê¥É¸Ö μ¸´μ¢ ´¨¥ P ¨ · §³¥·´μ¸ÉÓ DF =
〈Dlev

F 〉).
	μ²¥¥ ¤¥É ²Ó´μ¥ μ¶¨¸ ´¨¥ SePaC-³¥Éμ¤  ¶·¨¢¥¤¥´μ ¢ · ¡μÉ¥ [10]. ’ ³

¦¥ ¶·¥¤¸É ¢²¥´Ò ¶·¨³¥·Ò ·¥±μ´¸É·Ê±Í¨¨ Ë· ±É ²μ¢ ÔÉ¨³ ³¥Éμ¤μ³.
’ ±¨³ μ¡· §μ³, ³¥Éμ¤ ¸¨¸É¥³ Ê· ¢´¥´¨° P- ¤¨Î¥¸±¨Ì ¶μ±·ÒÉ¨° (SePaC)

μ¸´μ¢ ´ ´  μ¶·¥¤¥²¥´¨¨ Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ DF , · ¸¸³ É·¨¢ ¥É · §-
²¨Î´Ò¥ P- ¤¨Î¥¸±¨¥ ¶μ±·ÒÉ¨Ö ¸ μ¸´μ¢ ´¨¥³ P = 3, . . . , Pmax ¨ ¨³¥¥É ¤¢ 
¶ · ³¥É· : §´ Î¥´¨¥ μ¸´μ¢ ´¨Ö ³ ±¸¨³ ²Ó´μ£μ P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö Pmax

¨ ¶·¥¤¥²Ó´μ¥ μÉ±²μ´¥´¨¥ μÉ ¸·¥¤´¥£μ Dev.

3. ��ˆ‘Š ��’ˆŒ�‹œ�›• ‡��—…�ˆ‰ χ2
lim, Pmax, Dev

����Œ…’��‚ BC-, PaC- ¨ SePaC-Œ…’�„�‚

Š ¦¤Ò° ¨§ ³¥Éμ¤μ¢ BC, PaC ¨ SePaC ¨³¥¥É ¸¢μ¨ ¶ · ³¥É·Ò. ‡´ Î¥-
´¨Ö ÔÉ¨Ì ¶ · ³¥É·μ¢ ¢²¨ÖÕÉ ´  ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²Ó´μ°
· §³¥·´μ¸É¨ DF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° Nlev ¨ μ¸´μ¢ ´¨Ö P . �ËË¥±É¨¢´μ¸ÉÓ
± ¦¤μ£μ ³¥Éμ¤  μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

EfV = 1 − |ErV |, ¥¸²¨ |ErV | � 1, EfV = 0, ¥¸²¨ |ErV | > 1. (7)

‡¤¥¸Ó ErV Å μÏ¨¡±  ¢μ¸¸É ´ ¢²¥´¨Ö ¢¥²¨Î¨´Ò V = DF , Nlev, P :

ErV = (V − Vtest)/Vtest. (8)

�μ²´ Ö ÔËË¥±É¨¢´μ¸ÉÓ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö
Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨, ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ¨ μ¸´μ¢ ´¨Ö ¸²¥¤ÊÕÐ¥° Ëμ·-
³Ê²μ°:

Eftot = EfDF · EfNlev · EfP . (9)

‚ ¤ ´´μ° · ¡μÉ¥ · §· ¡μÉ ´  ¶·μÍ¥¤Ê·  ¶μ¨¸±  μ¶É¨³ ²Ó´ÒÌ §´ Î¥´¨° ¶ · -
³¥É·μ¢ χ2

lim, Pmax, Dev ¤²Ö BC-, PaC- ¨ SePaC-³¥Éμ¤μ¢, ¶μ§¢μ²ÖÕÐ¨Ì μ¶·¥-
¤¥²¨ÉÓ Ë· ±É ²Ó´ÊÕ · §³¥·´μ¸ÉÓ, ±μ²¨Î¥¸É¢μ Ê·μ¢´¥° ¨ μ¸´μ¢ ´¨¥ ¸ ³ ±¸¨-
³ ²Ó´μ° ÔËË¥±É¨¢´μ¸ÉÓÕ.
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3.1. �·μÍ¥¤Ê·  ¶μ¨¸±  ¶ · ³¥É·  Pmax ¤²Ö PaC- ¨ SePaC-³¥Éμ¤μ¢.
‡´ Î¥´¨¥ ¶ · ³¥É·  Pmax ¢²¨Ö¥É ´  ±μ²¨Î¥¸É¢μ · ¸¸³ É·¨¢ ¥³ÒÌ P- ¤¨Î¥¸±¨Ì
¶μ±·ÒÉ¨°. �É ¢Ò¡μ·  ÔÉμ° ¢¥²¨Î¨´Ò ¸ÊÐ¥¸É¢¥´´Ò³ μ¡· §μ³ § ¢¨¸¨É ¢·¥³Ö
· ¡μÉÒ  ²£μ·¨É³ , ¶μÔÉμ³Ê §´ Î¥´¨¥ Pmax ¸²¥¤Ê¥É μ¶·¥¤¥²¨ÉÓ ¢ ¶¥·¢ÊÕ μÎ¥-
·¥¤Ó. �·μÍ¥¤Ê·  ¶μ¨¸±  §´ Î¥´¨Ö ³ ±¸¨³ ²Ó´μ£μ P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö Pmax

¤²Ö ¶ · ³¥É·μ¢ PaC- ¨ SePaC-³¥Éμ¤μ¢ ¢±²ÕÎ ¥É ¸²¥¤ÊÕÐ¨¥ Ï £¨:
1. �μ¸É·μ¥´¨¥ · ¸¶·¥¤¥²¥´¨° DF , Nlev ¨ P ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨°

Pmax ¨ ¢¸¥Ì §´ Î¥´¨° ¶ · ³¥É·  χ2
lim ¤²Ö PaC-³¥Éμ¤  ¨ ¶ · ³¥É·  Dev ¤²Ö

SePaC-³¥Éμ¤ .
2. ‚ÒÎ¨¸²¥´¨¥ · §´μ¸É¨ · ¸¶·¥¤¥²¥´¨° ΔDV · ¸¸³ É·¨¢ ¥³ÒÌ ¢¥²¨-

Î¨´ V ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° Pmax:

ΔDV =
Nbin∑

i=1

|ai − bi|, (10)

Nbin Å ±μ²¨Î¥¸É¢μ ¡¨´μ¢ ¢ · ¸¶·¥¤¥²¥´¨ÖÌ; ai ¨ bi Å ¸μ¤¥·¦ ´¨¥ ¡¨´μ¢ ¤²Ö
· ¸¶·¥¤¥²¥´¨°, ¨³¥ÕÐ¨Ì ¸μ¸¥¤´¨¥ §´ Î¥´¨Ö Pmax = Pj ¨ Pj+1.

3. ‚ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨¨ ΔDext ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° Pmax:

ΔDext = ΔDDF + ΔDNlev + ΔDP . (11)

4. � · ³¥É· Pmax μ¶·¥¤¥²Ö¥É¸Ö ± ± ³¨´¨³ ²Ó´ Ö ¢¥²¨Î¨´ , ¸μμÉ¢¥É¸É¢Ê-
ÕÐ Ö ´ Î ²Ê ¶² Éμ ¢ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext μÉ ¢¥²¨Î¨´Ò Pmax.

„ ²¥¥ ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥´¥´¨Ö μ¶¨¸ ´´μ° ¢ÒÏ¥ ¶·μÍ¥¤Ê·Ò. � -
¶μ³´¨³, ÎÉμ ¢ ± Î¥¸É¢¥ É¥¸Éμ¢ÒÌ Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥°
¡Ò²¨ ¨¸¶μ²Ó§μ¢ ´Ò ¢¸¥ ¢μ§³μ¦´Ò¥ · §´μ¢¨¤´μ¸É¨ Ë· ±É ²μ¢ ¸ P- ¤¨Î¥¸±¨³
Ëμ·³¨·μ¢ ´¨¥³ ¶μ μ¸´μ¢ ´¨Õ P = 3−8. ‚Ò¡μ· μ¶É¨³ ²Ó´μ£μ §´ Î¥´¨Ö Pmax

¶·μ¢μ¤¨²¸Ö ¢ ¤¨ ¶ §μ´¥ §´ Î¥´¨° Pmax = 3−23. „²Ö PaC-³¥Éμ¤  §´ Î¥´¨¥
χ2

lim ¨§³¥´Ö²μ¸Ó ¢ ¤¨ ¶ §μ´¥ μÉ 10−13 ¤μ 2,5. „²Ö SePaC-³¥Éμ¤  §´ Î¥´¨¥
Dev ¨§³¥´Ö²μ¸Ó ¢ ¤¨ ¶ §μ´¥ μÉ 10−6 ¤μ 0,9.

�  ·¨¸. 2 ¨ 3, a ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ  ´ ²¨§  Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨-
³Ò³ ¤¥²¥´¨¥³ PaC-³¥Éμ¤μ³. �μ·³¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ 1/N · dN/dNlev

¶μ ±μ²¨Î¥¸É¢Ê Ê·μ¢´¥° Nlev ¤²Ö ¢¸¥Ì §´ Î¥´¨° χ2
lim ¨§ ¤¨ ¶ §μ´  10−13−2,5

¶·¨ Pmax = 8 (Î¥·´ Ö ²¨´¨Ö) ¨ Pmax = 7 (£· ´¨Í  É¥³´μ° μ¡² ¸É¨) ¶μ-
± § ´μ ´  ·¨¸. 2,  . ˆ§ ·¨¸Ê´±  ¢¨¤´μ, ÎÉμ ÔÉ¨ · ¸¶·¥¤¥²¥´´¨Ö · §²¨Î´Ò.
� §´μ¸ÉÓ · ¸¶·¥¤¥²¥´¨° ΔDNlev ¤²Ö ¸μ¸¥¤´¨Ì §´ Î¥´¨° Pmax = Pj ¨ Pj+1

¶·¥¤¸É ¢²¥´  ´  ·¨¸. 2, ¡. „²Ö · ¸¶·¥¤¥²¥´¨°, ¶μ± § ´´ÒÌ ´  ·¨¸. 2,  , · §-
´μ¸ÉÓ ΔDNlev ¸μμÉ¢¥É¸É¢Ê¥É §´ Î¥´¨Õ ¶·¨ Pmax = 7 ´  ·¨¸. 2, ¡. ‡ ¢¨¸¨-
³μ¸ÉÓ ΔDNlev μÉ ¶ · ³¥É·  Pmax ¨³¥¥É ¶² Éμ ¶·¨ Pmax = 8−22. ‡´ Î¥´¨¥
ΔDNlev = 0 ´  ¶² Éμ Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ Ëμ·³  · ¸¶·¥¤¥²¥´¨° ¶μ ±μ-
²¨Î¥¸É¢Ê Ê·μ¢´¥° ´¥ ¨§³¥´Ö¥É¸Ö. � Î ²μ ¶² Éμ (Pmax = 8) ¸μμÉ¢¥É¸É¢Ê¥É
³ ±¸¨³ ²Ó´μ³Ê §´ Î¥´¨Õ μ¸´μ¢ ´¨Ö P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö · ¸¸³ É·¨¢ ¥-
³ÒÌ Ë· ±É ²μ¢. � §´μ¸É¨ · ¸¶·¥¤¥²¥´¨° ¶μ μ¸´μ¢ ´¨Õ ΔDP ¨ Ë· ±É ²Ó´μ°
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�¨¸. 2.  ) �μ·³¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ Ë· ±É ²μ¢ ¶μ ±μ²¨Î¥¸É¢Ê Ê·μ¢´¥° Nlev ¶·¨
Pmax = 8 (¸¶²μÏ´ Ö ²¨´¨Ö), ¶·¨ Pmax = 7 (£· ´¨Í  É¥³´μ° μ¡² ¸É¨). � §´μ¸ÉÓ
· ¸¶·¥¤¥²¥´¨° ¶μ: ¡) ±μ²¨Î¥¸É¢Ê Ê·μ¢´¥° ΔDNlev , ¢) μ¸´μ¢ ´¨Õ ΔDP , £) Ë· ±É ²Ó´μ°
· §³¥·´μ¸É¨ ΔDDF

· §³¥·´μ¸É¨ ΔDDF (¸³. ·¨¸. 2, ¢, £) É ±¦¥ ¨³¥ÕÉ ¶² Éμ, ´ Î ²μ ±μÉμ·μ£μ
¸μμÉ¢¥É¸É¢Ê¥É Pmax = 8. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ΔDext ¨³¥¥É  ´ ²μ£¨Î´μ¥
¶μ¢¥¤¥´¨¥ (¸³. ·¨¸. 3,  ).

�´ ²¨§ SePaC-³¥Éμ¤μ³ Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ ¶μ± § ², ÎÉμ
§ ¢¨¸¨³μ¸ÉÓ ΔDext μÉ Pmax (¸³. ·¨¸. 3, ¡) ¨³¥¥É ¸Ìμ¤´μ¥ ¶μ¢¥¤¥´¨¥.

�É³¥É¨³, ÎÉμ ¤²Ö Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ ´ Î ²μ ¶² Éμ ¢ § -
¢¨¸¨³μ¸É¨ ΔDext(Pmax) Ê± §Ò¢ ¥É ´  ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ μ¸´μ¢ ´¨Ö
P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö. �  μ¸´μ¢ ´¨¨ ·¥§Ê²ÓÉ Éμ¢ ¶·μ¢¥¤¥´´μ£μ  ´ ²¨§  ¢
¶·μÍ¥¤Ê·Ê ¶μ¨¸±  μ¶É¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¢¥²¨Î¨´Ò ¶ · ³¥É·  Pmax ¤²Ö PaC-
¨ SePaC-³¥Éμ¤μ¢ ¢±²ÕÎ¥´ ¶. 4.

8



Pmax Pmax

0

0 1,

0 2,

0 3,

0 4,

0 5,

0 6,

0 7,

0 8,

PaC

�0 5,

0

0 5,

1

1 5,

2

2 5,

3

3 5,

SePaC

2 24 46 68 810 1012 1214 1416 1618 1820 2022 22

�Dext �Dext

а б

�¨¸. 3. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ΔDext μÉ ¶ · ³¥É·  Pmax ¤²Ö ³¥Éμ¤μ¢ PaC ( )
¨ SePaC (¡)

’ ±¨³ μ¡· §μ³, §¤¥¸Ó ¶·¥¤¸É ¢²¥´  ¨ μ¡μ¸´μ¢ ´  ¶·μÍ¥¤Ê·  ¶μ¨¸±  μ¶É¨-
³ ²Ó´μ£μ §´ Î¥´¨Ö ¶ ·³¥É·  Pmax ¤²Ö PaC- ¨ SePaC-³¥Éμ¤μ¢.

3.2. �·μÍ¥¤Ê·  ¶μ¨¸±  ¶ · ³¥É·  χ2
lim ¤²Ö BC- ¨ PaC-³¥Éμ¤μ¢. � -

· ³¥É· χ2
lim μ¶·¥¤¥²Ö¥É, Ö¢²Ö¥É¸Ö ²¨ ´ ¡μ· ¤ ´´ÒÌ Ë· ±É ²μ³. �É §´ Î¥´¨Ö

ÔÉμ£μ ¶ · ³¥É·  ¸ÊÐ¥¸É¢¥´´Ò³ μ¡· §μ³ § ¢¨¸¨É §´ Î¥´¨¥ ÔËË¥±É¨¢´μ¸É¥°
¢μ¸¸É ´μ¢²¥´¨Ö · §²¨Î´ÒÌ ¢¥²¨Î¨´ (DF , Nlev ¨ P ),   É ±¦¥ ¢μ§³μ¦´μ¸ÉÓ
μÉ²¨Î¨ÉÓ ¸²ÊÎ °´Ò° ´ ¡μ· ÉμÎ¥± μÉ Ë· ±É ²μ¢. �·μÍ¥¤Ê·  ¶μ¨¸±  ¶ · ³¥É· 
χ2

lim ¤²Ö BC- ¨ PaC-³¥Éμ¤μ¢ ¢±²ÕÎ ¥É:
1. �μ¸É·μ¥´¨¥ · ¸¶·¥¤¥²¥´¨° DF , Nlev ¨ P ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° χ2

lim

¶·¨ Ë¨±¸¨·μ¢ ´´μ³ μ¶É¨³ ²Ó´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  Pmax ¤²Ö PaC-³¥Éμ¤ .
2. ‚ÒÎ¨¸²¥´¨¥ · §´μ¸É¨ · ¸¶·¥¤¥²¥´¨° ΔDV ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¢¥²¨-

Î¨´ DF , Nlev, P ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ χ2
lim.

3. ‚ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨¨ ΔDext ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° χ2
lim.

4. ‚Ò¡μ· μ¶É¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¶ · ³¥É·  χ2
lim:

 ) ¤²Ö BC-³¥Éμ¤  §´ Î¥´¨¥ χ2
lim μ¶·¥¤¥²Ö¥É¸Ö ± ± ³¨´¨³ ²Ó´ Ö ¢¥²¨Î¨´ ,

¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´ Î ²Ê ¢Éμ·μ£μ ¶² Éμ ¢ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext μÉ
¢¥²¨Î¨´Ò χ2

lim.
¡) ¤²Ö PaC-³¥Éμ¤  ¢¥²¨Î¨´  χ2

lim ³μ¦¥É ¶·¨´¨³ ÉÓ ¶·μ¨§¢μ²Ó´μ¥ §´ Î¥-
´¨¥ ´  ¶¥·¢μ³ ¶² Éμ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext μÉ ¢¥²¨Î¨´Ò χ2

lim.
„ ²¥¥ ¶·¨¢¥¤¥³ μ¡μ¸´μ¢ ´¨¥ ¢Ò¡μ·  §´ Î¥´¨° ¶ · ³¥É·  χ2

lim, Ê± § ´´ÒÌ
¢ ¶. 4  ¤²Ö BC- ¨ 4¡ ¤²Ö PaC-³¥Éμ¤ . „²Ö μ¡μ¨Ì ³¥Éμ¤μ¢ §´ Î¥´¨¥ χ2

lim ¨§³¥-
´Ö²μ¸Ó ¢ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ μÉ 10−13 ¤μ 2,5. ‚ É ¡². 1 ¶μ± § ´μ ¸μμÉ¢¥É¸É¢¨¥
³¥¦¤Ê ´μ³¥·μ³ Nχ2

lim
¨ §´ Î¥´¨¥³ χ2

lim.
�  ·¨¸. 4,   ¨ ¡ ¶·¨¢¥¤¥´  § ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ΔDext μÉ ´μ³¥·  Nχ2

lim
¤²Ö BC- ¨ PaC-³¥Éμ¤μ¢ ¸μμÉ¢¥É¸É¢¥´´μ. ŒÒ ¶·μ ´ ²¨§¨·μ¢ ²¨ § ¢¨¸¨³μ¸ÉÓ
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’ ¡²¨Í  1. ‘μμÉ¢¥É¸É¢¨¥ ´μ³¥·  Nχ2
lim

¨ ¢¥²¨Î¨´Ò χ2
lim

Nχ2
lim

1 2 3 4 5 6 7 8 9

χ2
lim 10−13 10−12 10−11 10−10 10−9 10−8 10−7 10−6 10−5

Nχ2
lim

10 11 12 13 14 15 16 17 18

χ2
lim 10−4 10−3 0,01 0,02 0,03 0,04 0,05 0,06 0,07

Nχ2
lim

19 20 21 22 23 24 25 26 27

χ2
lim 0,08 0,09 0,1 0,2 0,3 0,4 0,5 0,6 0,7

Nχ2
lim

28 29 30 31 32 33 34 35 36

χ2
lim 0,8 0,9 1,0 1,1 1,2 1,3 1,4 1,5 1,6

Nχ2
lim

37 38 39 40 41 42 43 44 45

χ2
lim 1,7 1,8 1,9 2,0 2,1 2,2 2,3 2,4 2,5

ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²  Ef frac, Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨
EfDF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° EfNlev ¨ μ¸´μ¢ ´¨Ö P- ¤¨Î¥¸±μ£μ ¶μ±·ÒÉ¨Ö EfP

μÉ ´μ³¥·  Nχ2
lim

¤²Ö ³¥Éμ¤μ¢ BC (·¨¸. 4, ¢) ¨ PaC (·¨¸. 4, £). �ËË¥±É¨¢´μ¸ÉÓ
¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²  μ¶·¥¤¥²Ö¥É¸Ö ¢Ò· ¦¥´¨¥³

Ef frac = Nfrac/Ntest, (12)

£¤¥ Ntest Å ±μ²¨Î¥¸É¢μ · ¸¸³ É·¨¢ ¥³ÒÌ É¥¸Éμ¢ÒÌ Ë· ±É ²μ¢, Nfrac Å ±μ²¨-
Î¥¸É¢μ ¢μ¸¸É ´μ¢²¥´´ÒÌ Ë· ±É ²μ¢. �É³¥É¨³, ÎÉμ ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ-
¢²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ EfDF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° EfNlev ¨ μ¸´μ¢ -
´¨Ö EfP ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò Éμ²Ó±μ ¤²Ö É¥¸Éμ¢ÒÌ Ë· ±É ²μ¢.

� ¸¸³μÉ·¨³ ·¥§Ê²ÓÉ ÉÒ  ´ ²¨§  Ë· ±É ²μ¢, ¶μ²ÊÎ¥´´Ò¥ BC-³¥Éμ¤μ³. � 
·¨¸. 4, a ¶¥·¢μ¥ ¶² Éμ ËÊ´±Í¨¨ ΔDext ¸μμÉ¢¥É¸É¢Ê¥É ´Ê²¥¢μ³Ê §´ Î¥´¨Õ ¤μ²¨
Ë· ±É ²μ¢ ¢ ´ ¡μ·¥ ¸μ¡ÒÉ¨° Effrac, ¶μ± § ´´μ³Ê ´  ·¨¸. 4, ¢. ‚Éμ·μ¥ ¶² Éμ
ΔDext ¸μμÉ¢¥É¸É¢Ê¥É ¶² Éμ ËÊ´±Í¨¨ Effrac, ¶·¨´¨³ ÕÐ¥° ³ ±¸¨³ ²Ó´μ¥ §´ -
Î¥´¨¥. �μÔÉμ³Ê χ2

lim μ¶·¥¤¥²Ö¥É¸Ö ± ± ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ÔÉμ° ¢¥²¨-
Î¨´Ò ´  ¢Éμ·μ³ ¶² Éμ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext μÉ χ2

lim. ‚Ò¡μ· χ2
lim

É ±¦¥ ¸μμÉ¢¥É¸É¢Ê¥É ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨Ö³ ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥-
´¨Ö Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ EfDF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° EfNlev ¨ μ¸´μ¢ -
´¨Ö P (¸³. ·¨¸. 4, ¢).

„ ²¥¥ ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ  ´ ²¨§  Ë· ±É ²μ¢, ¶μ²ÊÎ¥´´Ò¥ PaC-³¥Éμ¤μ³.
� °¤¥´μ, ÎÉμ ¤μ²Ö Ë· ±É ²μ¢ ¢ ´ ¡μ·¥ ¸μ¡ÒÉ¨° ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ χ2

lim

· ¢´  1 (·¨¸. 4, £). “¸É ´μ¢²¥´μ, ÎÉμ ¨§³¥´¥´¨¥ ËÊ´±Í¨¨ ΔDext (·¨¸.4, ¡) ¢Ò-
§¢ ´μ ¨§³¥´¥´¨¥³ ÔËË¥±É¨¢´μ¸É¥° ¢μ¸¸É ´μ¢²¥´¨Ö ¢¥²¨Î¨´ EfDF , EfNlev ¨
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�¨¸. 4. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨¨ ΔDext (a, ¡) ¨ ÔËË¥±É¨¢´μ¸É¥° Ef (¢, £) μÉ Nχ2
lim

Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥° ¤²Ö ³¥Éμ¤μ¢ BC ( , ¢) ¨ PaC (¡, £)

EfP . Œ¥´ÓÏ¥¥ §´ Î¥´¨¥ χ2
lim ¸μμÉ¢¥É¸É¢Ê¥É μ¶É¨³ ²Ó´μ³Ê P- ¤¨Î¥¸±μ³Ê ¶μ-

±·ÒÉ¨Õ ¤²Ö · ¸¸³ É·¨¢ ¥³μ£μ Ë· ±É ² . �μÔÉμ³Ê ¢¥²¨Î¨´  χ2
lim ³μ¦¥É ¶·¨-

´¨³ ÉÓ ¶·μ¨§¢μ²Ó´μ¥ §´ Î¥´¨¥ ´  ¶¥·¢μ³ ¶² Éμ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext

μÉ χ2
lim. ‚Ò¡μ· χ2

lim É ±¦¥ ¸μμÉ¢¥É¸É¢Ê¥É ³ ±¸¨³ ²Ó´Ò³ §´ Î¥´¨Ö³ ÔËË¥±-
É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö EfDF , EfNlev ¨ EfP (·¨¸. 4, £).

’ ±¨³ μ¡· §μ³, ¶·¥¤¸É ¢²¥´  ¨ μ¡μ¸´μ¢ ´  ¶·μÍ¥¤Ê·  ¶μ¨¸±  μ¶É¨³ ²Ó-
´μ£μ §´ Î¥´¨Ö ¶ · ³¥É·  χ2

lim ¤²Ö BC- ¨ PaC-³¥Éμ¤μ¢.

3.3. �·μÍ¥¤Ê·  ¶μ¨¸±  ¶ · ³¥É·  Dev ¤²Ö SePaC-³¥Éμ¤ . � · ³¥É· Dev
μ¶·¥¤¥²Ö¥É: Ö¢²Ö¥É¸Ö ²¨ ´ ¡μ· ¤ ´´ÒÌ Ë· ±É ²μ³. �·μÍ¥¤Ê·  ¶μ¨¸±  Dev ¤²Ö
SePaC-³¥Éμ¤  ¢±²ÕÎ ¥É:

1. �μ¸É·μ¥´¨¥ · ¸¶·¥¤¥²¥´¨° DF , Nlev ¨ P ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° Dev
¶·¨ Ë¨±¸¨·μ¢ ´´μ³ μ¶É¨³ ²Ó´μ³ §´ Î¥´¨¨ ¶ · ³¥É·  Pmax.
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2. ‚ÒÎ¨¸²¥´¨¥ · §´μ¸É¨ · ¸¶·¥¤¥²¥´¨° ΔDV ¤²Ö · ¸¸³ É·¨¢ ¥³ÒÌ ¢¥²¨-
Î¨´ DF , Nlev, P ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ Dev.

3. ‚ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨¨ ΔDext ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° Dev.

4. ‡´ Î¥´¨¥ Dev ¢Ò¡¨· ¥É¸Ö ¶·μ¨§¢μ²Ó´μ ¨§ ¤¨ ¶ §μ´  10−6−0,9.
�¨¦¥ ³Ò μ¡μ¸´Ê¥³ ¢Ò¡μ· ¶ · ³¥É·  Dev ¸μ£² ¸´μ ¶. 4. ‚ É ¡². 2 ¶μ± -

§ ´μ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê ´μ³¥·μ³ NDev ¨ §´ Î¥´¨¥³ Dev.

’ ¡²¨Í  2. ‘μμÉ¢¥É¸É¢¨¥ ´μ³¥·  NDev ¨ ¢¥²¨Î¨´Ò Dev

NDev 1 2 3 4 5 6 7 8

Dev 10−6 10−5 10−4 2 · 10−4 5 · 10−4 10−3 2 · 10−3 5 · 10−3

NDev 9 10 11 12 13 14 15 16

Dev 0,01 0,02 0,03 0,04 0,05 0,06 0,07 0,08

NDev 17 18 19 20 21 22 23 24

Dev 0,09 0,1 0,2 0,3 0,4 0,5 0,6 0,7

ˆ§ ·¨¸. 5,   ¢¨¤´μ, ÎÉμ §´ Î¥´¨Ö ËÊ´±Í¨¨ ΔDext · ¢´Ò 0. “¸É ´μ¢²¥´μ,
ÎÉμ ¤μ²Ö Ë· ±É ²μ¢ ¢ ´ ¡μ·¥ ¸μ¡ÒÉ¨° Effrac · ¢´  1 ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ
Dev (·¨¸. 5, ¡),   ÔËË¥±É¨¢´μ¸É¨ ¢μ¸¸É ´μ¢²¥´¨Ö EfDF , EfNlev ¨ EfP ´¥ ¨§-
³¥´ÖÕÉ¸Ö ¢ Ê± § ´´μ³ ¤¨ ¶ §μ´¥. ’ ±¨³ μ¡· §μ³, §´ Î¥´¨¥ Dev ³μ¦¥É ¡ÒÉÓ
¢Ò¡· ´μ ¶·μ¨§¢μ²Ó´μ ¨§ ¤¨ ¶ §μ´  10−6−0,9.

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ ¶μ¤· §¤¥²¥ ¶·¥¤¸É ¢²¥´  ¨ μ¡μ¸´μ¢ ´  ¶·μÍ¥-
¤Ê·  ¶μ¨¸±  μ¶É¨³ ²Ó´μ£μ §´ Î¥´¨Ö ¶ · ³¥É·  Dev ¤²Ö SePaC-³¥Éμ¤ .
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�¨¸. 5. ‡ ¢¨¸¨³μ¸É¨ ËÊ´±Í¨¨ ΔDext (a) ¨ ÔËË¥±É¨¢´μ¸É¥° (¡) μÉ ¶ · ³¥É·  Dev ¤²Ö
SePaC-³¥Éμ¤ 
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4. ‘��‚�…�ˆ… BC-, PaC- ¨ SePaC-Œ…’�„�‚

�·¥¤¸É ¢¨³ ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¥´¨Ö ÔËË¥±É¨¢´μ¸É¥° ¨ μÏ¨¡μ± ¢μ¸¸É ´μ-
¢²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ ErDF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ErNlev ¨ μ¸´μ¢ -
´¨Ö ErP , ¶μ²ÊÎ¥´´Ò¥ ¶·¨  ´ ²¨§¥ Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ BC-,
PaC- ¨ SePaC-³¥Éμ¤ ³¨, ¨¸¶μ²Ó§ÊÕÐ¨³¨ μ¶É¨³ ²Ó´Ò¥ ´ ¡μ·Ò ¶ · ³¥É·μ¢.

�  ·¨¸. 6 ¶μ± § ´Ò ´μ·³¨·μ¢ ´´μ¥ (·¨¸.  ) ¨ ¨´É¥£· ²Ó´μ¥ (·¨¸. ¡) · ¸-
¶·¥¤¥²¥´¨Ö μÏ¨¡μ± ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·´μ¸É¨ ErDF ¤²Ö
BC-³¥Éμ¤ . “¸É ´μ¢²¥´μ, ÎÉμ ¤²Ö ¡μ²ÓÏ¨´¸É¢  Ë· ±É ²μ¢ ¢μ¸¸É ´ ¢²¨¢ ¥-
³ Ö Ë· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ ³¥´ÓÏ¥ É¥¸Éμ¢μ° (·¨¸. 6,  ). ‘Î¨É ¥É¸Ö, ÎÉμ
Ë· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ μ¶·¥¤¥²Ö¥É¸Ö ÉμÎ´μ, ¥¸²¨ μÏ¨¡±  ¢μ¸¸É ´μ¢²¥´¨Ö
³¥´ÓÏ¥ 0,5 %. � °¤¥´μ, ÎÉμ · §³¥·´μ¸ÉÓ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö ÉμÎ´μ ¤²Ö 16 %
Ë· ±É ²μ¢, ¤²Ö 70 % Ë· ±É ²μ¢ μÏ¨¡±  ErDF ³¥´ÓÏ¥ 5 %,   ¤²Ö 84 %
³¥´ÓÏ¥ 10 % (·¨¸. 6, ¡).
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�¨¸. 6. �μ·³¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö μÏ¨¡μ± ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²Ó´μ° · §³¥·-
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DF (¡), ¶μ²ÊÎ¥´´Ò¥ BC-³¥Éμ¤μ³
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Š ± μÉ³¥Î¥´μ ¢ ¶μ¤· §¤. 2.1, BC-³¥Éμ¤ ¨¸¶μ²Ó§Ê¥É Éμ²Ó±μ μ¤´μ ¶μ±·ÒÉ¨¥.
�μÔÉμ³Ê μ¸´μ¢ ´¨¥ P ¨ ±μ²¨Î¥¸É¢μ Ê·μ¢´¥° Nlev ´¥ ³μ¦¥É ¡ÒÉÓ μ¶·¥¤¥²¥´μ
¤ ´´Ò³ ³¥Éμ¤μ³,   ´μ·³¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ μÏ¨¡±¨ ErP (·¨¸. 6, ¢) Ì -
· ±É¥·¨§Ê¥É Éμ²Ó±μ ´ ¡μ· ¤ ´´ÒÌ. 	μ²ÓÏ¨´¸É¢μ Ë· ±É ²μ¢ ¢ · ¸¸³ É·¨¢ ¥-
³μ³ ´ ¡μ·¥ ¨³¥ÕÉ μ¸´μ¢ ´¨¥ P = 8, ¨ ¶μÔÉμ³Ê ³ ±¸¨³Ê³ ¢ · ¸¶·¥¤¥²¥´¨¨
ErP ¸μμÉ¢¥É¸É¢Ê¥É ErP = (2 − 8)/8 = −0,75. �μ·³¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥
μÏ¨¡±¨ ¢μ¸¸É ´μ¢²¥´¨Ö ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ErNlev (·¨¸. 6, £) É ±¦¥ Ì · ±É¥-
·¨§Ê¥É ¨¸¸²¥¤Ê¥³Ò° ´ ¡μ· ¤ ´´ÒÌ. „²Ö Ë· ±É ²  ¸ μ¸´μ¢ ´¨¥³ P = 8, ¨³¥Õ-
Ð¥£μ 512 ÉμÎ¥± (Nlev = 3), ¶μ±·ÒÉ¨¥ ¸ P = 2 ¸μμÉ¢¥É¸É¢Ê¥É ±μ²¨Î¥¸É¢Ê Ê·μ¢-
´¥° Nlev = 9 ¨ μÏ¨¡±¥ ¤²Ö ¡μ²ÓÏ¨´¸É¢  Ë· ±É ²μ¢ ErNlev = (9 − 3)/3 = 2.

“¸É ´μ¢²¥´μ, ÎÉμ ¢μ¸¸É ´μ¢²¥´¨¥ Ì · ±É¥·¨¸É¨± Ë· ±É ²μ¢ PaC- ¨ SePaC-
³¥Éμ¤ ³¨ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ μ¶É¨³ ²Ó´ÒÌ ¶ · ³¥É·μ¢ ¶·¨¢¥²μ ± ¡²¨§±¨³
·¥§Ê²ÓÉ É ³. �μ·³¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö μÏ¨¡μ± ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±-
É ²Ó´μ° · §³¥·´μ¸É¨ ErDF , μ¸´μ¢ ´¨Ö ErP ¨ ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ErNlev

¶·¨¢¥¤¥´Ò ´  ·¨¸. 7,  , ¡, ¢ ¤²Ö μ¡μ¨Ì ³¥Éμ¤μ¢. Š ± ³μ¦´μ ¢¨¤¥ÉÓ ¨§ ·¨¸Ê´-
±μ¢, Ë· ±É ²Ó´ Ö · §³¥·´μ¸ÉÓ, ±μ²¨Î¥¸É¢μ Ê·μ¢´¥° ¨ μ¸´μ¢ ´¨¥ P- ¤¨Î¥¸±μ£μ
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�¨¸. 7. �μ·³¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥-
´¨Ö μÏ¨¡μ± ¢μ¸¸É ´μ¢²¥´¨Ö Ë· ±É ²Ó-
´μ° · §³¥·´μ¸É¨ ErDF (a), μ¸´μ¢ ´¨Ö
ErP (¡) ¨ ±μ²¨Î¥¸É¢  Ê·μ¢´¥° ErNlev (¢),
¶μ²ÊÎ¥´´Ò¥ PaC- ¨ SePaC-³¥Éμ¤ ³¨
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’ ¡²¨Í  3. �ËË¥±É¨¢´μ¸É¨ ¨ μÏ¨¡±¨ ¢μ¸¸É ´μ¢²¥´¨Ö DF , Nlev, P Ë· ±É ²μ¢ ¸
´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³, ¶μ²ÊÎ¥´´Ò¥ BC-, PaC- ¨ SePaC-³¥Éμ¤ ³¨

Œ¥Éμ¤
EfDF EfNlev EfP Eftot % ¸μ¡ÒÉ¨Ö, % ¸μ¡ÒÉ¨Ö, % ¸μ¡ÒÉ¨Ö,

% % % % ErDF < 0,5 % ErNlev < 0,5% ErP < 0,5 %

BC 90,1 0 28,1 0,3 16 0 0
PaC 99,4 100 99,2 98,6 93 100 97

SePaC 99,4 100 99,2 98,6 93 100 97

Ëμ·³¨·μ¢ ´¨Ö Ë· ±É ²  μ¶·¥¤¥²ÖÕÉ¸Ö ÉμÎ´μ (É. ¥. μÏ¨¡±  ¢μ¸¸É ´μ¢²¥´¨Ö
³¥´ÓÏ¥ 0,5 %) ¤²Ö 93−100 % Ë· ±É ²μ¢.

�¥§Ê²ÓÉ ÉÒ ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§  ÔËË¥±É¨¢´μ¸É¥° ¨ μÏ¨¡μ± ¢μ¸¸É ´μ-
¢²¥´¨Ö DF , P , Nlev · ¸¸³ É·¨¢ ¥³Ò³¨ ³¥Éμ¤ ³¨ ¶·¨ μ¶É¨³ ²Ó´ÒÌ §´ Î¥-
´¨ÖÌ ¶ · ³¥É·μ¢ ¤²Ö Ë· ±É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥° ¶·¨¢¥¤¥´Ò ¢
É ¡². 3. ˆ§ É ¡²¨ÍÒ ¢¨¤´μ, ÎÉμ BC-³¥Éμ¤ ¢μ¸¸É ´ ¢²¨¢ ¥É Ë· ±É ²Ó´ÊÕ · §-
³¥·´μ¸ÉÓ ¸ ÔËË¥±É¨¢´μ¸ÉÓÕ EfDF � 90 %. � §³¥·´μ¸ÉÓ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö
ÉμÎ´μ (μÏ¨¡±  ³¥´¥¥ 0,5 %) ¤²Ö ´¥¡μ²ÓÏμ£μ ±μ²¨Î¥¸É¢  Ë· ±É ²μ¢ (16 %).
Šμ²¨Î¥¸É¢μ Ê·μ¢´¥° Nlev ¨ μ¸´μ¢ ´¨¥ P ÔÉ¨³ ³¥Éμ¤μ³ ´¥ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö.
PaC- ¨ SePaC-³¥Éμ¤Ò ¢μ¸¸É ´ ¢²¨¢ ÕÉ DF , Nlev ¨ μ¸´μ¢ ´¨¥ P ¸ ¢Ò¸μ±μ° ÔË-
Ë¥±É¨¢´μ¸ÉÓÕ 99−100 %. „μ²Ö ¸μ¡ÒÉ¨°, ¤²Ö ±μÉμ·ÒÌ μÏ¨¡±¨ ErDF , ErNlev ,
ErP ³¥´ÓÏ¥ 0,5 %, ¸μ¸É ¢²Ö¥É 93−100 %.

‡�Š‹	—…�ˆ…

‚ · ¡μÉ¥ ¶·μ¢¥¤¥´  ´ ²¨§ ¢μ¸¸É ´μ¢²¥´¨Ö Ì · ±É¥·¨¸É¨± Ë· ±É ²μ¢ (· §-
³¥·´μ¸É¨ DF , ±μ²¨Î¥¸É¢  Ê·μ¢´¥° Nlev ¨ μ¸´μ¢ ´¨Ö P ) ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥-
²¥´¨¥³ Î ¸É¥° BC-, PaC- ¨ SePaC-³¥Éμ¤ ³¨. � §· ¡μÉ ´  ¶·μÍ¥¤Ê·  ¶μ¨¸± 
μ¶É¨³ ²Ó´ÒÌ §´ Î¥´¨° ¶ · ³¥É·μ¢ χ2

lim, Pmax, Dev ÔÉ¨Ì ³¥Éμ¤μ¢. �μ± § ´μ,
ÎÉμ PaC- ¨ SePaC-³¥Éμ¤Ò ¨³¥ÕÉ μ¶·¥¤¥²¥´´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ¢  ´ ²¨§¥ Ë· ±-
É ²μ¢ ¸ ´¥§ ¢¨¸¨³Ò³ ¤¥²¥´¨¥³ Î ¸É¥° ¶¥·¥¤ BC-³¥Éμ¤μ³.
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