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�·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¤¢¨¦¥É¸Ö ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨-
´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 ¢ ¶μ²¥ ´¥¶μ¤¢¨¦´μ£μ ¸¨²μ¢μ£μ Í¥´É·  O, ±μÉμ·Ò°
¢μ§¤¥°¸É¢Ê¥É ´  ´¥¥ ¶μ¸·¥¤¸É¢μ³ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´-
Í¨ ² . Š ± ¨§¢¥¸É´μ [1Ä4], ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸μÌ· ´ÖÕÐ¨³¨¸Ö ±¢ ´Éμ¢Ò³¨ Î¨-
¸² ³¨ Ö¢²ÖÕÉ¸Ö ¢μ²´μ¢μ¥ Î¨¸²μ k ¨ Ê£²μ¢μ° ³μ³¥´É � = 0, 1, . . . Î ¸É¨ÍÒ p1.
”Ê´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  [1,4] ¤²Ö ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |k, �〉 ÔÉμ° ¦¥
Î ¸É¨ÍÒ ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§
¶ ·Í¨ ²Ó´ÊÕ Ë §Ê δ�(k) · ¸¸¥Ö´¨Ö Ëμ·³Ê²μ°

K(k) ≡ k2�+1 ctg δ�(k) = −1/a + (k2/2) reff + . . .

�·¨¡²¨¦¥´¨¥³ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  [1, 4] ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ  ¶¶·μ±¸¨³ -
Í¨Õ ËÊ´±Í¨¨ K(k) ¸Ê³³μ° ¤¢ÊÌ ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ ¥¥ · §²μ¦¥´¨Ö ¢ ¡¥¸±μ-
´¥Î´Ò° ·Ö¤ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  k. ’ ± Ö ¸Ê³³  ¸μ¤¥·¦¨É ¤¢¥
±μ´¸É ´ÉÒ: ¤²¨´Ê · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ reff .

‚ Ö¤¥·´ÊÕ Ë¨§¨±Ê ´¨§±¨Ì Ô´¥·£¨° ¶·¨¡²¨¦¥´¨¥ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ 
¤²Ö ¸²ÊÎ Ö S-¢μ²´μ¢μ£μ (� = 0) · ¸¸¥Ö´¨Ö ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³
¢¢¥² X.�. �¥É¥ [5]. ˆ§ÖÐ´μ¥ μ¡μ¡Ð¥´¨¥ ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¶·μ¨§¢μ²Ó-
´μ£μ §´ Î¥´¨Ö Ê£²μ¢μ£μ ³μ³¥´É  � ¶·¥¤²μ¦¥´μ ƒ. ”. „·Ê± ·¥¢Ò³ [6]. � ¤¥¦-
´Ò° ¸¶μ¸μ¡, ¶·¥¤´ §´ Î¥´´Ò° ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μ´¸É ´É a ¨ reff ¶·¨ ²Õ¡μ³
§´ Î¥´¨¨ � ¨ μ¸´μ¢ ´´Ò° ´  ´¥²¨´¥°´μ° ¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°,
¶μ¤·μ¡´μ ¨§²μ¦¥´ ‚.‚. � ¡¨±μ¢Ò³ ¢ ¥£μ ³μ´μ£· Ë¨¨ [4]. Š ± ¶μ± § ´μ ¢ ´¥-
¤ ¢´¨Ì · ¡μÉ Ì [7Ä9], ¤²Ö · ¸Î¥É  ÔÉ¨Ì ±μ´¸É ´É Ê¤μ¡´¥¥ ¨¸¶μ²Ó§μ¢ ÉÓ ·¥±Ê·-
·¥´É´ÊÕ Í¥¶μÎ±Ê Ô´¥·£μ´¥§ ¢¨¸¨³ÒÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ¶¥·¢μ£μ ¶μ·Ö¤± , ±μÉμ·ÊÕ ´¥É·Ê¤´μ ¢Ò¢¥¸É¨, ¸É ·ÉÊÖ ¸ ²¨´¥°´μ° ¢¥·¸¨¨
³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° [3].

�¡μ¡Ð¥´¨¥ ¶·¨¡²¨¦¥´¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ´  ¸²ÊÎ ° ¸Ê¶¥·¶μ§¨Í¨¨
±Ê²μ´μ¢¸±μ£μ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  ´ Î Éμ c · ¡μÉÒ ‹. „. ‹ ´-
¤ Ê ¨ Ÿ.�. ‘³μ·μ¤¨´¸±μ£μ [10]. �¡Ï¨·´Ò° ¸¶¨¸μ± ¨¸¸²¥¤μ¢ ´¨°, ¨´¨Í¨¨-
·μ¢ ´´ÒÌ ÔÉμ° · ¡μÉμ° ¨ ¶μ¸¢ÖÐ¥´´ÒÌ ¸¶μ¸μ¡ ³ ¢ÒÎ¨¸²¥´¨° ±Ê²μ´-Ö¤¥·´ÒÌ
¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¤ ´ ¢ μ¡§μ· Ì ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
¶·¨¡²¨¦¥´¨° ¢ Ö¤¥·´μ° Ë¨§¨±¥ [11,12].
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�¤´¨³ ¨§ É· ¤¨Í¨μ´´ÒÌ ¶·¨²μ¦¥´¨° ¶·¨¡²¨¦¥´¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨-
Ê¸  ¢ É¥μ·¥É¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ö¤¥·´μ° Ë¨§¨±¥ ´¨§±¨Ì Ô´¥·£¨°
Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥ § ¤ Î¨ Ô±¸É· ¶μ²ÖÍ¨¨ ¶ ·Í¨ ²Ó´ÒÌ Ë § δ�(k) ¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨Ì ¸¥Î¥´¨° ¢ μ¡² ¸ÉÓ ¸¢¥·Ì´¨§±¨Ì Ô´¥·£¨° [11, 12], ´¥¤μ¸ÉÊ¶´ÒÌ ¤²Ö
Ô±¸¶¥·¨³¥´É ²Ó´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö. „·Ê£ Ö ´¥ ³¥´¥¥ ¢ ¦´ Ö ¶·¨±² ¤´ Ö § -
¤ Î  Ö¤¥·´μ° Ë¨§¨±¨ ´¨§±¨Ì Ô´¥·£¨° ¨ Ö¤¥·´μ°  ¸É·μË¨§¨±¨ § ±²ÕÎ ¥É¸Ö
¢ μ¶·¥¤¥²¥´¨¨ ¢¥·Ï¨´´ÒÌ ±μ´¸É ´É [13, 14] ¶·μÍ¥¸¸μ¢ · §¢ ²  ²¥£±μ£μ Ö¤· 
A ´  ¤¢  Ë· £³¥´É  B ¨ C. ‚ · ¡μÉ Ì [15Ä18] ¤²Ö ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨
Ê¸¶¥Ï´μ ¨¸¶μ²Ó§μ¢ ²¸Ö ³¥Éμ¤, μ¸´μ¢ ´´Ò° ´   ´ ²¨É¨Î¥¸±μ³ ¶·μ¤μ²¦¥´¨¨
μ¤´μ± ´ ²Ó´μ° ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(k) ¢ ÉμÎ±Ê ¶μ²Õ¸  ¶ ·Í¨-
 ²Ó´μ°  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¤¢ÊÌ Ö¤¥·-Ë· £³¥´Éμ¢ B ¨ C, μÉ¢¥Î ÕÐÊÕ ¨Ì
¸¢Ö§ ´´μ³Ê ¸μ¸ÉμÖ´¨Õ A. ‚ ´¥¤ ¢´¨Ì · ¡μÉ Ì [19, 20] ¶·¥¤²μ¦¥´μ μ¡μ¡Ð¥-
´¨¥ ÔÉμ£μ ³¥Éμ¤  ´  ¸²ÊÎ ° ¤¢ÊÌ ± ´ ²μ¢ ¨ ´  ¸²ÊÎ ° ¸Ê¶¥·¶μ§¨Í¨¨ ±Ê²μ-
´μ¢¸±μ£μ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ (Ö¤¥·´μ£μ) ¢§ ¨³μ¤¥°¸É¢¨°. ˆ¸¶μ²Ó§μ¢ ´¨¥
É ±μ£μ μ¡μ¡Ð¥´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö ¶¥·¸¶¥±É¨¢´Ò³ ¶μ¤Ìμ¤μ³ ± ¨¸¸²¥¤μ¢ ´¨Õ
Ö¤¥·´ÒÌ ·¥ ±Í¨°, ¶·μÉ¥± ÕÐ¨Ì ¶·¨ ¸Éμ²±´μ¢¥´¨¨ ¶·μÉμ´μ¢, ± ´ ²¨·Ê¥³ÒÌ
¢ ±·¨¸É ²²¨Î¥¸±μ° ¸·¥¤¥, ¸ ²¥£±¨³¨ Ö¤· ³¨, ¨³¶² ´É¨·μ¢ ´´Ò³¨ ¢ ´¥¥. �¦¨-
¤ ¥³μ¥ Ê¢¥²¨Î¥´¨¥ ¸±μ·μ¸É¨ ¶·μÉ¥± ´¨Ö É ±¨Ì ·¥ ±Í¨° μ¸´μ¢ ´μ ´  ¤ ¢´μ
¨§¢¥¸É´μ³ ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ ¶μ¤É¢¥·¦¤¥´´μ³ ÔËË¥±É¥ ± ´ ²¨·μ¢ ´¨Ö § -
·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ ±·¨¸É ²²¥ [21], Ë¨§¨Î¥¸±¨ ¶·μ§· Î´ÒÌ ± Î¥¸É¢¥´´ÒÌ ¸μ-
μ¡· ¦¥´¨ÖÌ [22] ¨ ´  ¤¢ÊÌ É¥μ·¥É¨Î¥¸±¨ ¶·¥¤¸± § ´´ÒÌ ÔËË¥±É Ì: ÔËË¥±É¥
¸¢¥·ÌËμ±Ê¸¨·μ¢±¨ [23] ¨ ÔËË¥±É¥ ·¥§μ´ ´¸´μ£μ ± ´ ²¨·μ¢ ´¨Ö ¶ÊÎ±  § ·Ö-
¦¥´´ÒÌ Î ¸É¨Í ¢ ±·¨¸É ²²¥ [24].

‚ · ¡μÉ¥ [22] ¶μ± § ´μ, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸Éμ²±´μ¢¥´¨Ö Ö¤· , ¤¢¨-
¦ÊÐ¥£μ¸Ö ¢¤μ²Ó ±·¨¸É ²²μ£· Ë¨Î¥¸±μ° μ¸¨, ¸ Ö¤·μ³, ¨³¶² ´É¨·μ¢ ´´Ò³ ¢
±·¨¸É ²², ¶μ¤Î¨´Ö¥É¸Ö ¤¢Ê³¥·´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· . ‚ ¸¨¸É¥³¥ Í¥´-
É·  ³ ¸¸ ¸É ²±¨¢ ÕÐ¨Ì¸Ö Ö¤¥· É ±ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ³μ¦´μ ¨´É¥·¶·¥-
É¨·μ¢ ÉÓ ± ± ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1, μ¡² ¤ ÕÐ¥° ³ ¸¸μ°
m1, · ¢´μ° ¶·¨¢¥¤¥´´μ° ³ ¸¸¥ ÔÉ¨Ì Ö¤¥·, ¨ ¤¢¨¦ÊÐÊÕ¸Ö ¨ ¢¤μ²Ó ±·¨¸É ²-
²μ£· Ë¨Î¥¸±μ° μ¸¨, ¨ ¢ ¶¥·¶¥´¤¨±Ê²Ö·´μ° ÔÉμ° μ¸¨ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P
É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  R3 ÔÉμ° ¦¥ Î ¸É¨ÍÒ.

Š ± ¨§¢¥¸É´μ [1, 25Ä35], ¤¢¨¦¥´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¤¢Ê-
³¥·´μ° ¶²μ¸±μ¸É¨ P ¨³¥¥É ¤¢¥ μ¸μ¡¥´´μ¸É¨ ¶μ ¸· ¢´¥´¨Õ ¸ ¥¥ ¤¢¨¦¥´¨¥³ ¢
É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥. ‚μ-¶¥·¢ÒÌ, ¢ ¶μ²¥ ²Õ¡μ£μ ¸±μ²Ó Ê£μ¤´μ ¸² ¡μ£μ, ´μ
¶·¨ÉÖ£¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ² , Ê¡Ò¢ ÕÐ¥£μ ¡Ò¸É·¥¥ ±Ê²μ´μ¢¸±μ£μ, ±¢ ´Éμ¢ Ö
Î ¸É¨Í  ¨³¥¥É ¶μ ±· °´¥° ³¥·¥ μ¤´μ ¸² ¡μ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ [1,25,26,36].
‚μ-¢Éμ·ÒÌ, ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ²Õ¡Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕ-
Ð¨³, ¢ Éμ³ Î¨¸²¥ ¨ Ë¨´¨É´Ò³ ¶μÉ¥´Í¨ ²μ³, ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É ¢
¶·¥¤¥²¥ ¥¥ ´Ê²¥¢μ° ¶μ²´μ° Ô´¥·£¨¨ [1, 27, 28, 35], ¶·¨Î¥³ ¸É ·Ï¥¥ ¸² £ ¥-
³μ¥  ¸¨³¶ÉμÉ¨±¨ ¸¥Î¥´¨Ö ¢ ÔÉμ³ ¶·¥¤¥²¥ ´¨± ± ´¥ § ¢¨¸¨É μÉ ¶μÉ¥´Í¨ ²  ¨
μ¶¨¸Ò¢ ¥É¸Ö ´¥ ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥° Ô´¥·£¨¨, · ¢´μ° ¥¥ ²μ£ ·¨Ë³Ê. �ÉÊ
¦¥ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ËÊ´±Í¨Õ Ô´¥·£¨¨ ¸μ¤¥·¦ É ¨ ¢¸¥ ¨§¢¥¸É´Ò¥ ± ´ ¸ÉμÖ-
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Ð¥³Ê ¢·¥³¥´¨ μ¶·¥¤¥²¥´¨Ö [29Ä35] ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨ ¤²¨´Ò
¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³
¶μÉ¥´Í¨ ²μ³.

Š ± μÉ³¥Î ²μ¸Ó ¢ · ¡μÉ Ì [37Ä39], ´ ²¨Î¨¥ ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ, ¤¢¨¦ÊÐ¥°¸Ö ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨, ¸ÊÐ¥¸É¢¥´´μ ³¥´Ö¥É
¸¥Î¥´¨¥ ¥¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö.

�´ ²¨§ ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ ²¥£±¨Ì Ö¤¥· ¢ ¶²μ¸±μ¸É¨, ¶¥·¶¥´¤¨±Ê²Ö·´μ°
± ´ ²¨·Ê¥³μ³Ê ¶ÊÎ±Ê, Ö¢²Ö¥É¸Ö ´ Ï¥° ±μ´¥Î´μ° Í¥²ÓÕ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö μ¸μ¡μ
¨´É¥·¥¸´Ò³ ¨§-§  ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸ÊÐ¥¸É¢¥´´ÒÌ μÉ²¨Î¨° ¤¢Ê³¥·´μ£μ
· ¸¸¥Ö´¨Ö μÉ É·¥Ì³¥·´μ£μ. „μ¸É¨¦¥´¨¥ ÔÉμ° Í¥²¨ ´¥¢μ§³μ¦´μ ¡¥§ ¶μ¸²¥¤μ-
¢ É¥²Ó´μ£μ ¶μ¸É·μ¥´¨Ö É¥μ·¨¨ ¤¢Ê³¥·´μ£μ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö,
±μÉμ·μ¥ ²μ£¨Î´μ ´ Î ÉÓ ¸ ¤¥É ²Ó´μ£μ ·¥Ï¥´¨Ö ´ ¨¡μ²¥¥ ¶·μ¸Éμ° § ¤ Î¨ μ
¤¢¨¦¥´¨¨ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°-
¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . �¥·¢Ò° ÔÉ ¶ ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ § ±²ÕÎ ¥É¸Ö ¢ ¸μ-
§¤ ´¨¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° ³¥Éμ¤ , ¶·¥¤´ §´ Î¥´-
´μ£μ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ Ë §, ¸¥Î¥´¨° ¨ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ. �ÉμÉ ÔÉ ¶ ¶·¥μ¤μ²¥´ ¢ · -
¡μÉ¥ [35]. ‘²¥¤ÊÕÐ¥° ¶μ ¸²μ¦´μ¸É¨ § ¤ Î¥° Ö¢²Ö¥É¸Ö  ´ ²¨§ Ê¸²μ¢¨°, ¤μ¸É -
ÉμÎ´ÒÌ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ
¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ. ’ ±μ°  ´ ²¨§ ¤ ´ ¢ ¶·¥¤Ò¤ÊÐ¥° · ¡μÉ¥ [36].
�¸μ¡μ ¨´É¥·¥¸´Ò³ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ¶·¥¤¸É ¢²Ö¥É¸Ö ¨¸¸²¥¤μ¢ -
´¨¥ μ¸μ¡¥´´μ¸É¥° ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ ¶μ¢¥¤¥´¨Ö ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨
¸¥Î¥´¨°, ¶μ·μ¦¤ ¥³ÒÌ É ±¨³¨ ¸μ¸ÉμÖ´¨Ö³¨. �¥Ï¥´¨Õ ÔÉμ° § ¤ Î¨ ¢ · ³± Ì
¤¢Ê³¥·´μ£μ  ´ ²μ£  [35, 36] ¶·¨¡²¨¦¥´¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¶μ¸¢ÖÐ¥´ 
´ ¸ÉμÖÐ Ö · ¡μÉ .

‚¸¥ ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ´¥° μ¸μ¡μ §´ Î¨³Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ¨§¢¥¸É´Ò¥ ¸μμÉ´μ-
Ï¥´¨Ö ¸μ¡· ´Ò ¢ · §¤. 1. ‚ · §¤. 2 ¤ ´  ´ ²¨§ μ±μ²μ¶μ·μ£μ¢ÒÌ μ¸μ¡¥´´μ¸É¥°
¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö, ¶μ·μ¦¤¥´´ÒÌ ¶·¨¸ÊÉ¸É¢¨¥³
μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö, ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ
¸μ¸ÉμÖ´¨°. ‚ § ±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´μ£μ
 ´ ²¨§  ¨ μ¡¸Ê¦¤ ÕÉ¸Ö ¢μ§³μ¦´Ò¥ ¸¶μ¸μ¡Ò ¨Ì ¶·¨³¥´¥´¨Ö.

1. ���…„…‹…�ˆŸ ˆ Š‹�—…‚›… ‘��’��˜…�ˆŸ

�μÖ¸´¨³ μ¡μ§´ Î¥´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μ-
É Ì [35, 36],   § É¥³ ¶¥·¥Î¨¸²¨³ ¤μ± § ´´Ò¥ ¢ ÔÉ¨Ì ¦¥ · ¡μÉ Ì ÊÉ¢¥·¦¤¥-
´¨Ö ¨ ¸μμÉ´μÏ¥´¨Ö.

� Î´¥³ ¸ Ë¨§¨Î¥¸±¨Ì ¶·¥¤¶μ²μ¦¥´¨°. �μ² £ ¥³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨-
Í  p1 ¤¢¨¦¥É¸Ö ²¨ÏÓ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ¥¥ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´-
¸É¢  R3. ‘Î¨É ¥³, ÎÉμ ´¥±μÉμ· Ö ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  O ÔÉμ° ¶²μ¸±μ¸É¨ Ö¢²Ö-
¥É¸Ö ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´-
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Í¨ ²  V , ±μÉμ·Ò° § ¢¨¸¨É Éμ²Ó±μ μÉ μ¡¥§· §³¥·¥´´μ£μ · ¸¸ÉμÖ´¨Ö x ³¥¦¤Ê
ÉμÎ±μ° O ¨ ÔÉμ° Î ¸É¨Í¥° ¨ ¶μ¤Î¨´¥´ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

lim
x→0

x2|V (x)| = 0; V (x) ∈ C0(0,∞); lim
x→∞

xn|V (x)| = 0, n = 0, 1, 2, . . .

(1)
’ ±μ° ¶μÉ¥´Í¨ ² ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ Í¥´É· ²Ó´Ò³, ¸² ¡μ¸¨´£Ê²Ö·´Ò³ ¢ ´Ê²¥,
´¥¶·¥·Ò¢´Ò³ ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0 ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³. ‚¸²¥¤¸É¢¨¥ ¶¥-
·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ¶μÉ¥´Í¨ ²  V (x) ¶μ²´Ò° ´ ¡μ· ±¢ ´Éμ¢ÒÌ Î¨¸¥²
Î ¸É¨ÍÒ p1 ¸μ¸Éμ¨É ¨§ ¥¥ μ¡¥§· §³¥·¥´´μ£μ ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¶μ²ÊÍ¥-
²μ£μ Î¨¸²  λ = −1/2, 1/2, . . .,   · ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö uλ(x; q) =
〈x|q, λ〉 Ë¨§¨Î¥¸±μ£μ ¸μ¸ÉμÖ´¨Ö |q, λ〉 ÔÉμ° Î ¸É¨ÍÒ μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥£Ê²Ö·-
´μ¥ (μ£· ´¨Î¥´´μ¥ ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0) ·¥Ï¥´¨¥ μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥· [

∂2
x + q2 − λ(λ + 1)x−2 − V (x)

]
uλ(x; q) = 0, x > 0, (2)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ uλ(x; q) ∼ (qx)λ+1, qx → 0, ¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´μ°
 ¸¨³¶ÉμÉ¨±μ° ¢ μ¡² ¸É¨ qx/|λ| 	 1. ‚¸¥ ·¥£Ê²Ö·´Ò¥ ´  ¶μ²Êμ¸¨ x > 0 ·¥Ï¥-
´¨Ö Ê· ¢´¥´¨Ö (2) ¸ É ±¨³ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ ¨ ±μ³¶²¥±¸´Ò³ ¶ · ³¥É·μ³ q
¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±Ê

uλ(x; q) → N(q)
[
A+(q) exp (iqx) − A− exp (−iqx)

]
, |q|x/|λ| → ∞, (3)

£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ i Å ³´¨³ Ö ¥¤¨´¨Í ,

A±(q) ≡ (2i)−1 exp {∓i [πλ/2 − δλ(q)]} ,

  N(q) ¨ δλ(q) Å ´¥±μÉμ·Ò¥ ±μ³¶²¥±¸´μ§´ Î´Ò¥ ËÊ´±Í¨¨  ·£Ê³¥´É  q. �·¨
Ê¸²μ¢¨ÖÌ (1) É ±¨¥ ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ, ¥¸²¨ q > 0 ¨²¨ q = ip, £¤¥ p �
0. �Éμ ÊÉ¢¥·¦¤¥´¨¥ μ¸É ´¥É¸Ö ¢ ¸¨²¥, ¥¸²¨ ¤²Ö ´¥±μÉμ·ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ
Î¨¸¥² q0 ¨ q1 ¶μ²μ¦¨ÉÓ q = q1 − iq2, q2 ∈ (0, q0] ¨ ¢³¥¸Éμ ¶μ¸²¥¤´¥£μ ¨§
Ê¸²μ¢¨° (1) ¶μÉ·¥¡μ¢ ÉÓ ¸Ê³³¨·Ê¥³μ¸ÉÓ ËÊ´±Í¨¨ |V (x)| exp (2q0x) ¢ μ¡² ¸É¨
x 	 1. „ ²¥¥ ¸Î¨É ¥É¸Ö, ÎÉμ q0 ≡ 2 exp (−γ) = 1,122918 . . . , £¤¥ γ Å
±μ´¸É ´É  �°²¥· .

ˆ§ ³´μ¦¥¸É¢  ¢¸¥Ì ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨° ¸  ¸¨³¶ÉμÉ¨± ³¨ (3) · ¤¨ ²Ó´ Ö
¢μ²´μ¢ Ö ËÊ´±Í¨Ö uλ ¸μ¸ÉμÖ´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö |q, λ〉 ¢Ò¤¥²Ö¥É¸Ö Ê¸²μ¢¨-
Ö³¨ q > 0 ¨ N(q) = 1. �É  ËÊ´±Í¨Ö ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

uλ(x; q) → sin [qx − πλ/2 + δλ(q)] , qx/|λ| → ∞.

‚¥²¨Î¨´Ò δλ(q) ¨ σλ(q) ´ §Ò¢ ÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò³¨ Ë §μ° ¨ ¸¥Î¥´¨¥³ Ê¶·Ê-
£μ£μ · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉. ‘¥Î¥´¨¥ σλ(q) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê² ³

σλ(q) ≡ σu
λ(q)

[ ctg δλ(q) ]2 + 1
, σu

λ(q) ≡ 4
q

(2 − δ2λ,−1). (4)
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‡¤¥¸Ó ¨ ¤ ²¥¥ δi,j Å ¸¨³¢μ² Š·μ´¥±¥· . ‘¥Î¥´¨¥ σλ(q) ¤μ¸É¨£ ¥É ¸¢μ¥£μ
Ê´¨É ·´μ£μ ¶·¥¤¥²  σu

λ(q), ¥¸²¨ ¢μ²´μ¢μ¥ Î¨¸²μ q · ¢´μ ¶μ²μ¦¨É¥²Ó´μ³Ê
±μ·´Õ p Ê· ¢´¥´¨Ö ctg δλ(p) = 0,   Ë §  δλ(p) ±· É´  Î¨¸²Ê π/2. ‘μ¸ÉμÖ´¨¥
· ¸¸¥Ö´¨Ö |p, λ〉 ¸ É ±¨³ ¢μ²´μ¢Ò³ Î¨¸²μ³ ¸Î¨É ¥³ μ¸μ¡Ò³. �·¥¤¥² q → 0+
´ §μ¢¥³ ¶·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨°. �Ê²¥¢μ¥ §´ Î¥´¨¥ ¡¥§· §³¥·´μ° Ô´¥·£¨¨
· ¸¸¥Ö´¨Ö E = q2 ´ §Ò¢ ¥³ ¶μ·μ£μ¢Ò³, ¶μÉμ³Ê ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ´¥£μ
¢ μ¡² ¸ÉÓ E < 0 ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö ¨¸Î¥§ ÕÉ.

‘¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢Ò¤¥²ÖÕÉ¸Ö ¨§ ¢¸¥Ì μ¸É ²Ó´ÒÌ ·¥£Ê²Ö·´ÒÌ ·¥Ï¥´¨°
¸μ¢μ±Ê¶´μ¸ÉÓÕ ¸²¥¤ÊÕÐ¨Ì Ê¸²μ¢¨°: q = ip, p � 0;

uλ(x; ip) ∼ exp (−px), px/|λ| → ∞ ;

∞∫
0

|uλ(x)|2 dx = 1,

¨ ¶μÔÉμ³Ê ¸ÊÐ¥¸É¢ÊÕÉ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢μ²´μ¢μ¥ Î¨¸²μ q · ¢´μ
±μ·´Õ ip, p > 0, Ê· ¢´¥´¨Ö ctg δλ(ip) = i. ‚ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ |ip, λ〉
Î ¸É¨Í  p1 ¨³¥¥É μÉ·¨Í É¥²Ó´ÊÕ ¨²¨ ´Ê²¥¢ÊÕ ¶μ²´ÊÕ Ô´¥·£¨Õ E = −p2,
±μÉμ·μ° ¸μμÉ¢¥É¸É¢Ê¥É ´¥μÉ·¨Í É¥²Ó´ Ö Ô´¥·£¨Ö ¸¢Ö§¨ B ≡ −E = p2.

�¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ Î ¸É¨ÍÒ p1 μ¶·¥¤¥²Ö¥É¸Ö ± ± ¸μ¸ÉμÖ´¨¥ |q, λ〉 ¸
±μ³¶²¥±¸´Ò³ ¢μ²´μ¢Ò³ Î¨¸²μ³ q = q1 − iq2, q1 > 0, q2 ∈ (0, q0), ±μÉμ·μ³Ê
μÉ¢¥Î ¥É ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ uλ, μ¡² ¤ ÕÐ¥¥  ¸¨³¶ÉμÉ¨±μ° ¢ ¢¨¤¥ · ¸Ìμ¤Ö-
Ð¥°¸Ö ±·Ê£μ¢μ° ¢μ²´Ò:

〈x|q, λ〉 = uλ(x; q1 − iq2) → exp {q2x + i [q1x − πλ/2 + δλ(q)]} ,

|q|x/|λ| → ∞.

�¸¨³¶ÉμÉ¨±  (3) μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö ¸μ¢¶ ¤ ¥É ¸ É ±μ°  ¸¨³¶ÉμÉ¨-
±μ° Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  N(q) = 1,   ¢μ²´μ¢μ¥ Î¨¸²μ q · ¢´μ ±μ·´Õ
q1 − iq2 Ê· ¢´¥´¨Ö ctg δλ(q1 − iq2) = i, q1 > 0, q2 ∈ (0, q0). �Éμ Ê· ¢´¥-
´¨¥ μ¶·¥¤¥²Ö¥É ¢¥¸Ó ¤¨¸±·¥É´Ò° ¸¶¥±É· ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ p1. �μ μ¶·¥¤¥²¥´¨Õ Î¨¸²μ q = q1 − iq2 ¶·¨´ ¤²¥¦¨É Î¥É¢¥·Éμ³Ê
±¢ ¤· ´ÉÊ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¢μ²´μ¢ÒÌ Î¨¸¥². ‚ ÔÉμ³ ±¢ ¤· ´É¥ Ê¤μ¡´μ
¨¸¶μ²Ó§μ¢ ÉÓ ¸¶¥Í¨ ²Ó´Ò¥ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ (p, ω) Å ³μ¤Ê²Ó p = |q| ¨
Ê£μ² ω, μÉ¸Î¨ÉÒ¢ ¥³Ò° μÉ ¶μ²Êμ¸¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ §´ Î¥´¨° ¨
μ¶·¥¤¥²¥´´Ò° ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

q = p exp [i(2π − ω)] = p exp (−iω), ω ≡ arctg (q2/q1) ∈ (0, π/2). (5)

‚ ±μμ·¤¨´ É Ì (p, ω) ¶μ²´ Ö ¡¥§· §³¥·´ Ö Ô´¥·£¨Ö E ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö
|q, λ〉 = |(p, ω), λ〉 ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§ Ô´¥·£¨Õ ·¥§μ´ ´¸  Er ¨ ¥£μ Ï¨·¨´Ê
Γ Ëμ·³Ê² ³¨

E ≡ q2 = Er − iΓ/2, Er ≡ p2 cos 2ω, Γ ≡ 2p2 sin 2ω. (6)

5



C² ¡μ¸¢Ö§ ´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³ ¸Î¨É ¥³ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö |ip, λ〉, 0 <
p � q0,   ¸μ¸ÉμÖ´¨Ö |q, λ〉, |q| � q0, ´ §Ò¢ ¥³ μ±μ²μ¶μ·μ£μ¢Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨
Ê¶·Ê£μ£μ (q > 0) ¨²¨ ·¥§μ´ ´¸´μ£μ (q = q1 − iq2) · ¸¸¥Ö´¨Ö.

�·¨ Ê¸²μ¢¨ÖÌ (1) ¤²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |λ, q〉, q > 0, c ¢Ò-
¡· ´´Ò³ §´ Î¥´¨¥³ λ ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q) Ö¢²Ö¥É¸Ö ·Ö¤μ³
¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¢¢μ¤¨É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

K(q) ≡ q2λ+1 [ctg δλ(q) − h(q)] = −1
a

+
q2

2
reff + O

(
(|q|/q0)4

)
. (7)

‡¤¥¸Ó ¨ ¢¸Õ¤Ê ¤ ²¥¥

h(q) ≡ (2/π) [ ln (q/2) + γ ] = (2/π) ln (q/q0), (8)

  ±μÔËË¨Í¨¥´ÉÒ a ¨ reff ´ §Ò¢ ÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê-
¸μ³. �¸μ¡Ò¥ ¸²ÊÎ ¨ a = 0 ¨ a = ±∞ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ´¥ · ¸¸³ É·¨¢ ÕÉ¸Ö.
…¸²¨ ¶μÉ·¥¡μ¢ ÉÓ ¸Ê³³¨·Ê¥³μ¸ÉÓ ËÊ´±Í¨¨ |V (x)| exp (2q0x) ¶·¨ x 	 1, Éμ
¶·¥¤¸É ¢²¥´¨Ö (7) ³μ¦´μ ¡Ê¤¥É ¨¸¶μ²Ó§μ¢ ÉÓ ± ±  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²¦¥´¨¥
ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¢ μ¡² ¸ÉÓ A ≡ {q : |arg q| � π/2, Im q � −q0}
±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨ ¢μ²´μ¢μ£μ Î¨¸²  q.

�·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ Î¨¸²  λ, ¤²¨´Ò · ¸¸¥Ö´¨Ö a �= 0,±∞,
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  reff �= ±∞ ¶μ¤ ¶·¨¡²¨¦¥´¨¥³ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ 
¢ μ¡² ¸É¨ A ¶μ¤· §Ê³¥¢ ¥³ § ³¥´Ê ËÊ´±Í¨¨ K(q) ¸Ê³³μ° ¸² £ ¥³ÒÌ −1/a ¨
(q2/2) reff . ‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ ËÊ´±Í¨Ö ctg δλ(q) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

ctg δλ(q) ≈ h(q) + q−2λ−1

[
−1

a
+

q2

2
reff

]
, 0 < |q| � q0, (9)

  ¸¥Î¥´¨¥ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö (7) Å Ëμ·³Ê²μ°

σλ(q) ≈ 4 (2 − δ2λ,−1) a2 q4λ+1

[1 − (q2/2) a reff − a q2λ+1 h(q)]2 + a2 q4λ+2
, 0 < q � q0. (10)

‚ ¸²ÊÎ ¥ 2λ = −1 ¨ q/q0 → 0 ¶·¨¡²¨¦¥´¨Ö (9) ¨ (10) Ë §Ò ¨ ¸¥Î¥-
´¨Ö · ¸¸¥Ö´¨Ö ¢μ¸¶·μ¨§¢μ¤¨É ¨Ì ¤ ¢´μ ¨§¢¥¸É´Ò¥  ¸¨³¶ÉμÉ¨±¨ [1]: δλ(q) ∼
(π/2)/ ln (q/q0) ¨

σλ(q) ∼ 4π2

q

1
[ 2 ln (q/q0) ]2 + π2

, 2λ = −1, q/q0 → 0. (11)

‘É ·Ï¥¥ ¸² £ ¥³μ¥ (π/2)/ ln q  ¸¨³¶ÉμÉ¨±¨ Ë §Ò δλ(q) ¶·¨ 2λ = −1 ¨
q/q0 → 0 ´¥ § ¢¨¸¨É ´¨ μÉ §´ ± , ´¨ μÉ Ëμ·³Ò ¶μÉ¥´Í¨ ²  V (x). �μÔÉμ³Ê ¤²Ö
μ¶·¥¤¥²¥´¨Ö §´ Î¥´¨Ö ÔÉμ° Ë §Ò ¢ ÉμÎ±¥ q = 0 É·¥¡ÊÕÉ¸Ö ¤μ¶μ²´¨É¥²Ó´Ò¥
μ£· ´¨Î¥´¨Ö. ‚ ± Î¥¸É¢¥ É ±μ¢ÒÌ ¶μ  ´ ²μ£¨¨ ¸ É·¥Ì³¥·´Ò³ · ¸¸¥Ö´¨¥³ [4]
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¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ Ë §  δλ(q) ¤μ²¦´  ¡ÒÉÓ ¶μ²μ¦¨É¥²Ó´μ° ¨²¨ μÉ·¨Í É¥²Ó-
´μ°, ¥¸²¨ ¢ ¸±μ²Ó Ê£μ¤´μ ³ ²μ° ¶μ²Êμ±·¥¸É´μ¸É¨ (0, x0), x0 � 1, ÉμÎ±¨
x = 0 ¶μÉ¥´Í¨ ² V (x) Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³ (V < 0) ¨²¨ μÉÉ ²±¨¢ ÕÐ¨³
(V > 0). �·¨ É ±μ³ μ¶·¥¤¥²¥´¨¨ ¨§ ¶·¥¤¸É ¢²¥´¨Ö (9) ¨ ¨§¢¥¸É´ÒÌ ¸¢μ°¸É¢
±μÉ ´£¥´¸  ¸²¥¤Ê¥É, ÎÉμ ¢ ²Õ¡μ³ ¨§ ÔÉ¨Ì ¸²ÊÎ ¥¢ Ë §  δλ(q) ³μ´μÉμ´´μ Ê¡Ò-
¢ ¥É ¸ ·μ¸Éμ³ ¥¥  ·£Ê³¥´É , ´μ ¢ ¶·¥¤¥²¥ q → 0+ ÔÉ  Ë §  ¸Ìμ¤¨É¸Ö ¸²¥¢  ±
Î¨¸²Ê π ¢ ¶¥·¢μ³ ¸²ÊÎ ¥ ¨ ± ´Ê²Õ ¢μ ¢Éμ·μ³.

‚ ¸¨²Ê μ¶·¥¤¥²¥´¨° (5), (8) ¨  ¶¶·μ±¸¨³ Í¨¨ (9) ¢ ¶·¨¡²¨¦¥´¨¨ ÔËË¥±-
É¨¢´μ£μ · ¤¨Ê¸  Ê· ¢´¥´¨Õ ctg δ(p) = 0, 0 < p � q0, μÉ¢¥Î ¥É ÔÉ ²μ´´μ¥
Ê· ¢´¥´¨¥

p2λ+1 2
π

ln
p

q0
=

1
a
− 1

2
reffp2, (12)

Ê· ¢´¥´¨Õ ctg δ(ip) = i, 0 < p � q0, ¸μμÉ¢¥É¸É¢Ê¥É ÔÉ ²μ´´μ¥ Ê· ¢´¥´¨¥

p2λ+1 2
π

ln
p

q0
= (i)−2λ−1

[
1
a

+
p2

2
reff

]
, (13)

  Ê· ¢´¥´¨¥ ctg δ(q1 − iq2) = i, |p| � q0, ¶μ·μ¦¤ ¥É ¸¨¸É¥³Ê ÔÉ ²μ´´ÒÌ
Ê· ¢´¥´¨°

p2λ+1 2
π

ln
p

q0
=

1
a

cos [(2λ + 1)ω] − p2

2
reff cos [(2λ − 1)ω], (14)

p2λ+1

[
1 +

2
π

ω

]
= −1

a
sin [(2λ + 1)ω] +

p2

2
reff sin [(2λ − 1)ω]. (15)

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² μ¡¸Ê¦¤¥´¨¥³ Ê· ¢´¥´¨° (12)Ä(15).
‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨Ö (12) ¨ (13) ¨³¥ÕÉ μ¤¨´ ±μ¢Ò¥ ²¥¢Ò¥ Î ¸É¨,   ¨Ì

¶· ¢Ò¥ Î ¸É¨ μÉ²¨Î ÕÉ¸Ö §´ ±μ³ ¶¥·¢μ£μ ¨²¨ ¢Éμ·μ£μ ¸² £ ¥³ÒÌ, ¥¸²¨ Î¨¸²μ
2λ + 1 ´¥ ±· É´μ ¨²¨ ±· É´μ Î¥ÉÒ·¥³. ‘²¥¤μ¢ É¥²Ó´μ, ±μ·´¨ p1 ¨ p2 μ¡¸Ê-
¦¤ ¥³ÒÌ Ê· ¢´¥´¨° (12) ¨ (13) ¸μ¢¶ ¤ ÕÉ Éμ²Ó±μ ¶·¨ Ê¸²μ¢¨ÖÌ reff = 0 ¨
2λ = −1, 3, 7, . . . ‹¨ÏÓ ¢ ÔÉμ³ ¸²ÊÎ ¥ Ô´¥·£¨Ö E = p2

1 μ¸μ¡μ£μ μ±μ²μ¶μ·μ£μ-
¢μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |p1, λ〉 · ¢´  Ô´¥·£¨¨ ¸¢Ö§¨ B = p2

2 ¸² ¡μ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö |ip2, λ〉.

‚ÒÖ¢¨³ ¸¢Ö§Ó ³¥¦¤Ê Î¨¸²μ³ ±μ·´¥° ÔÉ ²μ´´ÒÌ Ê· ¢´¥´¨° (12) ¨ (13).
�·¥¤¶μ²μ¦¨³, ÎÉμ §´ Î¥´¨¥ λ § ¤ ´μ ¨ Ê· ¢´¥´¨¥ (13) ¨³¥¥É ¤¢  ±μ·´Ö

p1 ¨ p2. ‘²¥¤μ¢ É¥²Ó´μ, ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨Ö. �μ²μ¦¨¢
¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ p1 < p2, ´ °¤¥³ £· Ë¨Î¥¸±¨³ ¸¶μ¸μ¡μ³ Î¨¸²μ ±μ·´¥°
Ê· ¢´¥´¨Ö (12), ±μÉμ·μ¥ ¶μ μ¶·¥¤¥²¥´¨Õ · ¢´μ Î¨¸²Ê μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨° · ¸-
¸¥Ö´¨Ö |p, λ〉. �Ê¸ÉÓ 2λ = −1. “· ¢´¥´¨¥ (13) ¨³¥¥É ¤¢  ±μ·´Ö, ¥¸²¨ a < 0
¨ reff > 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (12) μÉ²¨Î ¥É¸Ö μÉ Ê· ¢´¥´¨Ö (13) ²¨ÏÓ
§´ ±μ³ ¸² £ ¥³μ£μ p2reff/2. ‡´ Î¨É, Ê· ¢´¥´¨¥ (12) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ (13),
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¢ ±μÉμ·μ³ a < 0 ¨ reff < 0. �·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ÔÉμ Ê· ¢´¥´¨¥,   ¸²¥¤μ¢ -
É¥²Ó´μ, ¨ Ê· ¢´¥´¨¥ (12) ¨³¥¥É Éμ²Ó±μ μ¤¨´ ±μ·¥´Ó p, ¶·¨Î¥³ É ±μ°, ÎÉμ
p < p1. ’¥¶¥·Ó ¶μ²μ¦¨³ 2λ = 1. “· ¢´¥´¨¥ (13) ¨³¥¥É ¤¢  ±μ·´Ö, ¥¸²¨ a > 0
¨ reff > 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨¥ (12) μÉ²¨Î ¥É¸Ö μÉ Ê· ¢´¥´¨Ö (13) ²¨ÏÓ
§´ ±μ³ ¸² £ ¥³μ£μ 1/a. �μÔÉμ³Ê Ê· ¢´¥´¨¥ (12) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ (13),
¢ ±μÉμ·μ³ a < 0 ¨ reff > 0. �·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ÔÉμ Ê· ¢´¥´¨¥,   ¸²¥¤μ¢ -
É¥²Ó´μ, ¨ Ê· ¢´¥´¨¥ (12) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ p, ¶·¨Î¥³ É ±μ¥, ÎÉμ
p < p1. ‘²ÊÎ ° 2λ � 3 ´¥É·Ê¤´μ ¨¸¸²¥¤μ¢ ÉÓ ¶μ  ´ ²μ£¨¨ ¸ · ¸¸³μÉ·¥´´Ò³¨
¢ÒÏ¥ ¸²ÊÎ Ö³¨ 2λ = ±1 ¨ ¢ ¨Éμ£¥ ¶μ± § ÉÓ, ÎÉμ ¶·¨ 2λ � 3 Ê· ¢´¥´¨¥ (12)
¨³¥¥É μ¤¨´ ±μ·¥´Ó p, ¥¸²¨ a > 0, ¨ ¤¢  ±μ·´Ö p = p− ¨ p = p+, ¥¸²¨ a < 0.

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ §´ Î¥´¨¥ λ ¢Ò¡· ´μ ¨ Ê· ¢´¥´¨¥ (12) ¨³¥¥É ¤¢ 
±μ·´Ö p1 ¨ p2. ‘²¥¤μ¢ É¥²Ó´μ, ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö.
‘Î¨É Ö, ÎÉμ p1 < p2, ´ °¤¥³ £· Ë¨Î¥¸±¨³ ¸¶μ¸μ¡μ³ Î¨¸²μ ±μ·´¥° n Ê· ¢-
´¥´¨Ö (13), ±μÉμ·μ¥ ¶μ μ¶·¥¤¥²¥´¨Õ · ¢´μ Î¨¸²Ê ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°
|ip, λ〉. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¸μμÉ¢¥É¸É¢¨¥: ¥¸²¨ 2λ = −1, Éμ n = 1
¨ p < p1, ¥¸²¨ 2λ � 1, Éμ n = 1 ¨ p > p2 ¶·¨ Ê¸²μ¢¨¨ a < 0, ¢ ¶·μÉ¨¢´μ³
¸²ÊÎ ¥ n = 2.

“¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ ¢μ²´μ¢μ¥ Î¨¸²μ p μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |p, λ〉
´¥ ³μ¦¥É ¡ÒÉÓ ³μ¤Ê²¥³ |qr| ¢μ²´μ¢μ£μ Î¨¸²  μ±μ²μ¶μ·μ£μ¢μ£μ ·¥§μ´ ´¸´μ£μ
¸μ¸ÉμÖ´¨Ö |qr, λ〉. �·¥¤¶μ²μ¦¨³ ¶·μÉ¨¢´μ¥: ¶Ê¸ÉÓ p Ö¢²Ö¥É¸Ö ¨ ·¥Ï¥´¨¥³
Ê· ¢´¥´¨Ö (12), ¨ É ±¨³ ³μ¤Ê²¥³. ’μ£¤  Ê· ¢´¥´¨¥ (14) ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ,
±μÉμ·μ¥ ¨³¥¥É ·¥Ï¥´¨¥ Éμ²Ó±μ ¶·¨ ω = 0, ´μ ¶μ μ¶·¥¤¥²¥´¨Õ ω ∈ (0, π/2).
‚ ¸¨²Ê ¶μ²ÊÎ¥´´μ£μ ¶·μÉ¨¢μ·¥Î¨Ö ¢Ò¸± § ´´μ¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨¥ ¢¥·´μ.

2. �Š�‹�����ƒ�‚›… �‘��…���‘’ˆ ”�‡ ˆ ‘…—…�ˆ‰

�¥·¢Ò° ¶ · £· Ë ´ ¸ÉμÖÐ¥£μ · §¤¥²  Ö¢²Ö¥É¸Ö ¢¸¶μ³μ£ É¥²Ó´Ò³. ‚ ´¥³
¨¸¸²¥¤Ê¥É¸Ö μ±μ²μ¶μ·μ£μ¢μ¥ ¶μ¢¥¤¥´¨¥ Ë §Ò ¨ ¸¥Î¥´¨Ö ¶·¨ ´ ²¨Î¨¨ μ¸μ-
¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö. ’ ±μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ´¥μ¡Ìμ¤¨³μ ¤²Ö Éμ£μ, ÎÉμ¡Ò
¢ ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ¶ · £· Ë Ì ¢ÒÖ¢¨ÉÓ ÔËË¥±ÉÒ, ¶μ·μ¦¤ ¥³Ò¥ ¢ · ¸¸¥Ö-
´¨¨ Éμ²Ó±μ ¸² ¡μ¸¢Ö§ ´´Ò³¨ ¨²¨ ¦¥ Éμ²Ó±μ μ±μ²μ¶μ·μ£μ¢Ò³¨ ·¥§μ´ ´¸´Ò³¨
¸μ¸ÉμÖ´¨Ö³¨.

2.1. ‚²¨Ö´¨¥ μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö. ˆ¸¸²¥¤Ê¥³ μ±μ²μ¶μ·μ£μ¢μ¥
¶μ¢¥¤¥´¨¥ Ë §Ò δλ(q) ¨ ¸¥Î¥´¨Ö σλ(q) Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 ¶·¨ ´ ²¨Î¨¨ ¥¥ μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö |p, λ〉, Ë §  ±μÉμ·μ£μ
δλ(p) ±· É´  Î¨¸²Ê π/2. ‘Î¨É ¥³, ÎÉμ §´ Î¥´¨Ö λ, a ¨ reff § ¤ ´Ò ¨ ¶·¨ É ±¨Ì
§´ Î¥´¨ÖÌ Ê· ¢´¥´¨¥ (12) ¨³¥¥É μ¤¨´ ±μ·¥´Ó p, ´μ Ê· ¢´¥´¨¥ (13) ´¥ ¨³¥¥É
±μ·´¥° ´  ¶μ²Ê¨´É¥·¢ ²¥ (0, p+ε], ε/p � 1, ¨ ´  É ±μ³ ¶μ²Ê¨´É¥·¢ ²¥ ¸¨¸É¥³ 
Ê· ¢´¥´¨° (14) ¨ (15) ´¥¸μ¢³¥¸É´ . ’μ£¤  ¨³¥¥É¸Ö μ¸μ¡μ¥ μ±μ²μ¶μ·μ£μ¢μ¥
¸μ¸ÉμÖ´¨¥ · ¸¸¥Ö´¨Ö |p, λ〉, ´μ μÉ¸ÊÉ¸É¢ÊÕÉ ¨ ¸² ¡μ¸¢Ö§ ´´μ¥, ¨ μ±μ²μ¶·μ£μ¢μ¥
·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨Ö, ³μ¤Ê²¨ ¢μ²´μ¢ÒÌ Î¨¸¥² ±μÉμ·ÒÌ ³¥´ÓÏ¥ ¨²¨ · ¢´Ò
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Î¨¸²Ê p + ε. ’ ± ± ± p Å ±μ·¥´Ó Ê· ¢´¥´¨Ö (12), Éμ ¨§ ¶·¨¡²¨¦¥´¨Ö (9)
ËÊ´±Í¨¨ ctg δλ(q), ¸μ¤¥·¦ Ð¥£μ ¤¢  ¶ · ³¥É·  a ¨ reff , ³μ¦´μ ¨¸±²ÕÎ¨ÉÓ
μ¤¨´ ¨§ ´¨Ì. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨É¸Ö ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ctg δλ(q)
Î¥·¥§ ¶ · ³¥É·Ò reff ¨ p:

ctg δλ(q) ≈ y+
λ (q; p) +

reff

2
q2 − p2

q2λ+1
,

(16)

y+
λ (q; p) ≡ h(q) −

(
p

q

)2λ+1

h(p), q � q0,

¨²¨ ¶·¥¤¸É ¢²¥´¨¥ ÔÉμ° ¦¥ ËÊ´±Í¨¨, ´μ Î¥·¥§ ¶ · ³¥É·Ò a ¨ p:

ctg δλ(q) ≈ y−
λ (q; p) − 1

ap2

q2 − p2

q2λ+1
,

(17)

y−
λ (q; p) ≡ h(q) −

(
p

q

)2λ−1

h(p) , q � q0.

‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ É ±¨³ ¶·¨¡²¨¦¥´¨Ö³ Ë §Ê ¨ ¸¥Î¥´¨¥ (4) μ¡μ§´ Î¨³ ¸¨³¢μ-
² ³¨ δs

λ(q) ¨ σs
λ(q). ‚ μÉ¸ÊÉ¸É¢¨¥ μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö ¸¥Î¥´¨¥ σλ(q)

μ¶·¥¤¥²Ö¥³ Ëμ·³Ê²μ° (10).
ˆ¸¸²¥¤Ê¥³ μ¸μ¡Ò° ¸²ÊÎ ° 2λ = −1. ‘μ£² ¸´μ ¶·¥¤¸É ¢²¥´¨Õ (16) Éμ²Ó±μ

¢ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö y+
λ (q; ip) · ¢´  ËÊ´±Í¨¨ (2/π) ln (q/p) ¨ ¶μÔÉμ³Ê

¸¥Î¥´¨¥ σs
λ(q) ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

σs
λ(q) ∼ 4π2

q

1
[2 ln (q/p)]2 + π2

, q/p → 0. (18)

‘· ¢´¨³ ¥¥ c  ¸¨³¶ÉμÉ¨±μ° (11) ¸¥Î¥´¨Ö σλ(q) ¢ μÉ¸ÊÉ¸É¢¨¥ μ¸μ¡μ£μ ¸μ¸ÉμÖ-
´¨Ö · ¸¸¥Ö´¨Ö. …¸²¨ q < p, Éμ | ln (q/p)| < | ln (q/q0)| ¨ ¶μÔÉμ³Ê σs

λ(q) >
σλ(q) ¶·¨ q < p. ‚ÒÖ¢¨³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö Ë §Ò δs

λ(q), 2λ = −1.
‚ ¸¨²Ê ¸μμÉ´μÏ¥´¨Ö (16)

∂qδ
s
λ(q) ≈ −

(
2
πq

+ qreff

)
[sin δs

λ(q)]2 , q � q0.

‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ reff > 0, Éμ ¶·μ¨§¢μ¤´ Ö ∂qδ
s
λ(q) μÉ·¨Í É¥²Ó´  ¨ ¢¥²¨± 

¶μ ³μ¤Ê²Õ, ¶μÔÉμ³Ê ¶·¨ q/p → 0 Ë §  δs
λ(q) ³μ´μÉμ´´μ ¨ ¡Ò¸É·μ Ê¡Ò¢ ¥É ± ±

(π/2)/ ln (q/p). �·¨ Ê¸²μ¢¨¨ reff � −2/(πq2
0) ÔÉ  ¶·μ¨§¢μ¤´ Ö μ¡· Ð ¥É¸Ö ¢

´Ê²Ó ¢ ÉμÎ±¥ q = p0 ≡
√
−2/(πreff) � q0, ¶μÔÉμ³Ê ¢ Éμ° ¦¥ ÉμÎ±¥ Ë §  δs

λ(q)
¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³.

� ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¨° μ¸μ¡Ò° ¸²ÊÎ ° 2λ = 1. ‚ ¸¨²Ê ¶·¥¤¸É ¢²¥´¨Ö (17)
Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö y−

λ (q; ip) · ¢´  ËÊ´±Í¨¨ (2/π) ln (q/p) ¨ ¶μ-
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ÔÉμ³Ê ¤²Ö ¸¥Î¥´¨Ö σb
λ(q) ¢¥·´μ ¶·¨¡²¨¦¥´¨¥

σs
λ(q) ≈ 8(πa)2q3

[2a q2 ln (q/p) − π (1 − q2/p2) ]2 + (aπq2)2
, q � q0. (19)

‘· ¢´¨¢ ¥£μ ¸ ¶·¨¡²¨¦¥´¨¥³ (10) ¸¥Î¥´¨Ö σλ(q), § ±²ÕÎ ¥³, ÎÉμ ´¥· ¢¥´-
¸É¢μ | ln (q/p)| < | ln (q/q0)|, q < p, ¶μ·μ¦¤ ¥É ¸μμÉ´μÏ¥´¨¥ σs

λ(q) > σλ(q),
q < p. �¡¸Ê¤¨³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö Ë §Ò δs

λ(q), 2λ = 1. ‚¸²¥¤¸É¢¨¥
¸μμÉ´μÏ¥´¨Ö (17)

∂qδ
s
λ(q) ≈ −2

q

(
1
π

+
1

aq2

)
[sin δs

λ(q)]2 , q � q0.

‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ a > 0, Éμ ¶·μ¨§¢μ¤´ Ö ∂qδ
s
λ μÉ·¨Í É¥²Ó´  ¨ ¶μ ¶μ·Ö¤±Ê

¢¥²¨Î¨´Ò · ¢´  O(−aq), ¶μÔÉμ³Ê ¶·¨ q/p → 0 Ë §  δs
λ(q) ³μ´μÉμ´´μ Ê¡Ò¢ ¥É

± ± O(−aq2). �·¨ Ê¸²μ¢¨¨ a � −π/q2
0 ¶·μ¨§¢μ¤´ Ö ∂qδ

s
λ(q) · ¢´  ´Ê²Õ ¢

ÉμÎ±¥ q = p0 ≡
√
−π/a � q0, ¶μÔÉμ³Ê ¢ ÔÉμ° ÉμÎ±¥ Ë §  δs

λ(q) ¨³¥¥É
²μ± ²Ó´Ò° ³ ±¸¨³Ê³.

�É³¥É¨³, ÎÉμ ¢ ¸¨²Ê ¶·¥¤¸É ¢²¥´¨Ö (17) Ë §  δs
λ(q), 2λ � 3, ¨³¥¥É μ¤¨´

²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¨²¨ ³¨´¨³Ê³, ¥¸²¨ a > 0 ¨²¨ a < 0.
’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ¤ ´´μ³ §´ Î¥´¨¨ λ Ê· ¢´¥´¨¥ (12) ¨³¥¥É

¤¢  ±μ·´Ö p1 ¨ p2, É ±¨¥, ÎÉμ p1 < p2. ’μ£¤  ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨Ö
· ¸¸¥Ö´¨Ö |p1, λ〉 ¨ |p2, λ〉 ¸ Ô´¥·£¨Ö³¨ Ej = p2

j ¨ Ë § ³¨ δλ(pj), j = 1, 2, ±· É-
´Ò³¨ Î¨¸²Ê π/2. ‚Ò¢¥¤¥³ ¶·¨¡²¨¦¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ctg δλ(q)
¤²Ö ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |q, λ〉 Î¥·¥§ ¥£μ Ô´¥·£¨Õ E = q2, Ô´¥·£¨¨ E1, E2 ¨
±μ´¸É ´ÉÊ E0 ≡ q2

0 . „²Ö ÔÉμ£μ ¢ Ê· ¢´¥´¨¨ (12) ¶μ²μ¦¨³ ¸´ Î ²  p = p1,   § -
É¥³ p = p2. „¢  ¢Ò¢¥¤¥´´ÒÌ É ±¨³ ¸¶μ¸μ¡μ³ ¸μμÉ´μÏ¥´¨Ö ¸Î¨É ¥³ ¸¨¸É¥³μ°
Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ a ¨ reff . �¥Ï¨¢ ÔÉÊ ¸¨¸É¥³Ê, ¶μ²ÊÎ¨³
¶·¥¤¸É ¢²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ a ¨ reff ¢ ¢¨¤¥ ËÊ´±Í¨° ¤¢ÊÌ  ·£Ê³¥´Éμ¢ p1

¨ p2:

a = (p2
2 − p2

1)/
[
p2λ+1
1 p2

2 h(p1) − p2λ+1
2 p2

1 h(p2)
]
,

(20)
reff = 2

[
p2λ+1
1 h(p1) − p2λ+1

2 h(p2)
]
/(p2

2 − p2
1).

‡ É¥³ ¢ ¶·¨¡²¨¦¥´¨¨ (9) § ³¥´¨³ ¤²¨´Ê · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸
reff É ±¨³¨ ËÊ´±Í¨Ö³¨. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥

ctg δs
λ(q) ≈ 1

π
ln

(
E

E0

)
+

1
π

∑
j=1,2

(−1)j

(
Ej

E

)λ+1/2
E + Ej

E1 − E2
ln

(
Ej

E0

)
.

(21)
�¥·¥Î¨¸²¨³ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ ¸²¥¤¸É¢¨Ö ¶·¨¡²¨¦¥´¨° (16), (17)

¨ (21), ¶μ·μ¦¤ ¥³Ò¥ ´ ²¨Î¨¥³ ¤¢ÊÌ μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö.
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‚ ¸¨²Ê ÔÉ¨Ì ¶·¨¡²¨¦¥´¨° ËÊ´±Í¨Ö ctg δs
λ(q) μ£· ´¨Î¥´´ , ¥¸²¨ 0 < q �

q0. �μÔÉμ³Ê ¶·¨ Éμ³ ¦¥ Ê¸²μ¢¨¨ Ë §  δs
λ(q) ´¥ ³μ¦¥É ¡ÒÉÓ ´Ê²¥³ ¨²¨ Î¨¸²μ³,

±· É´Ò³ π. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÉμÎ± Ì q = p1 ¨ q = p2 ÔÉ  Ë §  ¶·¨´¨³ ¥É
μ¤¨´ ±μ¢Ò¥ §´ Î¥´¨Ö, ±· É´Ò¥ Î¨¸²Ê π/2,   ´  ¨´É¥·¢ ²¥ (p1, p2) ¨³¥¥É ¶μ
±· °´¥° ³¥·¥ μ¤¨´ ²μ± ²Ó´Ò° Ô±¸É·¥³Ê³. …¸²¨ 2λ = −1, a < 0 ¨ reff < 0,
Éμ Ë §  δs

λ(q) · ¢´  π/2 ¶·¨ q = p1, p2 ¨ ¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³ ¢ ÉμÎ±¥
q = p0 ≡

√
−2/(πreff) ∈ (p1, p2). ‚ ¸²ÊÎ ¥ 2λ = 1, a < 0 Ë §  δs

λ(q)
· ¢´  −π/2 ¶·¨ q = p1, p2 ¨ ¨³¥¥É ²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¢ ÉμÎ±¥ q = p0 =√
−π/a ∈ (p1, p2). ‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ 2λ � 3 ¶·¨ a < 0 Ë §  δs

λ(q) · ¢´ 
−π/2 ¢ ÉμÎ± Ì q = p1, p2 ¨ ¨³¥¥É ²μ± ²Ó´Ò° ³ ±¸¨³Ê³, ¥¸²¨ ¦¥ a > 0, Éμ
Ë §  δs

λ(q) · ¢´  π/2 ¢ ÉμÎ± Ì q = p1, p2 ¨ ¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³.

’ ± ± ± ¢ ÉμÎ± Ì q = p1 ¨ q = p2 Ë §  ctg δs
λ(q) μ¤¨´ ±μ¢  ¨ ±· É´  Î¨¸²Ê

π/2,   ¢ ´¥±μÉμ·μ° ÉμÎ±¥ p0 ∈ (p1, p2) ¤μ¸É¨£ ¥É ¸¢μ¥£μ ²μ± ²Ó´μ£μ Ô±¸É·¥-
³Ê³ , Éμ μÉ¢¥Î ÕÐ¥¥ ¥° ¸¥Î¥´¨¥ σs

λ(q) · ¢´μ Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê σu
λ(q) ´ 

±μ´Í Ì μÉ·¥§±  [p1, p2],   ¢ ÉμÎ±¥ p0 ¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³. �·¨ Ê¢¥²¨-
Î¥´¨¨ λ £²Ê¡¨´  ÔÉμ£μ ³¨´¨³Ê³  Ê¢¥²¨Î¨¢ ¥É¸Ö, ¶μÉμ³Ê ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥
¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ (16) ËÊ´±Í¨¨ ctg δλ(q) ¡Ò¸É·μ ¢μ§· ¸É ¥É
¢ ÉμÎ±¥ q = p0.

‘Éμ¨É ¶μÖ¸´¨ÉÓ ¨ ¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ¶· ±É¨Î¥¸±¨¥ ¶·¨²μ¦¥´¨Ö ¶μ²Ê-
Î¥´´ÒÌ ¶·¥¤¸É ¢²¥´¨° (20) ¨ (21). �·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ¤ ´´μ³ ±¢ ´Éμ¢μ³
Î¨¸²¥ λ §´ Î¥´¨Ö ¢μ²´μ¢ÒÌ Î¨¸¥² p1, p2 ¨²¨ Ô´¥·£¨° E1 ¨ E2 ¤¢ÊÌ μ¸μ¡ÒÌ
¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö ¨§¢¥¸É´Ò. ’μ£¤ , ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (21), ³μ¦´μ
Ô±¸É· ¶μ²¨·μ¢ ÉÓ Ë §Ê ¨ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 ¢ μ¡² ¸ÉÓ Ô´¥·-
£¨° E � E0 = q2

0 . �·¨ Éμ³ ¦¥ ¶·¥¤¶μ²μ¦¥´¨¨ ´¥É·Ê¤´μ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ
¤²¨´Ê · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ¶μ Ëμ·³Ê² ³ (20),   § É¥³ Î¨¸²¥´´μ
¨¸¸²¥¤μ¢ ÉÓ Ê· ¢´¥´¨¥ (12) ´  ´ ²¨Î¨¥ É·¥ÉÓ¥£μ ±μ·´Ö p3 ¨ ´ °É¨ ³μ¤Ê²Ó
pb ¢μ²´μ¢μ£μ Î¨¸²  ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |ipb, λ〉 ± ± ±μ·¥´Ó pb = p
Ê· ¢´¥´¨Ö (13).

�·¨¢¥¤¥³ ¢ÒÎ¨¸²¥´´Ò¥ É ±¨³ ¸¶μ¸μ¡μ³ §´ Î¥´¨Ö ±μ·´¥° p3 ¨ pb ¢ ¸²ÊÎ ¥
p1 = 0,1, p2 = 0,2. Šμ·¥´Ó p3 ¸ÊÐ¥¸É¢Ê¥É ¶·¨ Ê¸²μ¢¨¨ 2λ = 3, 5: ¥¸²¨ 2λ =
3, Éμ p3 = 1,039506 . . ., ¥¸²¨ 2λ = 5, Éμ p3 = 1,120375 . . . �·¨ Ê¸²μ¢¨¨ 2λ � 3
¨³¥¥É¸Ö μ¤¨´ ±μ·¥´Ó: pb = 0,070716 . . ., ¥¸²¨ 2λ = −1; pb = 0,282842 . . .,
¥¸²¨ 2λ = 1, ¨ pb = 1,191663 . . ., ¥¸²¨ 2λ = 3. ‚ ¸²ÊÎ ¥ 2λ = 5 ¸ÊÐ¥¸É¢ÊÕÉ
¤¢  ±μ·´Ö: pb = 0,227009 ¨ pb = 1,120336 . . . �·¨ É¥Ì ¦¥ §´ Î¥´¨ÖÌ p1 = 0,1,
p2 = 0,2 § ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨Ö σs

λ(q), ¢ÒÎ¨¸²¥´´μ£μ ¢ ¶·¨¡²¨¦¥´¨¨ (21), μÉ
±¢ ´Éμ¢ÒÌ Î¨¸¥² q ¨ λ ¶μÖ¸´Ö¥É ·¨¸. 1. Š ± ¢¨¤´μ, ¸¥Î¥´¨¥ σs

λ(q) ¡²¨§±μ ±
¸¢μ¥³Ê Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê σu

λ(q) ´  ¢¸¥³ ¨´É¥·¢ ²¥ (p1, p2), ¥¸²¨ 2λ = −1,
a ¸ ·μ¸Éμ³ λ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ¸¥Î¥´¨Ö σs

λ(q) ´  ÔÉμ³ ¨´É¥·¢ ²¥ ¡Ò¸É·μ
Ê³¥´ÓÏ ¥É¸Ö. ‚ μ¡² ¸É¨ q > p2 ¸¥Î¥´¨Ö σs

λ(q), 2λ = 3, 5, ¡²¨§±¨ ± Ê´¨É ·-
´μ³Ê ¶·¥¤¥²Ê, ¶μÉμ³Ê ÎÉμ ¶·¨ ¢Ò¡· ´´ÒÌ §´ Î¥´¨ÖÌ p1 = 0,1, p2 = 0,2 ±μ·´¥°
Ê· ¢´¥´¨Ö (12) ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É ¥Ð¥ μ¤¨´ ±μ·¥´Ó p3, ¡²¨§±¨° ± ¥¤¨´¨Í¥.
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�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨Ö σs
λ(q) μÉ ±¢ ´Éμ¢ÒÌ Î¨¸¥² q ¨ λ ¶·¨ ´ ²¨Î¨¨ μ¸μ¡ÒÌ

¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö |p1, λ〉, p1 = 0,1, ¨ |p2, λ〉, p2 = 0,2; Ê´¨É ·´Ò° ¶·¥¤¥² σu
λ(q) Å

ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö;  ) μÉ´μÏ¥´¨¥ σs
λ(q)/σu

λ(q), 2λ = −1; ¡) ¸¥Î¥´¨¥ σs
λ(q), 2λ =

−1, Å ¸¶²μÏ´ Ö ±·¨¢ Ö; ¢) μÉ´μÏ¥´¨Ö σs
λ(q)/σu

λ(q) ¶·¨ 2λ = 1, 3, 5 Å ¸¶²μÏ´ Ö,
ÏÉ·¨Ì¶Ê´±É¨·´ Ö ¨ ¶Ê´±É¨·´ Ö ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ; £) ¸¥Î¥´¨Ö σs

λ(q) ¶·¨ 2λ =
1, 3, 5 Å ¸¶²μÏ´ Ö, ÏÉ·¨Ì¶Ê´±É¨·´ Ö ¨ ¶Ê´±É¨·´ Ö ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ

2.2. � ¸¸¥Ö´¨¥ ¶·¨ ´ ²¨Î¨¨ ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö. ‚ÒÖ¢¨³ μ¸μ-
¡¥´´μ¸É¨ Ë § δλ(q) ¨ ¸¥Î¥´¨° σλ(q) Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ,
μÉ²¨Î´Ò¥ μÉ Ê± § ´´ÒÌ ¢ÒÏ¥, ´μ ¶μ·μ¦¤ ¥³Ò¥ ¥¥ ¸² ¡μ¸¢Ö§ ´´Ò³¨ ¸μ¸ÉμÖ-
´¨Ö³¨. �·¥¤¶μ²μ¦¨³, ÎÉμ §´ Î¥´¨Ö λ, a ¨ reff § ¤ ´Ò ¨ ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ
Ê· ¢´¥´¨¥ (13) ¨³¥¥É μ¤¨´ ±μ·¥´Ó p, ´μ ´  ¶μ²Ê¨´É¥·¢ ²¥ (0, p + ε], ε/p � 1,
Ê· ¢´¥´¨¥ (12) ´¥ ¨³¥¥É ·¥Ï¥´¨°,   ¸¨¸É¥³  Ê· ¢´¥´¨° (14) ¨ (15) ´¥¸μ-
¢³¥¸É´ . ’μ£¤  ¨³¥¥É¸Ö μ¤´μ ¸² ¡μ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ |ip, λ〉, ´μ μÉ¸ÊÉ¸É¢ÊÕÉ
μ¸μ¡μ¥ ¸μ¸ÉμÖ´¨¥ · ¸¸¥Ö´¨Ö ¨ ·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥, ³μ¤Ê²¨ ¢μ²´μ¢ÒÌ Î¨-
¸¥² ±μÉμ·ÒÌ ³¥´ÓÏ¥ ¨²¨ · ¢´Ò Î¨¸²Ê p + ε. �μÔÉμ³Ê ¶·¨ q ∈ (0, p + ε] Ë § 
δλ(q) ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |q, λ〉 ´¥ ±· É´  Î¨¸²Ê π/2.

ˆ¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ÔÉμ° Ë §Ò ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¥° ¸¥Î¥´¨Ö. „²Ö
ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ (9) ËÊ´±Í¨¨ ctg δλ(q) Î¥·¥§ ¶ · ³¥É·Ò a
¨ reff . ’ ± ± ± p Å ±μ·¥´Ó Ê· ¢´¥´¨Ö (13), Éμ ¨§ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ³μ¦´μ
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¨¸±²ÕÎ¨ÉÓ a ¨²¨ reff . ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¶·¨¡²¨¦¥´¨¥ ËÊ´±Í¨¨ ctg δλ(q)
Î¥·¥§ ¶ · ³¥É·Ò reff ¨ p:

ctg δλ(q) ≈ y+
λ (q; ip) +

reff

2
q2 + p2

q2λ+1
,

(22)

y+
λ (q; ip) ≡ h(q) −

(
ip

q

)2λ+1

h(p), q � q0,

¨²¨ ¶·¨¡²¨¦¥´¨¥ ÔÉμ° ¦¥ ËÊ´±Í¨¨, ´μ Î¥·¥§ ¶ · ³¥É·Ò a ¨ p:

ctg δλ(q) ≈ y−
λ (q; ip) − 1

ap2

q2 + p2

q2λ+1
,

(23)

y−
λ (q; ip) ≡ h(q) −

(
ip

q

)2λ−1

h(p), q � q0.

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ É ±¨³ ¶·¨¡²¨¦¥´¨Ö³ ¸¥Î¥´¨¥ (4) μ¡μ§´ Î¨³ ¸¨³¢μ²μ³
σb

λ(q). �·¨³¥³ μ¡μ§´ Î¥´¨Ö ab ≡ a, rb ≡ reff ¨ δb
λ(q) ≡ δλ(q). ‚ μÉ¸ÊÉ-

¸É¢¨¥ ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ¨¸¶μ²Ó§Ê¥³ ¶·¥¦´¨¥ μ¡μ§´ Î¥´¨Ö a, reff ,
δλ(q),   ¸¥Î¥´¨¥ σλ(q) μ¶·¥¤¥²¨³ Ëμ·³Ê²μ° (10). ‡ ³¥É¨³, ÎÉμ ¢¥·´Ò μ¡ 
´¥· ¢¥´¸É¢  ab �= a, rb �= reff ¨²¨ ¶μ ±· °´¥° ³¥·¥ μ¤´μ ¨§ ´¨Ì.

�·¥¤¶μ²μ¦¨³, ÎÉμ Î¨¸²μ 2λ+1 ±· É´μ Î¥ÉÒ·¥³. ˆ¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥-
´¨Ö (22).

‘²ÊÎ ° 2λ = −1 Å ¨¸±²ÕÎ¨É¥²Ó´Ò°: Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö
y+

λ (q; ip) · ¢´  ËÊ´±Í¨¨ (2/π) ln (q/p) ¨ ¶μÔÉμ³Ê ¸¥Î¥´¨¥ σb
λ(q) ¨³¥¥É  ¸¨³-

¶ÉμÉ¨±Ê

σb
λ(q) ∼ 4π2

q

1

[ 2 ln (q/p) ]2 + π2
=

1√
E

4π2

[ ln (E/B) ]2 + π2
, q/p → 0. (24)

‘· ¢´¨³ ¥¥ c  ¸¨³¶ÉμÉ¨±μ° (11) ¸¥Î¥´¨Ö σλ(q) ¢ μÉ¸ÊÉ¸É¢¨¥ ¸² ¡μ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö. …¸²¨ q < p, Éμ | ln (q/p)| < | ln (q/q0)|, ¨ ¶μÔÉμ³Ê σb

λ(q) > σλ(q)
¶·¨ q < p.

�¥·¥Î¨¸²¨³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö Ë §Ò δb
λ(q), 2λ = −1, ¶μ·μ¦¤¥´´Ò¥

¶·¥¤¸É ¢²¥´¨¥³ (22). …¸²¨ rb > 0, Éμ ¶·μ¨§¢μ¤´ Ö ∂qδ
b
λ(q) μÉ·¨Í É¥²Ó´  ¨

¢¥²¨±  ¶μ ³μ¤Ê²Õ, ¶μÔÉμ³Ê ¶·¨ q/p → 0 Ë §  δλ(q) ³μ´μÉμ´´μ ¨ ¡Ò¸É·μ
Ê¡Ò¢ ¥É ± ± (π/2) ln (q/p). �·¨ Ê¸²μ¢¨¨ rb � −2/(πq2

0) μ¡¸Ê¦¤ ¥³ Ö ¶·μ-
¨§¢μ¤´ Ö μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ ÉμÎ±¥ q =

√
2/(πrb) � q0, ¶μÔÉμ³Ê ¢ Éμ° ¦¥

ÉμÎ±¥ Ë §  δb
λ(q) ¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³.

�É³¥É¨³, ÎÉμ ¨§ ¶·¨¡²¨¦¥´¨Ö (22), 2λ = −1, ¸²¥¤Ê¥É ³¥´¥¥ ÉμÎ´μ¥ ¶·¨-
¡²¨¦¥´¨¥

ctg δb
λ(q) ≈ (1/π) ln (E/B), λ = −1/2, E/B → 0,

±μÉμ·μ¥ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [37] ¨ ¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢ ´¥¤ ¢´¨Ì · ¡μ-
É Ì [38,39], ¶μ-¢¨¤¨³μ³Ê, ¨§-§  ´¥§´ ´¨Ö ¡μ²¥¥ ²ÊÎÏ¥£μ.
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…¸²¨ 2λ = 3, 7, . . ., Éμ ¸μ£² ¸´μ Ëμ·³Ê² ³ (22) ¢ ³ ²μ° ε-μ±·¥¸É´μ¸É¨
(p−ε, p+ε), ε � p, ÉμÎ±¨ p ËÊ´±Í¨Ö y+

λ (q; ip) ¡²¨§±  ± ËÊ´±Í¨¨ (2/π) ln (q/p)
¨ · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ q = p, ± ± ¨ ¢ · ¸¸³μÉ·¥´´μ³ ¢ÒÏ¥ ¸²ÊÎ ¥ 2λ = −1.
�μÔÉμ³Ê ¢ ÉμÎ±¥ q = p

ctg δb
λ(q) ≈ p1−2λ rb, σb

λ(q) ≈ (2 − δ2λ,−1)
4p4λ−3

p4λ−2 + r2
b

, 2λ = −1, 3, 7, . . .

(25)
…¸²¨ |rb| � p2λ−1, Éμ ¢ ÔÉμ° ÉμÎ±¥ §´ Î¥´¨¥ Ë §Ò δb

λ(q) ¡²¨§±μ ± Î¨¸²Ê,
±· É´μ³Ê π/2,   ¸¥Î¥´¨¥ σb

λ(q) ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´μ O(1/p) ¨ ¶μÔÉμ³Ê
¤μ¢μ²Ó´μ ¢¥²¨±μ. ‘· ¢´¨³ É ±μ¥ ¸¥Î¥´¨¥ σb

λ(p) ¸ ¸¥Î¥´¨¥³ σλ(q) ¶·¨ Ê¸²μ¢¨¨
2λ = 3, 7, . . . �μ Ëμ·³Ê²¥ (10) ´ Ìμ¤¨³ σλ(q) ≈ 8 a2p4λ+1. ‘²¥¤μ¢ É¥²Ó´μ,
μÉ´μÏ¥´¨¥ σb

λ(p)/σλ(p) ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´μ O(1/p4λ+2) ¨ ¶μÔÉμ³Ê
¢¥²¨±μ ¨ ¢μ§· ¸É ¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  λ.

�·¥¤¶μ²μ¦¨³, ÎÉμ Î¨¸²μ 2λ + 1 ´¥ ±· É´μ Î¥ÉÒ·¥³. ˆ¸¶μ²Ó§Ê¥³ Ëμ·-
³Ê²Ò (23).

‘²ÊÎ ° 2λ = 1 Å μ¸μ¡Ò°: Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö y−
λ (q; ip) · ¢´ 

ËÊ´±Í¨¨ (2/π) ln (q/p) ¨ ¶μÔÉμ³Ê ¤²Ö ¸¥Î¥´¨Ö σb
λ(q) ¢¥·´μ ¶·¨¡²¨¦¥´¨¥

σb
λ(q) ≈ 8(πab)2 q3

[ 2ab q2 ln (q/p) − π (1 + q2/p2) ]2 + (abπq2)2
, q � q0. (26)

‘· ¢´¨¢ ¥£μ ¸ ¶·¨¡²¨¦¥´¨¥³ (10) ¸¥Î¥´¨Ö σλ(q), § ±²ÕÎ ¥³, ÎÉμ ´¥· ¢¥´¸É¢μ
| ln (q/p)| < | ln (q/q0)|, q < p, ¶μ·μ¦¤ ¥É ¸μμÉ´μÏ¥´¨¥ σb

λ(q) > σλ(q), q < p.
�¡¸Ê¤¨³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö Ë §Ò δb

λ(q), 2λ = 1, μ¡Ê¸²μ¢²¥´´Ò¥ ¶·¨-
¡²¨¦¥´¨¥³ (23). …¸²¨ ab > 0, Éμ ¶·μ¨§¢μ¤´ Ö ∂qδ

b
λ μÉ·¨Í É¥²Ó´  ¨ ¶μ ¶μ-

·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´  O(−abq), ¶μÔÉμ³Ê Ë §  δb
λ(q) ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ± ±

O(−abq
2). �·¨ Ê¸²μ¢¨¨ ab � −π/q2

0 ¶·μ¨§¢μ¤´ Ö ∂qδ
b
λ(q) · ¢´  ´Ê²Õ ¢ ÉμÎ±¥

q =
√
−π/ab � q0, ¶μÔÉμ³Ê ¢ ÔÉμ° ÉμÎ±¥ Ë §  δb

λ(q) ¨³¥¥É ²μ± ²Ó´Ò° ³ ±-
¸¨³Ê³.

�Ê¸ÉÓ 2λ = 5, 9, . . . ’μ£¤  ¸μ£² ¸´μ · ¢¥´¸É¢ ³ (22) ¢ ³ ²μ° ε-μ±·¥¸É´μ¸É¨
(p−ε, p+ε), ε � p, ÉμÎ±¨ p ËÊ´±Í¨Ö y+

λ (q; ip) ¡²¨§±  ± ËÊ´±Í¨¨ (2/π) ln (q/p)
¨ · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ q = p, ± ± ¨ ¢ ¨¸¸²¥¤μ¢ ´´μ³ ¢ÒÏ¥ ¸²ÊÎ ¥ 2λ = 1.
�μÔÉμ³Ê ¢ ÉμÎ±¥ q = p

ctg δb
λ(q) ≈ − 2

ab
p−2λ−1, σb

λ(q) ≈ 8
a2

bp
4λ+1

a2
bp

4λ+2 + 4
, 2λ = 1, 5, 9, . . . (27)

…¸²¨ |ab| 	 2/p2λ+1, Éμ ¢ ÔÉμ° ÉμÎ±¥ §´ Î¥´¨¥ Ë §Ò δb
λ(q) ¡²¨§±μ ± Î¨¸²Ê,

±· É´μ³Ê π/2,   ¸¥Î¥´¨¥ σb
λ(q) ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´μ O(1/p) ¨ ¶μÔÉμ³Ê

¤μ¢μ²Ó´μ ¢¥²¨±μ. ‘· ¢´¨³ É ±μ¥ ¸¥Î¥´¨¥ σb
λ(p) ¸ ¸¥Î¥´¨¥³ σλ(q) ¶·¨ Ê¸²μ¢¨¨

2λ = 5, 9, . . . �μ Ëμ·³Ê²¥ (10) ´ Ìμ¤¨³ σλ(q) ≈ 8 a2p4λ+1. ‘²¥¤μ¢ É¥²Ó´μ,
μÉ´μÏ¥´¨¥ σb

λ(p)/σλ(p) ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò · ¢´μ O(1/p4λ+2) ¨ ¶μÔÉμ³Ê
¢¥²¨±μ ¨ ¢μ§· ¸É ¥É ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  λ.

14



’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ¤ ´´μ³ §´ Î¥´¨¨ λ Ê· ¢´¥´¨¥ (13) ¨³¥¥É
¤¢  ±μ·´Ö p1 ¨ p2, μÉ²¨Î´Ò¥ μÉ ±μ·´¥° Ê· ¢´¥´¨Ö (12). ’μ£¤  ¸ÊÐ¥¸É¢ÊÕÉ
¤¢  ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨Ö |ip1, λ〉 ¨ |ip2, λ〉 ¸ Ô´¥·£¨Ö³¨ ¸¢Ö§¨ Bj = p2

j ,
j = 1, 2. ‚Ò¢¥¤¥³ ¶·¨¡²¨¦¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ctg δλ(q) ¤²Ö ¸μ-
¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |q, λ〉 Î¥·¥§ ¥£μ Ô´¥·£¨Õ E = q2, Ô´¥·£¨¨ ¸¢Ö§¨ B1, B2 ¨
±μ´¸É ´ÉÊ E0 ≡ q2

0 . „²Ö ÔÉμ£μ ¢ Ê· ¢´¥´¨¨ (13) ¶μ²μ¦¨³ ¸´ Î ²  p = p1,  
§ É¥³ p = p2. „¢  ¶μ²ÊÎ¥´´ÒÌ É ±¨³ μ¡· §μ³ ¸μμÉ´μÏ¥´¨Ö ¸Î¨É ¥³ ¸¨¸É¥-
³μ° Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ a ¨ reff . �¥Ï¨¢
ÔÉÊ ¸¨¸É¥³Ê, ¢Ò¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨Ö ÔÉ¨Ì ±μÔËË¨Í¨¥´Éμ¢ ± ± ËÊ´±Í¨° ¤¢ÊÌ
 ·£Ê³¥´Éμ¢ p1 ¨ p2:

ab = (p2
2 − p2

1)/
[
(ip1)2λ+1 p2

2 h(p1) − (ip2)2λ+1 p2
1 h(p2)

]
,

(28)
rb = 2

[
(ip1)2λ+1 h(p1) − (ip2)2λ+1 h(p2)

]
/(p2

2 − p2
1).

‡ É¥³ ¢ ¶·¨¡²¨¦¥´¨¨ (9) § ³¥´¨³ ¤²¨´Ê · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸
reff É ±¨³¨ ËÊ´±Í¨Ö³¨. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥

ctg δb
λ(q) ≈ 1

π
ln (

E

E0
) +

1
π

∑
j=1,2

i2(λ+j)+1

(
Bj

E

)λ+1/2
E + Bj

B2 − B1
ln

(
Bj

E0

)
.

(29)
‘Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´μ£μ ¢ÒÏ¥  ´ ²¨§  Ë § ¨

¸¥Î¥´¨°. �·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¤²¨´ · ¸¸¥Ö´¨Ö ab, a ¨ ÔËË¥±É¨¢´ÒÌ · -
¤¨Ê¸μ¢ rb, reff ¢ μ¡² ¸É¨ q < p ¸¥Î¥´¨¥ σb

λ(q), 2λ = ±1, μ±μ²μ¶μ·μ£μ¢μ£μ
· ¸¸¥Ö´¨Ö ¶·¨ ´ ²¨Î¨¨ ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |ip, λ〉 § ³¥É´μ ¶·¥¢ÒÏ ¥É
¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö σλ(q) ¢ μÉ¸ÊÉ¸É¢¨¥ É ±μ£μ ¸μ¸ÉμÖ´¨Ö. �ÉμÉ ¦¥ ¢Ò¢μ¤ μ¸É -
¥É¸Ö ¸¶· ¢¥¤²¨¢Ò³ ¢ ¸²ÊÎ ¥ 2λ = 3, 7, . . . ¨²¨ ¢ ¸²ÊÎ ¥ 2λ = 5, 9, . . . ¶·¨
¸μμÉ¢¥É¸É¢ÊÕÐ¥³ ¤μ¶μ²´¨É¥²Ó´μ³ Ê¸²μ¢¨¨ |rb| � p2λ−1 ¨²¨ |ab| 	 2/p2λ+1.
‘μ£² ¸´μ · ¡μÉ¥ [36] É ±¨¥ Ê¸²μ¢¨Ö Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö ¸ÊÐ¥¸É¢μ¢ -
´¨Ö ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö, ´μ, ± ± ¶μ± § ´μ ¢ÒÏ¥, ¨§ ¢¸¥Ì É ±¨Ì ¸μ¸Éμ-
Ö´¨° ÔÉ¨ Ê¸²μ¢¨Ö ¢Ò¤¥²ÖÕÉ ¸μ¸ÉμÖ´¨Ö, ¶·¨ ´ ²¨Î¨¨ ±μÉμ·ÒÌ ¸¥Î¥´¨¥ σb

λ(q)
μ¡² ¤ ¥É μ¸μ¡Ò³ ¸¢μ°¸É¢μ³: σb

λ(q) = O(1/p), ¥¸²¨ q = p.
�μÖ¸´¨³ ¶·¨±² ¤´μ¥ §´ Î¥´¨¥ Ëμ·³Ê² (25)Ä(29).
ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (25)Ä(27), ³μ¦´μ ·¥Ï¨ÉÓ ¤¢¥ § ¤ Î¨: ´ °É¨ §´ Î¥´¨Ö

¤²¨´Ò · ¸¸¥Ö´¨Ö ab ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  rb ¶μ ¨§³¥·¥´´Ò³ §´ Î¥´¨Ö³
Ô´¥·£¨¨ ¸¢Ö§¨ B = p2 ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |ip, λ〉 ¨ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö
σb

λ(p) ¶·¨ Ô´¥·£¨¨ E = B, ²¨¡μ ¶·¥¤¸± § ÉÓ μÍ¥´±¨ ¢¥²¨Î¨´ B ¨ σb
λ(p),

¨¸¶μ²Ó§ÊÖ ¶·¥¤¢ ·¨É¥²Ó´μ ¢ÒÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö ab ¨ rb.
�·¥¤¶μ²μ¦¨³, ÎÉμ ¨³¥ÕÉ¸Ö ¤¢  ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨Ö ¨ ¨§¢¥¸É´Ò

³μ¤Ê²¨ p1, p2 ¨Ì ¢μ²´μ¢ÒÌ Î¨¸¥² ¨²¨ ¦¥ Ô´¥·£¨¨ ¸¢Ö§¨ B1 ¨ B2. ’μ£¤ ,
¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (29), ³μ¦´μ Ô±¸É· ¶μ²¨·μ¢ ÉÓ Ë §Ê δb

λ(p) ¨ ¸¥Î¥´¨¥
σb

λ(p) · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 ¢ μ¡² ¸ÉÓ μ±μ²μ¶μ·μ£μ¢ÒÌ §´ Î¥´¨° Ô´¥·-
£¨° E � E0 = q2

0 . �·¨ Éμ³ ¦¥ ¶·¥¤¶μ²μ¦¥´¨¨ ´¥¸²μ¦´μ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ
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¤²¨´Ê · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ¶μ Ëμ·³Ê² ³ (28),   § É¥³ ¨¸¸²¥¤μ-
¢ ÉÓ Ê· ¢´¥´¨¥ (13) ´  ´ ²¨Î¨¥ É·¥ÉÓ¥£μ ±μ·´Ö p3 ¨ ´ °É¨ ¢μ²´μ¢μ¥ Î¨¸²μ ps

μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |ps, λ〉 ± ± ±μ·¥´Ó ps = p Ê· ¢´¥´¨Ö (12).

�·¨¢¥¤¥³ ¢ÒÎ¨¸²¥´´Ò¥ É ±¨³ ¸¶μ¸μ¡μ³ §´ Î¥´¨Ö ±μ·´¥° p3 ¨ ps ¢ ¸²ÊÎ ¥
p1 = 0,1, p2 = 0,2. Šμ·¥´Ó p3 ¸ÊÐ¥¸É¢Ê¥É ¶·¨ Ê¸²μ¢¨¨ 2λ � 3 ¨ ¡²¨§μ± ±
¥¤¨´¨Í¥: p3 = 1,039506 . . ., ¥¸²¨ 2λ = 3, ¨ p3 = 1,120375 . . ., ¥¸²¨ 2λ = 5.
�·¨ Ê¸²μ¢¨¨ 2λ � 3 ¨³¥¥É¸Ö μ¤¨´ ±μ·¥´Ó: ps = 0,070716 . . ., ¥¸²¨ 2λ = −1;
ps = 0,282842 . . ., ¥¸²¨ 2λ = 1, ¨ ps = 1,191663 . . ., ¥¸²¨ 2λ = 3. ‚ ¸²ÊÎ ¥
2λ = 5 Î¨¸²μ ±μ·´¥° · ¢´μ ¤¢Ê³,   ¨Ì §´ Î¥´¨Ö É ±μ¢Ò: ps = 0,227100 . . .
¨ ps = 1,120336 . . . �·¨ É¥Ì ¦¥ §´ Î¥´¨ÖÌ (p1 = 0,1, p2 = 0,2) § ¢¨¸¨³μ¸ÉÓ
¸¥Î¥´¨Ö σb

λ(q), ¢ÒÎ¨¸²¥´´μ£μ ¢ ¶·¨¡²¨¦¥´¨¨ (29), μÉ ±¢ ´Éμ¢ÒÌ Î¨¸¥² q ¨ λ
¶μÖ¸´Ö¥É ·¨¸. 2. ‚¨¤´μ, ÎÉμ ¸¥Î¥´¨¥ σb

λ(q) ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥° ¶·¨ ¢μ²´μ-
¢μ³ Î¨¸²¥ q, · ¢´μ³ ³μ¤Ê²Õ p1 ¨²¨ p2 ¶¥·¢μ£μ ¨²¨ ¢Éμ·μ£μ ¸² ¡μ¸¢Ö§ ´´ÒÌ

�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨Ö σb
λ(q) μÉ ±¢ ´Éμ¢ÒÌ Î¨¸¥² q ¨ λ ¶·¨ ´ ²¨Î¨¨ ¸² ¡μ¸¢Ö-

§ ´´ÒÌ ¸μ¸ÉμÖ´¨° |ip1, λ〉, p1 = 0,1, ¨ |ip2, λ〉, p2 = 0,2; Ê´¨É ·´Ò° ¶·¥¤¥² σu
λ(q) Å

ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö;  ) μÉ´μÏ¥´¨¥ σb
λ(q)/σu

λ(q), 2λ = −1; ¡) ¸¥Î¥´¨¥ σb
λ, 2λ = −1 Å

¸¶²μÏ´ Ö ±·¨¢ Ö; ¢) μÉ´μÏ¥´¨Ö σb
λ(q)/σu

λ(q) ¶·¨ 2λ = 1, 3, 5 Å ¸¶²μÏ´ Ö, ÏÉ·¨Ì-
¶Ê´±É¨·´ Ö ¨ ¶Ê´±É¨·´ Ö ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ; £) ¸¥Î¥´¨Ö σb

λ(q) ¶·¨ 2λ = 1, 3, 5 Å
¸¶²μÏ´ Ö, ÏÉ·¨Ì¶Ê´±É¨·´ Ö ¨ ¶Ê´±É¨·´ Ö ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ
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¸μ¸ÉμÖ´¨°, ¨ ¡²¨§±μ ± ¸¢μ¥³Ê Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê σu
λ(q) Éμ²Ó±μ ¢ ³ ²μ°

μ±·¥¸É´μ¸É¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´μ£μ ¢μ²´μ¢μ£μ Î¨¸²  q, ¸μ¢¶ ¤ ÕÐ¥£μ ¸ ¢μ²-
´μ¢Ò³ Î¨¸²μ³ ps ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ μ¸μ¡μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö.

2.3. �¥§μ´ ´¸´μ¥ · ¸¸¥Ö´¨¥. �·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê Ë §Ò δλ(q) ¨ ¸¥Î¥´¨Ö
σλ(q) μ±μ²μ¶μ·μ£μ¢μ£μ Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉, ¶·¨ ´ ²¨Î¨¨
μ±μ²μ¶μ·μ£μ¢μ£μ ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö |qr, λ〉.

�·¥¤¶μ²μ¦¨³, ÎÉμ §´ Î¥´¨Ö λ, a ¨ reff § ¤ ´Ò ¨ ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ
¸¨¸É¥³  Ê· ¢´¥´¨° (14) ¨ (15) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ·¥Ï¥´¨¥ (p, ω),
´μ Ê· ¢´¥´¨Ö (13) ¨ (12) ´¥ ¨³¥ÕÉ ±μ·´¥°, ¶μ ±· °´¥° ³¥·¥ ´  ¶μ²Ê¨´É¥·¢ ²¥
(0, p+ ε], ε/p � 1. �·¨ É ±¨Ì ¶·¥¤¶μ²μ¦¥´¨ÖÌ ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¨³¥¥É μ¤´μ
μ±μ²μ¶μ·μ£μ¢μ¥ ·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ |(p, ω), λ〉, ´μ ³μ¤Ê²¨ ¢μ²´μ¢ÒÌ Î¨-
¸¥² ¥¥ μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö ¨ ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¶·¥¢ÒÏ ÕÉ
Î¨¸²μ p + ε.

‡ ³¥É¨³, ÎÉμ ¨§ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (14) ¨ (15) ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

a = −p−2λ−1 (sin 2ω)/ {[1 + (2/π)ω] cos (2λ − 1)ω + h(p) sin (2λ − 1)ω)} ,

(30)
reff = −2p2λ−1 (cosec 2ω) {[1 + (2/π)ω] cos (2λ + 1)ω + h(p) sin (2λ + 1)ω} .

�μÔÉμ³Ê ¶·¨¡²¨¦¥´¨¥ (9) ËÊ´±Í¨¨ ctg δλ(q) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ±μμ·-
¤¨´ ÉÒ p ¨ ω ¢μ²´μ¢μ£μ Î¨¸²  qr ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö |qr, λ〉. ˆ¸¶μ²Ó§ÊÖ
ËÊ´±Í¨Õ

η(ω) ≡ (π + 2ω)/ sin 2ω,

§ ¶¨Ï¥³ ÔÉμ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ É·¥Ì ¸μμÉ´μÏ¥´¨°:

ctg δλ(q; p, ω) ≈ h(q) − h(p) z+
λ (q) − z−λ (q); (31)

z+
λ (q) ≡ (p/q)2λ+1 (cosec 2ω)

{
[ (q/p)2 − 1] sin (2λ + 1)ω + 2 sin ω cos 2λω

}
,

z−λ (q) ≡ (p/q)2λ+1 η(ω)
{
[(q/p)2 − 1] cos (2λ + 1)ω − 2 sin ω sin 2λω]

}
/(2π).

�É¨ ¸μμÉ´μÏ¥´¨Ö ¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ, ¨³¥¥É ²¨ Ë §  · ¸¸¥Ö´¨Ö δλ(q; p, ω)
§´ Î¥´¨Ö, ±· É´Ò¥ Î¨¸²Ê π/2, ¨²¨ ²μ± ²Ó´Ò¥ Ô±¸É·¥³Ê³Ò, ¶μ·μ¦¤¥´´Ò¥ ´ -
²¨Î¨¥³ ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö. �·¨ ²Õ¡μ³ § ¤ ´´μ³ §´ Î¥´¨¨ λ ·¥Ï¥´¨¥
É ±μ° § ¤ Î¨ ¸¢μ¤¨É¸Ö ± Î¨¸²¥´´μ³Ê  ´ ²¨§Ê ¶·μ¸ÉÒÌ ¨ ±· É´ÒÌ ±μ·´¥° Ê· ¢-
´¥´¨Ö ctg δλ(q; p, ω) = 0 ± ± ËÊ´±Í¨° ¶μ²Ö·´ÒÌ ±μμ·¤¨´ É p ¨ ω ·¥§μ´ ´¸-
´μ£μ ¸μ¸ÉμÖ´¨Ö.

„²Ö ¶·¨³¥·  ´ °¤¥³ ±· É´Ò° ±μ·¥´Ó É ±μ£μ Ê· ¢´¥´¨Ö ¢ ¸²ÊÎ ¥ 2λ±1. ‡ -
³¥É¨³, ÎÉμ Éμ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö z+

λ (q) Éμ¦¤¥¸É¢¥´´μ · ¢´  ¥¤¨´¨Í¥.
�μÔÉμ³Ê ¶¥·¢ Ö ¨§ Ëμ·³Ê² (31) ¸ÊÐ¥¸É¢¥´´μ Ê¶·μÐ ¥É¸Ö ¨ ¶·¨´¨³ ¥É ¢¨¤

ctg δλ(q; p, ω) ≈ (1/π)
{
2 ln (q/p) + i2λ+1η(ω)

[
cos 2ω − (p/q)4λ

]}
, (32)
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¸²¥¤μ¢ É¥²Ó´μ, ¸¥Î¥´¨¥ (4) ¢ μ¡μ§´ Î¥´¨ÖÌ (6)  ¶¶·μ±¸¨³¨·Ê¥É¸Ö Ëμ·³Ê²μ°

σλ(q; p, ω) ≈

≈ 1√
E

4π2 (2 − δ2λ,−1)

{ln (E/Er) + i2λ+1η(ω) [cos 2ω − (Er/E)2λ]}2 + π2
, (33)

  ¤²Ö Ê· ¢´¥´¨Ö ctg δλ(q; p, ω) = 0 ÔÉ ²μ´´Ò³ Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¶·μ¸Éμ¥
Ê· ¢´¥´¨¥

2 ln (q/p) = i2λ+1η(ω)[(p/q)4λ − cos 2ω].

�Éμ Ê· ¢´¥´¨¥ ¨³¥¥É ±· É´Ò° ±μ·¥´Ó q = qλ ≡ p[2η(ω)]λ Éμ£¤  ¨ Éμ²Ó±μ
Éμ£¤ , ±μ£¤  Ê£μ² ω · ¢¥´ ±μ·´Õ ωt Ê· ¢´¥´¨Ö

ln [η(ω)] = η(ω) cos 2ω − 1.

‘ÊÐ¥¸É¢Ê¥É ²¨ÏÓ μ¤¨´ É ±μ° ±μ·¥´Ó: ω = ωt = 0,480189 . . . ‘²¥¤μ¢ É¥²Ó´μ,
¢¸¥ ·¥§μ´ ´¸´Ò¥ ¸μ¸ÉμÖ´¨Ö |(p, ω),±1/2〉 ¸ ²Õ¡Ò³ §´ Î¥´¨¥³ ±μμ·¤¨´ ÉÒ p �
q0, ´μ ¸ Ê£²μ³ ω = ωt Ö¢²ÖÕÉ¸Ö μ¸μ¡Ò³¨ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥: ¶·¨ ´ ²¨Î¨¨
²Õ¡μ£μ É ±μ£μ ¸μ¸ÉμÖ´¨Ö Ë §  · ¸¸¥Ö´¨Ö δλ(q; p, ωt) ¢ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö

|q,±1/2〉 ¨³¥¥É ²μ± ²Ó´Ò° Ô±¸É·¥³Ê³ ¢ ÉμÎ±¥ q = qλ = p [η(ωt)]
λ: ³¨´¨³Ê³

¨²¨ ³ ±¸¨³Ê³, ¥¸²¨ 2λ = −1 ¨²¨ 2λ = 1. ’ ± ± ± η(ωt) = 2,140908 . . . > 1,
Éμ qλ < p ¶·¨ 2λ = −1 ¨ qλt > p, ¥¸²¨ 2λ = 1. ‚ ÉμÎ±¥ q = qλ · ¢´Ò
´Ê²Õ ¨ ËÊ´±Í¨Ö ctg δλ(q; p, ωt), ¨ ¥¥ ¶¥·¢ Ö ¶·μ¨§¢μ¤´ Ö,   ¢Éμ· Ö ¶·μ¨§-
¢μ¤´ Ö ¶·¨´¨³ ¥É §´ Î¥´¨¥ 2(2 − δ2λ,−1)/(πq2

λ). �μÔÉμ³Ê ¢ ε-μ±·¥¸É´μ¸É¨
(qλ − ε, qλ + ε), 0 < ε < p, ÉμÎ±¨ q = qλ ¢¥·´μ ¶·¨¡²¨¦¥´¨¥ ËÊ´±Í¨¨
ctg δλ(q; p, ωt), 2λ = ±1, ¶μ¤¸Ê³³μ° ¥¥ ·Ö¤  ’¥°²μ·  ¸ ¤¢Ê³Ö ´Ê²¥¢Ò³¨ ¸² -
£ ¥³Ò³¨ ¨ É·¥ÉÓ¨³ ¸² £ ¥³Ò³, μÉ²¨Î´Ò³ μÉ ´Ê²Ö:

ctg δλ(q; p, ωt) ≈ ∂2
q ctg δλ(q; p, ωt)|q=qλ

(q−qλ)2/2 = [2−δ2λ,−1/π](q/qλ−1)2.

‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¸¥Î¥´¨¥ (4), 2λ = ±1, ¢ μ¡μ§´ Î¥´¨ÖÌ E = q2 ¨ Eλ ≡ q2
λ

¨³¥¥É ¢¨¤

σλ(q; p, ωt) ≈ σt
λ(q; qλ),

(34)

σt
λ(q; qλ) ≡ 1√

E

4π2(2 − δ2λ,−1)

22λ+1
(√

E/Eλ − 1
)4

+ π2

.

�Éμ ¸¥Î¥´¨¥ μ¡² ¤ ¥É ¨´É¥·¥¸´μ° ¸ Ô±¸¶¥·¨³¥´É ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö μ¸μ¡¥´-
´μ¸ÉÓÕ: μ´μ ¡²¨§±μ ± ¸¢μ¥³Ê Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê ¢ ²Õ¡μ° ÉμÎ±¥ q μ¡² ¸É¨
(qλ − ε, qλ + ε) ¸ ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O((q/q0)2 + (ε/p)3).

’¥¶¥·Ó ·¥Ï¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (31), ´ °É¨
¶·¨¡²¨¦¥´¨¥ ¸¥Î¥´¨Ö (4) ¢ ε-μ±·¥¸É´μ¸É¨ (q − ε, q + ε), 0 < ε < p, ÉμÎ±¨
q = p ¶·¨ Ê¸²μ¢¨¨ 2|λ|ω � 1. ‚ Ëμ·³Ê² Ì (31) ËÊ´±Í¨¨ sin 2ω ¨ sin (2λω)
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´¥  ¶¶·μ±¸¨³¨·Ê¥³, ¢¸¥ μ¸É ²Ó´Ò¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ § ³¥´¨³ ¨Ì
· §²μ¦¥´¨Ö³¨ ¢ ·Ö¤Ò ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ ω = 0; ¥¸²¨ 2λ �= 1, Éμ
ËÊ´±Í¨Õ (q/p)2λ+1  ¶¶·μ±¸¨³¨·Ê¥³ ±μ´¥Î´μ° ¶μ¤¸Ê³³μ° ¤¢ÊÌ ¸² £ ¥³ÒÌ
¥¥ ·Ö¤  ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ q = p. ‚ ¶μ²ÊÎ¨¢Ï¥³¸Ö · §²μ¦¥´¨¨
ËÊ´±Í¨¨ ctg δλ(q; p, ω) μ¸É ¢¨³ Éμ²Ó±μ É¥ ¸² £ ¥³Ò¥, ±μÉμ·Ò¥ ´¥μ£· ´¨Î¥´´μ
¢μ§· ¸É ÕÉ ¨²¨ Ê¡Ò¢ ÕÉ ± ± O(ε/p) ¨²¨ O(2|λ|ω). ˆÉμ£μ¢μ¥ ¶·¥¤¸É ¢²¥´¨¥
¡Ê¤¥É ¨¸±μ³Ò³ ¶·¨¡²¨¦¥´¨¥³

ctg δλ(q; p, ω) ≈ (2/π) ln (q/p) + [1 − (q/p)2] cosec2ω + sin 2λω, (35)

±μÉμ·μ³Ê ¢ μ¡μ§´ Î¥´¨ÖÌ (6) ¸μμÉ¢¥É¸É¢Ê¥É ¸¥Î¥´¨¥

σλ(q; p, ω) ≈ 1√
E

4π2(2 − δ2λ,−1)(Γ/2)2

[E − Er − (Γ/2) sin 2λω]2 + (Γ/2)2
. (36)

�É³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ¶·¨¡²¨¦¥´¨Ö (35) ¨ (36) ¸μ¤¥·¦ É ËÊ´±Í¨Õ sin 2λω
¨ ¢¥·´Ò ¸  ¡¸μ²ÕÉ´μ° ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O([2|λ|ω + ε/p]2) ¤²Ö ²Õ¡μ£μ λ, ´μ
²¨ÏÓ ¶·¨ Ê¸²μ¢¨ÖÌ 2|λ|ω � 1 ¨ |q/p − 1| < ε/p < 1.

�¡¸Ê¤¨³ μ¸μ¡¥´´μ¸É¨, Ë §Ò ¨ ¸¥Î¥´¨Ö, ¶μ·μ¦¤¥´´Ò¥ ¶·¨¡²¨¦¥´¨Ö-
³¨ (35), (36) ¨ ËÊ´±Í¨¥° sin 2λω. ‡´ Î¥´¨Ö qλ ¨ Eλ ¢μ²´μ¢μ£μ Î¨¸²  ¨
¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ô´¥·£¨¨, ¶·¨ ±μÉμ·ÒÌ Ë §  ±· É´  Î¨¸²Ê π/2,   ¸¥Î¥´¨¥ ¤μ-
¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö, · ¢´μ£μ Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê, § ¢¨¸ÖÉ
μÉ ±¢ ´Éμ¢μ£μ Î¨¸²  λ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

qλ ≈ p (1 + sin 2ω sin 2λω)1/2, Eλ = q2
λ ≈ Er + (Γ/2) sin 2λω.

�μÔÉμ³Ê qλ < p ¨ Eλ < Er Éμ²Ó±μ ¢ ¸²ÊÎ ¥ 2λ = −1; ¥¸²¨ 2λ � 1, Éμ
qλ > p ¨ Eλ > Er. ”¨§¨Î¥¸± Ö ¶·¨Î¨´ , ¶μ·μ¦¤ ÕÐ Ö Ê± § ´´Ò¥ ´¥· ¢¥´-
¸É¢ , § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¢ ¨¸Ìμ¤´μ³ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (2) ¸² £ ¥³μ¥
λ(λ + 1)/x2 ¶·¨ λ = −1/2 Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³ (Í¥´É·μ¸É·¥³¨É¥²Ó-
´Ò³),   ¶·¨ ¢¸¥Ì μ¸É ²Ó´ÒÌ §´ Î¥´¨ÖÌ λ Å μÉÉ ²±¨¢ ÕÐ¨³ (Í¥´É·μ¡¥¦´Ò³)
¡ ·Ó¥·μ³.

� Ï  ¸²¥¤ÊÕÐ Ö § ¤ Î  É ±μ¢ : ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (31), ´ °É¨ ¶·¨¡²¨-
¦¥´¨¥ ¸¥Î¥´¨Ö ¢ ε-μ±·¥¸É´μ¸É¨ (q − ε, q + ε), 0 < ε < p, ÉμÎ±¨ q = p ¶·¨
Ê¸²μ¢¨¨ |λ|(π − 2ω) � 1. ‚ Ëμ·³Ê² Ì (31) ËÊ´±Í¨Õ sin 2ω ´¥  ¶¶·μ±¸¨³¨-
·Ê¥³, ¢¸¥ μ¸É ²Ó´Ò¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ § ³¥´¨³ ¨Ì · §²μ¦¥´¨Ö³¨
¢ ·Ö¤Ò ’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ ω = π/2, ¶·¥´¥¡·¥¦¥³ ¢¸¥³¨ ¸² £ ¥³Ò³¨
¶μ·Ö¤±  O(|λ|(π − 2ω) + ε/p) ¨ ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³

ctg δλ(q; p, ω) ≈ 2 i2λ−1 (p/q)2λ+1
[
(q/p)2 + 1

]
cosec2ω,

|λ|(π − 2ω) � 1, q/p < ε < 1.

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡μ³ λ ¢ ε-μ±·¥¸É´μ¸É¨ Ë §  δλ(q; p, ω) Ö¢²Ö¥É¸Ö
§´ ±μ¶μ¸ÉμÖ´´μ° ¨ £² ¤±μ° ËÊ´±Í¨¥°,   ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¥° ¸¥Î¥´¨¥ (4)
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¶·¨¡²¨¦ ¥É¸Ö Ëμ·³Ê²μ°

σλ(q; p, ω) ≈ 1√
E

(2 − δ2λ,−1) Γ2

4 (E + Er )2 + (Γ/2)2
, |λ|(π − 2ω) � 1, q/p < ε < 1,

(37)
¨ ¶μÔÉμ³Ê ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ¸ ·μ¸Éμ³ Ô´¥·£¨¨ E = q2.

� £²Ö¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ ´ °¤¥´´ÒÌ μ¸μ¡¥´´μ¸ÉÖÌ μ±μ²μ¶μ·μ£μ¢μ£μ ¸¥-
Î¥´¨Ö · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨ÖÌ |q,±1/2〉 ¶·¨ ´ ²¨Î¨¨ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨°
|(p, ω),±1/2〉 ¸ ±μμ·¤¨´ Éμ° p = 0,2 ¨ · §´Ò³¨ §´ Î¥´¨Ö³¨ Ê£²  ω ¤ ¥É ·¨¸. 3.
�  ´¥³ ¸¶²μÏ´Ò³¨ ±·¨¢Ò³¨ ¨§μ¡· ¦¥´Ò ¸¥Î¥´¨Ö (4) ¢ÒÎ¨¸²¥´´Ò¥ ¢ ¶·¨¡²¨-
¦¥´¨¨ (31). ‘¶²μÏ´Ò¥ ±·¨¢Ò¥ a, b ¨ c Å £· Ë¨±¨ ¸¥Î¥´¨° ¶·¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ´¥¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ Ê£²  ω = 0,1, 0,2 ¨ ω = 0,3 Å ¨³¥ÕÉ μ¸É·Ò¥
¶¨±¨ ¨ ± ¸ ÕÉ¸Ö ÏÉ·¨Ìμ¢ÒÌ ±·¨¢ÒÌ, ¨§μ¡· ¦ ÕÐ¨Ì ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê´¨-
É ·´Ò¥ ¶·¥¤¥²Ò σu

λ(q), 2λ = ±1. Š ± ¢¨¤´μ,  ¡¸Í¨¸¸  ÉμÎ±¨ ± ¸ ´¨Ö ²¥¦¨É
¸¶· ¢  ¨²¨ ¸²¥¢  μÉ ÉμÎ±¨ q = p = 0,2, ¥¸²¨ 2λ = −1 ¨²¨ 2λ = 1. ‘¶²μÏ-
´Ò¥ ±·¨¢Ò¥ d Å £· Ë¨±¨ ¸¥Î¥´¨° σλ(q; p, ω) ¢ μ¸μ¡μ³ ¸²ÊÎ ¥ ω = ωt Å

�¨¸. 3. ‘¥Î¥´¨Ö ·¥§μ´ ´¸´μ£μ · ¸¸¥Ö´¨Ö σλ(q; p, ω), p = 0,2, ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ:
 ) 2λ = −1, ω = 0,1, 0,2, 0,3 Å ±·¨¢Ò¥ a, b, c; ¡) 2λ = −1, ω = 0,480189, 0,8, 1 (±·¨-
¢Ò¥ d, e, f); ¢) 2λ = 1, ω = 0,1, 0,2, 0,3 (±·¨¢Ò¥ a, b, c); £) 2λ = 1, ω = 0,480189, 0,8, 1
(±·¨¢Ò¥ d, e, f). “´¨É ·´Ò¥ ¶·¥¤¥²Ò σu

λ(q), 2λ = ±1, Å ÏÉ·¨Ìμ¢Ò¥ ±·¨¢Ò¥
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¡²¨§±¨ ± £· Ë¨± ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê´¨É ·´ÒÌ ¶·¥¤¥²μ¢ σu
λ(q) ¢ μ¡² ¸É¨

0,204 < q < 0,14 ¨²¨ 0,23 < q < 0,7, ¥¸²¨ 2λ = −1 ¨²¨ 2λ = 1. ‚ ³ ¸ÏÉ ¡¥
μ¡¸Ê¦¤ ¥³μ£μ ·¨¸Ê´±  ¶¥·¥£¨¡Ò ¸¶²μÏ´ÒÌ ±·¨¢ÒÌ e ¨ f , ¨§μ¡· ¦ ÕÐ¨Ì ¸¥-
Î¥´¨Ö σλ(q; p, ω), ¶·¨ ¤μ¢μ²Ó´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ Ê£²  ω = 0,8 ¨ ω = 1
´¥§ ³¥É´Ò. �μÖ¸´¥´´Ò¥ μ¸μ¡¥´´μ¸É¨ ±·¨¢ÒÌ d ; a, b, c ¨ e, f ¶μ¤É¢¥·¦¤ ÕÉ
¸¶· ¢¥¤²¨¢μ¸ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¨¡²¨¦¥´¨° (34); (36) ¨ (37).

�¨¸. 4. ƒ· Ë¨± ËÊ´±Í¨¨ f(q) ≡ 1 Å ¸¶²μÏ´ Ö ¶·Ö³ Ö; £· Ë¨±¨ μÉ´μÏ¥´¨°
σλ(q; p, ωt)/σu

λ(q) ¨ σt
λ(q; qλ)/σu

λ(q) ¶·¨ p = 0,2 Å ¸¶²μÏ´Ò¥ ¨ ÏÉ·¨Ìμ¢Ò¥ ±·¨-
¢Ò¥: a) 2λ = −1, ¡) 2λ = 1

�μ²¥¥ ¶μ¤·μ¡´ÊÕ ¨´Ëμ·³ Í¨Õ μ ¶μ¢¥¤¥´¨¨ ¸¥Î¥´¨° σλ(q; p, ω), 2λ = ±1,
¢ μ¸μ¡μ³ ¸²ÊÎ ¥ ω = ωt ³μ¦´μ ¨§¢²¥ÎÓ ¨§ ·¨¸. 4. �  ´¥³ ¨§μ¡· ¦¥´Ò £· Ë¨±¨
μÉ´μÏ¥´¨° ¸¥Î¥´¨° σλ(q; p, ωt) ¨ σt

λ(q; p, ωt) ± Ê´¨É ·´μ³Ê ¶·¥¤¥²Ê σu
λ(q),

¢ÒÎ¨¸²¥´´Ò¥ ¶·¨ 2λ = ±1 ¨ p = 0,2 ¶μ Ëμ·³Ê² ³ (4), (31) ¨ (34), ¢ ±μÉμ·ÒÌ
qλ = 0,096653 . . . < p, ¥¸²¨ 2λ = −1, ¨ qλ = 0,413851 . . . > p, ¥¸²¨ 2λ = 1.
� ¢¥´¸É¢μ σλ(q; p, ω) = σu

λ(q) ¢ ¸²ÊÎ ¥ 2λ = −1 ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ ¸²¥¤ÊÕÐ¨Ì
§´ Î¥´¨ÖÌ q± ¢μ²´μ¢μ£μ Î¨¸²  q: ¥¸²¨ 2λ = −1, Éμ q− ≈ 0,06,   q+ ≈ 0,12;
¥¸²¨ 2λ = 1, Éμ q− ≈ 0,32,   q+ ≈ 0,68. ‘μ£² ¸´μ p¨¸. 4 ¶·¨¡²¨¦¥´¨¥
σλ(q) ≈ σt

λ(q) ¢¥·´μ ¢ μ¡² ¸É¨ q− < q < q+, ´μ ´¥¶·¨³¥´¨³μ ¶·¨ ³ ²ÒÌ
(q < q−) ¨²¨ ¡μ²ÓÏ¨Ì (q > q+) §´ Î¥´¨Ö ¢μ²´μ¢μ£μ Î¨¸²  q.

‡�Š‹�—…�ˆ…

‘Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ. ‚ · ³± Ì ¶·¨-
¡²¨¦¥´¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¢¶¥·¢Ò¥ Ê¤ ²μ¸Ó ¢ÒÖ¢¨ÉÓ ¨ ¨¸¸²¥¤μ¢ ÉÓ ´¨§-
±μÔ´¥·£¥É¨Î¥¸±¨¥ μ¸μ¡¥´´μ¸É¨ ¢¸¥Ì (λ = −1/2, 1/2, . . .) ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨
¸¥Î¥´¨° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°-
¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ¶·μ¨§¢μ²Ó´μ° Ëμ·³Ò. ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¶μ²´¥´´ÒÌ
¨¸¸²¥¤μ¢ ´¨° ¶μ²ÊÎ¥´Ò Ê¤μ¡´Ò¥ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° (16)Ä(37) Ê¶·Ê£μ£μ · ¸¸¥-
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Ö´¨Ö ¶·¨ ´ ²¨Î¨¨ μ¸μ¡ÒÌ ¸μ¸ÉμÖ´¨° · ¸¸¥Ö´¨Ö, ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ-
·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨°.

‚Ò¶μ²´¥´´Ò¥ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨¸¸²¥¤μ¢ ´¨Ö ¶·¥¤¸É ¢²ÖÕÉ¸Ö  ±ÉÊ ²Ó-
´Ò³¨ ¢ ¸¢Ö§¨ ¸ ¡Ê·´Ò³ · §¢¨É¨¥³ É¥μ·¥É¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨-
§¨±¨ Ê²ÓÉ· Ìμ²μ¤´ÒÌ  Éμ³ ·´ÒÌ ¨ ³μ²¥±Ê²Ö·´ÒÌ £ §μ¢ ¢ ³ £´¨Éμμ¶É¨Î¥¸±¨Ì
²μ¢ÊÏ± Ì [40]. ‚μ ³´μ£¨Ì ¨§ É ±¨Ì ²μ¢ÊÏ¥± ¤¢¨¦¥´¨¥ Î ¸É¨Í £ §  ³μ¦´μ
¸ Ìμ·μÏ¥° ÉμÎ´μ¸ÉÓÕ ¸Î¨É ÉÓ ¤¢Ê³¥·´Ò³. „²Ö Î¨¸²¥´´μ£μ ¨ ± Î¥¸É¢¥´´μ£μ
 ´ ²¨§  ¤¢Ê³¥·´μ£μ ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ Î ¸É¨Í É ±μ£μ £ §  ¶·¥¤² £ ¥É¸Ö ¨¸-
¶μ²Ó§μ¢ ÉÓ ¶μ²ÊÎ¥´´Ò¥ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¶¶·μ±¸¨-
³ Í¨¨ (16)Ä(37).
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