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‘É·μ¥´¨¥ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ § ·Ö¦¥´´ Ö ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ ¤¢Ê³¥·´μ°
¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  ¨ · ¸¸¥¨¢ ¥É¸Ö ´¥¶μ¤¢¨¦-
´Ò³ ±Ê²μ´μ¢¸±¨³ Í¥´É·μ³, ²¥¦ Ð¨³ ¢ Éμ° ¦¥ ¶²μ¸±μ¸É¨. �μ± § ´μ, ÎÉμ · -
¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ É ±μ° Î ¸É¨ÍÒ Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Õ ŠÊ²μ´ 
c ¶μ²ÊÍ¥²Ò³ ¨´¤¥±¸μ³. ˆ¸¸²¥¤μ¢ ´μ ¸É·μ¥´¨¥ ÔÉ¨Ì ËÊ´±Í¨°. � ¸¸³μÉ·¥´Ò É·¨
Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥² : ´¥±Ê²μ´μ¢¸±¨° ¶·¥¤¥² ¨ ¶·¥¤¥²Ò ´¨§±¨Ì ¨ ¢Ò-
¸μ±¨Ì Ô´¥·£¨°. ‚ÒÖ¢²¥´Ò μ¸´μ¢´Ò¥ μÉ²¨Î¨Ö ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö
μÉ É·¥Ì³¥·´μ£μ.
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By assumption, a charged quantum particle moves in the two-dimensional plane
of the three-dimensional conˇguration space and is scattered by the ˇxed Coulomb
center lying in the same plane. It is shown that the radial wave functions of this
particle satisfy the Coulomb equation with half-integer index. The structure of these
functions is studied. Three physically interesting limits Å the non-Coulomb limit
and the limits of high and low energies Å are considered. The main differences of
the two-dimensional Coulomb scattering from the three-dimensional one are clariˇed.
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‚‚…„…�ˆ…

� ¸ÉμÖÐ Ö · ¡μÉ  ¶μ¸¢ÖÐ ¥É¸Ö ¸¢¥É²μ° ¶ ³ÖÉ¨ ‘É ´¨¸² ¢  �¥É·μ¢¨Î 
Œ¥·±Ê·Ó¥¢ , Î¥° ¢±² ¤ ¢ ¶μ¸É·μ¥´¨¥ ±¢ ´Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³
´¥¸±μ²Ó±¨Ì ±¢ ´Éμ¢ÒÌ Î ¸É¨Í [1] ´¥¢μ§³μ¦´μ ¶¥·¥μÍ¥´¨ÉÓ. �¸μ¡μ §´ Î¨-
³Ò³¨ Ö¢²ÖÕÉ¸Ö ¶μ¤Ìμ¤Ò, ¶·¥¤²μ¦¥´´Ò¥ ‘.�.Œ¥·±Ê·Ó¥¢Ò³ ± ·¥Ï¥´¨Õ § ¤ Î¨
É·¥Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥. Š ´¨³,
´¥¸μ³´¥´´μ, μÉ´μ¸ÖÉ¸Ö · §¡¨¥´¨¥ ¶ ·´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¢§ ¨³μ¤¥°¸É¢¨° ®£² ¤-
±μ° ¸·¥§±μ°¯ [2] ¨ ¢Ò¢μ¤ ±μμ·¤¨´ É´ÒÌ  ¸¨³¶ÉμÉ¨± ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¨ ¥¥
Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É ¶·¨ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ³¥¦¤Ê Î ¸É¨Í ³¨ [3].

	É¨ ¶μ¤Ìμ¤Ò ¶·¥¤¸É ¢²ÖÕÉ¸Ö ±²ÕÎ¥¢Ò³¨ ¨ ¤²Ö ¶μ¸É ´μ¢±¨ § ¤ Î¨ É·¥Ì
§ ·Ö¦¥´´ÒÌ ±¢ ´Éμ¢ÒÌ Î ¸É¨Í, ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ ¨Ì É·¥Ì-
³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢ . �¥·¢Ò³ ¨ ´¥¨§¡¥¦´Ò³ ÔÉ ¶μ³ ·¥Ï¥-
´¨Ö ÔÉμ° § ¤ Î¨ Ö¢²Ö¥É¸Ö ¶μ¤·μ¡´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ
· ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³. ’ ±μ³Ê ¨¸¸²¥-
¤μ¢ ´¨Õ ¶·¥¤¶μ² £ ¥É¸Ö ¶μ¸¢ÖÉ¨ÉÓ ¸¥·¨Õ · ¡μÉ. �¥·¢ Ö ¨§ ´¨Ì Å ´¥¤ ¢´ÖÖ
· ¡μÉ  [4]. …¥ ¶·μ¤μ²¦¥´¨¥³ Ö¢²Ö¥É¸Ö ´ ¸ÉμÖÐ Ö · ¡μÉ , Ê¸É·μ¥´´ Ö ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³.

‚ · §¤. 1 ¶¥·¥Î¨¸²ÖÕÉ¸Ö μ¸´μ¢´Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö, ¶μÖ¸´Ö¥É¸Ö Ë¨§¨Î¥-
¸±¨° ¸³Ò¸² ¨¸¶μ²Ó§Ê¥³ÒÌ ¶ · ³¥É·μ¢ ¨  ·£Ê³¥´Éμ¢ ¨ ´ ¶μ³¨´ ¥É¸Ö ¢Ò¢μ¤
¨¸Ìμ¤´μ£μ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° Ê· ¢´¥´¨Ö ŠÊ²μ´  ¸ ¶μ²ÊÍ¥²Ò³ ¨´¤¥±-
¸μ³. ‚ · §¤. 2 ¤²Ö ·¥Ï¥´¨° ÔÉμ£μ Ê· ¢´¥´¨Ö ¸´ Î ²  ¢Ò¢μ¤ÖÉ¸Ö ¨ ¨¸¸²¥¤Ê-
ÕÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö Î¥·¥§ ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨,   § -
É¥³ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¢¨¤¥ ·Ö¤μ¢ ¶μ ¸É¥¶¥´Ö³ ±Ê²μ´μ¢¸±¨Ì  ·£Ê³¥´Éμ¢ ¨ ¨Ì
²μ£ ·¨Ë³μ¢. � §¤. 3 ¶μ¸¢ÖÐ¥´  ´ ²¨§Ê É ±¨Ì ·Ö¤μ¢ ¢ É·¥Ì Ë¨§¨Î¥¸±¨ ¨´É¥-
·¥¸´ÒÌ ¶·¥¤¥² Ì: ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥ ¨ ¢ ¶·¥¤¥² Ì ¢Ò¸μ±¨Ì ¨ ´¨§±¨Ì
Ô´¥·£¨°. ‚ · §¤. 4 ¢ÒÖ¢²ÖÕÉ¸Ö Ë¨§¨Î¥¸±¨ §´ Î¨³Ò¥ μÉ²¨Î¨Ö ¤¢Ê³¥·´μ£μ ±Ê-
²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö μÉ É·¥Ì³¥·´μ£μ. ‚ § ±²ÕÎ¥´¨¨ ¸Ê³³¨·ÊÕÉ¸Ö μ¸´μ¢´Ò¥
·¥§Ê²ÓÉ ÉÒ.

1. ��…„��‹�†…�ˆŸ ˆ ���‡��—…�ˆŸ

�Ê¸ÉÓ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ±μ´¥Î´ÊÕ ¶μ²μ¦¨É¥²Ó´ÊÕ ³ ¸¸Ê m1,
¢¥Ð¥¸É¢¥´´Ò° ±Ê²μ´μ¢¸±¨° § ·Ö¤ z1 ¨ ¤¢¨¦¥É¸Ö Éμ²Ó±μ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ-
¸É¨ P ¥¥ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  R3: ¢μ²´μ¢μ° ¢¥±Éμ· k
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ÔÉμ° Î ¸É¨ÍÒ ¢¸¥£¤  ²¥¦¨É ¢ ¶²μ¸±μ¸É¨ P . �·¥¤¶μ² £ ¥³, ÎÉμ ´¥±μÉμ· Ö ´¥-
¶μ¤¢¨¦´ Ö ÉμÎ±  O ÔÉμ° ¶²μ¸±μ¸É¨ Ö¢²Ö¥É¸Ö ±Ê²μ´μ¢¸±¨³ ¸¨²μ¢Ò³ Í¥´É·μ³
¸ ¢¥Ð¥¸É¢¥´´Ò³ § ·Ö¤μ³ Z, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³ ±Ê-
²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . ‘Î¨É ¥³, ÎÉμ ÔÉμÉ ¶μÉ¥´Í¨ ² μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°
z1Z/r, £¤¥ r Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í¥° p1 ¨ ÉμÎ±μ° O ¢ ¶²μ¸±μ¸É¨ P .
‚ ÔÉμ° ¶²μ¸±μ¸É¨ ¨¸¶μ²Ó§Ê¥³ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ Î ¸É¨ÍÒ p1: · ¸¸ÉμÖ´¨¥
r ¨ Ê£μ² ϕ ∈ [0, 2π].

‘¨³¢μ²μ³ � μ¡μ§´ Î¨³ ±μ´¸É ´ÉÊ �² ´± . � ¶μ³´¨³, ÎÉμ ¢μ²´μ¢μ¥ Î¨-
¸²μ k ≡ |k| Î ¸É¨ÍÒ p1 ¸¢Ö§ ´μ ¸ ¥¥ ¶μ²´μ° Ô´¥·£¨¥° E · ¢¥´¸É¢μ³ k =√

2 m1E/�2,   ¶ · ³¥É· R ≡ �
2/(2m1z1Z) ¢ ¸²ÊÎ ¥ z1Z < 0 Ö¢²Ö¥É¸Ö  ´ -

²μ£μ³ ¡μ·μ¢¸±μ£μ · ¤¨Ê¸  [5]. ‘¨³¢μ²μ³ α μ¡μ§´ Î¨³ §´ ± ÔÉμ£μ ¶ · ³¥É· .
�Ê¤¥³ · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö: ¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö (α = 1) ¨
¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö (α = −1).

� ·Ö¤Ê ¸ · §³¥·´Ò³¨ ¶¥·¥³¥´´Ò³¨ r ¨ k ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¡¥§· §³¥·-
´Ò¥  ·£Ê³¥´ÉÒ: ¡¥§· §³¥·´Ò¥ · ¸¸ÉμÖ´¨Ö x ≡ r/|R| ¨ ρ ≡ kr, ¡¥§· §³¥·´Ò¥
¢μ²´μ¢μ¥ Î¨¸²μ q ≡ k|R|, ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤  η ≡ 1/(2kR) = α/(2q) ¨
 ·£Ê³¥´É v ≡

√
8|η|ρ. �·¨¢¥¤¥³ ¸¶¨¸μ± ¶·¨´ÖÉÒÌ μ¡μ§´ Î¥´¨°:

k =

√
2 m1E

�2
, R ≡ �

2

2m1q1Q
, α ≡ signR , η ≡ 1

2kR
=

α

2q
;

(1)

x ≡ r

|R| , ρ ≡ kr = qx , v ≡
√

8|η|ρ = 2
√

r

|R| = 2
√

x , x =
v2

4
.

�¥§· §³¥·´Ò¥ ®· ¡μÎ¨¥¯ ¶¥·¥³¥´´Ò¥ s ¨ t ¶¥·¥μ¶·¥¤¥²Ö¥³. ˆ¸¶μ²Ó§Ê¥³ Ëμ·-
³Ê²Ò ¸ ¢¥·Ì´¨³¨ ¨ ´¨¦´¨³¨ §´ ± ³¨ ®+¯ ¨ ®−¯. ‚ É ±¨Ì Ëμ·³Ê² Ì ¶μ
μ¶·¥¤¥²¥´¨Õ ¡¥·ÊÉ¸Ö ¨²¨ ¢¸¥ ¢¥·Ì´¨¥, ¨²¨ ¢¸¥ ´¨¦´¨¥ §´ ±¨. ‚¸Õ¤Ê ¤ ²¥¥
¨´¤¥±¸ λ ¶·¨´¨³ ¥É ¶μ²ÊÍ¥²Ò¥ §´ Î¥´¨Ö (2λ = −1, 1, . . .), ¨ ¸Î¨É ¥É¸Ö, ÎÉμ
ελ = 1, ¥¸²¨ 2λ = −1, ¨ ελ = 2, ¥¸²¨ 2λ � 1.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψc(r,k, η) ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´-
Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P ¶μ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· (

∂2
r +

1
r
∂r +

1
r2

∂2
ϕ − 1

rR
+ k2

)
Ψc(r,k, η) = 0 . (2)

	Éμ Ê· ¢´¥´¨¥ ¶μ¤¸É ´μ¢±μ°

Ψc(r;k, η) = (2πρ)−1/2
∑

2λ=−1,1,3,...

ελ uλ(ρ, η) cos [ (2λ + 1)ϕ/2 ] (3)

¸¢μ¤¨É¸Ö ± ¸Î¥É´μ° (2λ = −1, 1, 3, . . .) ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ´¥ § Í¥¶²ÖÕÐ¨Ì¸Ö
¤·Ê£ ¸ ¤·Ê£μ³ · ¤¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· :[

∂2
ρ − λ(λ + 1)

ρ2
+ 1 − 2η

ρ

]
uλ(ρ, η) = 0 , ρ > 0 , η ∈ (−∞,∞) . (4)
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Š Î¥¸É¢¥´´Ò°  ´ ²¨§ Ê· ¢´¥´¨° (2), (4) ¨ ¶·¥¤¸É ¢²¥´¨Ö (3) ¤ ´ ¢ ¶·¥¤Ò¤Ê-
Ð¥° · ¡μÉ¥ [4]. “· ¢´¥´¨¥ (4) ¡Ê¤¥É ¨¸Ìμ¤´Ò³ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°. …£μ
·¥Ï¥´¨¥ uλ(ρ, η), μ¡² ¤ ÕÐ¥¥ Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³μ°  ¸¨³¶ÉμÉ¨±μ° ¢ ¶·¥-
¤¥²¥ ρ → ∞, ´ §Ò¢ ¥³ ¶·¨¢¥¤¥´´μ° · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Î ¸É¨ÍÒ
p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 c ¸μÌ· ´ÖÕÐ¨³¨¸Ö ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q ¨ λ.

2. ��…„‘’�‚‹…�ˆŸ ”“�Š–ˆ‰ Š“‹���

� Î´¥³ ¸ § ³¥Î ´¨°. ‹Õ¡μ¥ ·¥Ï¥´¨¥ uλ Ê· ¢´¥´¨Ö (4) ³μ¦´μ ¶·¥¤¸É -
¢¨ÉÓ ¢ ¢¨¤¥ ²¨´¥°´μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ ¥£μ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨°.
�¡μ§´ Î¨³ ¨Ì ¸¨³¢μ² ³¨ Fλ ¨ Hλ. ‚ Ê· ¢´¥´¨¨ (4) § ³¥´¨³ ¨´¤¥±¸ λ ¨´-
¤¥±¸μ³ 
 ¨ · §·¥Ï¨³ ¨´¤¥±¸Ê 
 ¶·¨´¨³ ÉÓ Í¥²Ò¥ §´ Î¥´¨Ö (
 = 0, 1, 2, . . .).
’μ£¤  ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¸É ´¥É ¤ ¢´μ ¨§¢¥¸É´Ò³ ¢ É¥μ·¨¨ É·¥Ì³¥·´μ£μ
· ¸¸¥Ö´¨Ö · ¤¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ŠÊ²μ´  [5]. Œ´μ£¨¥ ¸¢μ°¸É¢  ¥£μ ·¥Ï¥-
´¨° Å · ¤¨ ²Ó´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° F�(ρ, η) ¨ H�(ρ, η) Í¥²μ£μ
¶μ·Ö¤±  
 Å ¤¥É ²Ó´μ ¨§ÊÎ¥´Ò [6].

‚ ¸¨²Ê ¢Ò¸± § ´´ÒÌ § ³¥Î ´¨° ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¶μ²´¥ ¤μ¸É ÉμÎ´Ò³ ¨
²μ£¨Î´Ò³ ´ °É¨ ¢ ¸²ÊÎ ¥ ¶μ²ÊÍ¥²ÒÌ §´ Î¥´¨° λ � −1/2 ²¨ÏÓ ¤¢  ²¨´¥°´μ
´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö Fλ(ρ, η) ¨ Hλ(ρ, η) Ê· ¢´¥´¨Ö (4), μ¶·¥¤¥²¨¢ ¨Ì ¶μ
 ´ ²μ£¨¨ ¸ ¨§¢¥¸É´Ò³¨ ±Ê²μ´μ¢¸±¨³¨ ËÊ´±Í¨Ö³¨ F�(ρ, η) ¨ H�(ρ, η).

�μ¸ÉÊ¶¨³ ¨³¥´´μ É ±¨³ μ¡· §μ³. ‚ ¶. 2.1 ¸Ëμ·³Ê²¨·Ê¥³ μ¶·¥¤¥²¥´¨Ö
ËÊ´±Í¨° ŠÊ²μ´  Fλ, Hλ ¨ Gλ ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  λ ¨ μ¡¸Ê¤¨³ ¶·¥¤¸É -
¢²¥´¨Ö ÔÉ¨Ì ËÊ´±Í¨° Î¥·¥§ ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ [7].
�Ê´±É 2 ¶μ¸¢ÖÉ¨³  ´ ²¨§Ê · §²μ¦¥´¨° ËÊ´±Í¨° Fλ ¨ Gλ ¶μ ¸É¥¶¥´´Ò³ ¨
²μ£ ·¨Ë³¨Î¥¸±¨³ ËÊ´±Í¨Ö³ ¶¥·¥³¥´´ÒÌ ρ, η; x, q ¨ v, q, μ¶·¥¤¥²¥´´ÒÌ
Ëμ·³Ê² ³¨ (1).

2.1. �·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨° ŠÊ²μ´  Î¥·¥§ ËÊ´±Í¨¨ ŠÊ³³¥·  ¨ ’·¨-
±μ³¨. �¥£Ê²Ö·´μ° ¢ ÉμÎ±¥ ρ = 0 ¢μ²´μ¢μ° ËÊ´±Í¨¥° ŠÊ²μ´  Fλ(ρ, η) ¶μ²ÊÍ¥-
²μ£μ ¶μ·Ö¤±  λ = −1/2, 1/2, . . . ´ §μ¢¥³ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (4), μ¡² ¤ ÕÐ¥¥
 ¸¨³¶ÉμÉ¨±μ°

Fλ(ρ, η) = O(ρλ+1) , ρ → 0 , (5)

¨  ¸¨³¶ÉμÉ¨±μ°

Fλ(ρ, η) = sin [ ρ − η ln(2ρ) − πλ/2 + δc
λ(η) ] + O(1/ρ) , ρ → ∞ , (6)

£¤¥ δc
λ(η) Å ¶ ·Í¨ ²Ó´ Ö ±Ê²μ´μ¢¸± Ö Ë § .
�¥·¥£Ê²Ö·´μ° ¢ ÉμÎ±¥ ρ = 0 ¢μ²´μ¢μ° ËÊ´±Í¨¥° ŠÊ²μ´  ¶μ²ÊÍ¥²μ£μ ¶μ-

·Ö¤±  λ = −1/2, 1/2, . . . ¸Î¨É ¥³ ·¥Ï¥´¨¥ Hλ(ρ, η) Ê· ¢´¥´¨Ö (4), Ê¤μ¢²¥É¢μ-
·ÖÕÐ¥¥ Ê¸²μ¢¨Õ

Hλ(ρ, η) =
{

O(
√

ρ ln ρ) , 2λ = −1 ,
O(ρ−λ) , 2λ > −1 ,

ρ → 0 , (7)
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¨ Ê¸²μ¢¨Õ

Hλ(ρ, η) = exp {ı[ ρ − η ln(2ρ) − πλ/2 + δλ(η) } + O(1/ρ) , ρ → ∞ . (8)

Š·μ³¥ ·¥Ï¥´¨° Fλ ¨ Hλ ´ ³ ¶μÉ·¥¡Ê¥É¸Ö ¨ ´¥·¥£Ê²Ö·´ Ö ¢ ÉμÎ±¥ ρ = 0
ËÊ´±Í¨Ö ŠÊ²μ´  ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  Gλ. �¶·¥¤¥²¨³ ¥¥ Ëμ·³Ê²μ°

Gλ(ρ, η) ≡ Hλ(ρ, η) − ıFλ(ρ, η) , 2λ = −1, 1, 3, . . . (9)

‚¸²¥¤¸É¢¨¥ É ±μ£μ μ¶·¥¤¥²¥´¨Ö ¨ Ëμ·³Ê² (5)Ä(8) ËÊ´±Í¨Ö Gλ(ρ, η) ¢ ¶·¥¤¥²¥
ρ → 0 ¢¥¤¥É ¸¥¡Ö É ± ¦¥, ± ± ËÊ´±Í¨Ö Hλ(ρ, η),   ¢ ¶·¥¤¥²¥ ρ → ∞ ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê

Gλ(ρ, η) = cos [ ρ − η ln(2ρ) − πλ/2 + δc
λ(η) ] + O(1/ρ) , ρ → ∞ . (10)

�¥Ï¨³ Ê· ¢´¥´¨¥ (4) c Ê¸²μ¢¨Ö³¨ (5)Ä(10). �μ¤¸É ´μ¢±μ°

ξ = −2ıρ , uλ(ρ, η) = ρλ+1 exp (ıρ)U(ξ)

¸¢¥¤¥³ ÔÉμ ÔÉμ Ê· ¢´¥´¨¥ ± ¢Ò·μ¦¤¥´´μ³Ê £¨¶¥·£¥μ³¥É·¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ[
ξ ∂2

ξ + (2λ + 2 − ξ) ∂ξ − (λ + 1 + ı η)
]

U(ξ) = 0 .

Š ± ¨§¢¥¸É´μ [7], É ±μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¤¢  ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥-
Ï¥´¨Ö, ±μÉμ·Ò³¨ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö ŠÊ³³¥·  Φ(a, c; ξ) ¨ ËÊ´±Í¨Ö ’·¨-
±μ³¨ Ψ(a, c; ξ) ¸ ±μ³¶²¥±¸´Ò³ ¶ · ³¥É·μ³ a = λ+1+ı η ¨ Í¥²Ò³ ¶ · ³¥É·μ³
c = 2λ + 2.

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡ÒÌ ³´μ¦¨É¥²ÖÌ Cλ(η) ¨ Dλ(η) ·¥Ï¥´¨Ö³¨ ¨¸-
Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (4) ¡Ê¤ÊÉ ¶·μ¨§¢¥¤¥´¨Ö

Fλ(ρ, η) ≡ Cλ(η) ρλ+1 exp (ıρ)Φ(λ + 1 + ı η, 2λ + 2,−2 ıρ) , (11)

Hλ(ρ, η) ≡ Dλ(η) ρλ+1 exp (ıρ)Ψ(λ + 1 + ı η, 2λ + 2,−2 ıρ) .

ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥  ¸¨³¶ÉμÉ¨±¨ [7] ËÊ´±Í¨° Φ(a, c; ξ) ¨ Ψ(a, c; ξ), Ê¡¥-
¤¨³¸Ö ¢ Éμ³, ÎÉμ μ¡¸Ê¦¤ ¥³Ò¥ ¶·μ¨§¢¥¤¥´¨Ö (11) ¨³¥ÕÉ É·¥¡Ê¥³Ò¥  ¸¨³¶Éμ-
É¨±¨ (5)Ä(8) Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ±Ê²μ´μ¢¸± Ö Ë §  δc

λ(η) μ¶·¥¤¥²¥´ 
Ëμ·³Ê²μ°

δc
λ(η) = argΓ(λ + 1 + ıη) , (12)

³´μ¦¨É¥²Ó Cλ(η) § ¤ ´ · ¢¥´¸É¢μ³

Cλ(η) = 2λ |Γ(λ + 1 + ı η)|
Γ(2λ + 2)

exp (−πη/2), (13)

  ³´μ¦¨É¥²Ó Dλ(η) Å · ¢¥´¸É¢μ³

Dλ(η) = (−1)λ+1/2 22λ+1 Γ(λ + 1 + ı η)
Γ(2λ + 2)Cλ(η)

. (14)
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�¸É ²μ¸Ó ´ °É¨ ËÊ´±Í¨Õ Gλ. „²Ö ÔÉμ£μ ¢ ¥¥ μ¶·¥¤¥²¥´¨¨ (9) § ³¥´¨³
Ê¦¥ ´ °¤¥´´Ò¥ ËÊ´±Í¨¨ Fλ ¨ Hλ ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (11).

‚Ò¢¥¤¥³ ¶μ²¥§´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ Cλ(η) ¶¥·¥³¥´´μ° η.
‚¸²¥¤¸É¢¨¥ μ¶·¥¤¥²¥´¨Ö (13) ¨ ¨§¢¥¸É´ÒÌ ¸¢μ°¸É¢ £ ³³ - ¨ ¶¸¨-ËÊ´±-

Í¨° [7]

|Γ(1/2+ ı η)| = π/ch (πη) , Im Ψ(1/2+ ıη) = (π/2) th (πη) , Γ(1+ t) = t Γ(t) ,

¤²Ö ±¢ ¤· É  ËÊ´±Í¨¨ C−1/2(η) ¨³¥ÕÉ¸Ö É·¨ ¶·¥¤¸É ¢²¥´¨Ö:

C2
−1/2(η) =

π

2
exp (−πη)
ch (πη)

=
π

exp (2πη) + 1
= π/2 − Im Ψ(1/2 + ıη) , (15)

  ¢¸¥ μ¸É ²Ó´Ò¥ ËÊ´±Í¨¨ Cλ(η) ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¶μ ·¥±Ê··¥´É´μ° Ëμ·³Ê²¥

Cλ(η) =

√
λ2 + η2

λ(2λ + 1)
Cλ−1/2(η) , 2λ > −1 ,

¨²¨, ¨¸¶μ²Ó§ÊÖ ¶μ·μ¦¤¥´´μ¥ ÔÉμ° Ëμ·³Ê²μ° ¶·¥¤¸É ¢²¥´¨¥

Cλ(η) =
2λ+1/2

(2λ + 1)!
C−1/2(η)

λ∏
p=1/2

√
p2 + η2 , 2λ > −1 . (16)

ˆ§ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Ö

Pλ(q2) ≡ q2λ+1

[
Cλ(η)

C−1/2(η)

]2

=
1

[ (2λ + 1)! ]2
× (17)

×
{

1 +
2
3
λ(λ + 1)(2λ + 1) q2

[
1 +

1
15

(λ − 1)(2λ − 1)(5λ + 6) q2 + . . .

]}

Ö¢²Ö¥É¸Ö ¶μ²¨´μ³ ¸É¥¶¥´¨ λ/2 + 1 ¶¥·¥³¥´´μ° q2.
2.2. � §²μ¦¥´¨Ö ËÊ´±Í¨° ŠÊ²μ´  ¶μ ¸É¥¶¥´´Ò³ ¨ ²μ£ ·¨Ë³¨Î¥¸±¨³

ËÊ´±Í¨Ö³. „²Ö ¢Ò¢μ¤  ¨  ´ ²¨§  · §²μ¦¥´¨° ËÊ´±Í¨° Fλ(ρ, η) ¨ Gλ(ρ, η)
¶μ ¸É¥¶¥´´Ò³ ¨ ²μ£ ·¨Ë³¨Î¥¸±¨³ ËÊ´±Í¨Ö³  ·£Ê³¥´Éμ¢ ρ ¨ η ¨¸¶μ²Ó§Ê¥³
¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [7] ËÊ´±Í¨¨ ŠÊ³³¥·  Φ(a, c; ξ) ¨ ËÊ´±Í¨¨ ’·¨±μ³¨
Ψ(a, c; ξ). �·¨¢¥¤¥³ ¨ μ¡¸Ê¤¨³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö. ”Ê´±Í¨Ö ŠÊ³³¥· 
Φ(a, c; ξ) Ö¢²Ö¥É¸Ö ¸É¥¶¥´´Ò³ ·Ö¤μ³

Φ(a, c; ξ) ≡
∞∑

n=0

(a)n

(c)n

ξn

n!
= 1 +

a

c

ξ

1!
+

a(a + 1)
c(c + 1)

ξ2

2!
+ . . . (18)

¨ Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê (¶·¥μ¡· §μ¢ ´¨Õ) ŠÊ³³¥· 

Φ(a, c; ξ) ≡ exp (ξ)Φ(c − a, c;−ξ) . (19)
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‘²ÊÎ ° ´¥μÉ·¨Í É¥²Ó´μ£μ, ´μ Í¥²μ£μ §´ Î¥´¨Ö n + 1, n = 0, 1, . . ., ¶ · ³¥-
É·  c Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ (²μ£ ·¨Ë³¨Î¥¸±¨³) ¸²ÊÎ ¥³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö
’·¨±μ³¨ Ψ(a, c; ξ) ¨³¥¥É ¤μ¢μ²Ó´μ ¸²μ¦´μ¥ ¸É·μ¥´¨¥ ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥
¸Ê³³Ò É·¥Ì ¸² £ ¥³ÒÌ:

Ψ(a, n + 1; ξ) =
(−1)n−1

n! Γ(a − n)
{Φ(a, n + 1; ξ) ln ξ +

+
∞∑

p=0

(a)p

(n + 1)p
[ Ψ(a + p) − Ψ(1 + p) − Ψ(1 + n + p) ]

ξp

p!

}
+

+
(n − 1)!

Γ(a)

n−1∑
p=0

(a − n)p

(1 − n)p

ξp−n

p!
. (20)

�¥·¢μ¥ ¸² £ ¥³μ¥ ÔÉμ° ¸Ê³³Ò Å ¶·μ¨§¢¥¤¥´¨¥ ²μ£ ·¨Ë³¨Î¥¸±μ° ËÊ´±Í¨¨
ln ξ ¨ ËÊ´±Í¨¨ Φ(a, c; ξ), ¢Éμ·μ¥ ¸² £ ¥³μ¥ Å ¡¥¸±μ´¥Î´Ò° ·Ö¤, ¸μ¤¥·¦ -
Ð¨° ¶¸¨-ËÊ´±Í¨¨,   É·¥ÉÓ¥ ¸² £ ¥³μ¥ Å ±μ´¥Î´ Ö ¸Ê³³ , ±μÉμ· Ö ¶μ² £ ¥É¸Ö
· ¢´μ° ´Ê²Õ ¢ ¸²ÊÎ ¥ n = 0.

”μ·³Ê²Ò (18) ¨ (20) ¸μ¤¥·¦ É £ ³³ -ËÊ´±Í¨Õ Γ(t) ¨ ¸¨³¢μ² �μÌ£ ³³¥· 
(a)n. �μÔÉμ³Ê ¸Éμ¨É ´ ¶μ³´¨ÉÓ, ÎÉμ ¶·¨ ±μ³¶²¥±¸´μ³ ¸μ¶·Ö¦¥´¨¨, ±μÉμ·μ¥
¤ ²¥¥ μ¡μ§´ Î ¥É¸Ö ¸¨³¢μ²μ³ ∗, £ ³³ - ¨ ¶¸¨-ËÊ´±Í¨¨ ¶·¥μ¡· §ÊÕÉ¸Ö ¶μ ¶· -
¢¨² ³ Γ∗(t) = Γ(t∗) ¨ Ψ∗(t) = Ψ(t∗),   ¸¨³¢μ² �μÌ£ ³³¥·  (a)n ¢ÒÎ¨¸²Ö¥É¸Ö
¶μ Ëμ·³Ê² ³

(a)0 = 1 ; (a)n ≡ a(a+1)(a+2) . . . (a+n−1) = Γ(a+n)/Γ(a) , n = 1, 2, . . .

� ¶·¨³¥·,

(2λ + 2)n =
Γ(ν + n + 1)

(2λ + 1)!
, (−2λ)n = (−1)n (ν − 1 − n)!

(2λ)!
, ν ≡ 2λ + 1 .

(21)
�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê · §²μ¦¥´¨° ËÊ´±Í¨° Fλ ¨ Gλ.
‚Ò¢μ¤ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ Fλ(ρ, η) ¢ ¢¨¤¥ ¸É¥¶¥´´μ£μ ·Ö¤  ¶μ ¶¥-

·¥³¥´´μ° ρ ¤μ¢μ²Ó´μ ¶·μ¸É. ‚ ¶¥·¢μ³ ¨§ · ¢¥´¸É¢ (11) § ³¥´¨³ ËÊ´±Í¨Õ
ŠÊ³³¥·  Φ(a, c; ξ) ¥¥ · §²μ¦¥´¨¥³ (18), ¶μ²μ¦¨¢ ¢ ´¥³ a = λ + 1 + ı η ¨
c = 2λ + 2, ξ = −2ıρ,   § É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö Éμ¦¤¥¸É¢μ³ ŠÊ³³¥·  (19).
‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¤¢  ¨¸±μ³ÒÌ · §²μ¦¥´¨Ö

Fλ(ρ, η) = Cλ(η) ρλ+1 exp (±ıρ)
∞∑

n=0

(λ + 1 ± ıη)n

(2λ + 2)n

(∓2 ıρ)n

n!
. (22)

�μ²μ¦¨¢ ¢ ÔÉ¨Ì · §²μ¦¥´¨ÖÌ ρ = qx ¨ η = α/(2q), ¢Ò¢¥¤¥³ ¥Ð¥ ¤¢  ¶·¥¤¸É -
¢²¥´¨Ö

fλ(ρ, η) ≡ Fλ(ρ, η)
qλ+1Cλ(η)

= xλ+1 exp (±ıqx)
∞∑

n=0

(λ + 1 ± ı(α/(2q))n

(2λ + 2)n

(∓2ıqx)n

n!
.

(23)
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‚ ¸¨²Ê ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨° ËÊ´±Í¨Ö fλ ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò
ı → −ı. ’ ± Ö § ³¥´  · ¢´μ¸¨²Ó´  ± ± ±μ³¶²¥±¸´μ³Ê ¸μ¶·Ö¦¥´¨Õ ËÊ´±Í¨¨
fλ, É ± ¨ § ³¥´¥ q → −q ¶¥·¥³¥´´μ° q. ‘²¥¤μ¢ É¥²Ó´μ, Fλ ¨ fλ Å ¢¥Ð¥-
¸É¢¥´´Ò¥ ËÊ´±Í¨¨,   fλ Å Î¥É´ Ö ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° q. ”Ê´±Í¨Ö Fλ ¨§-§ 
³´μ¦¨É¥²Ö qλ+1Cλ(η) ´¥ Ö¢²Ö¥É¸Ö É ±μ¢μ°.

Š·μ³¥ ¶·¥¤¸É ¢²¥´¨° (22) ¨ (23) ¶μÉ·¥¡Ê¥É¸Ö ¸¶¥Í¨ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥
ËÊ´±Í¨¨ Fλ. ‚Ò¢¥¤¥³ ¥£μ. „²Ö ÔÉμ£μ ¢ Ëμ·³Ê²¥ (23) ¢μ§Ó³¥³ ¢¸¥ ¢¥·Ì´¨¥
§´ ±¨, ¶¥·¥°¤¥³ ± ¶¥·¥³¥´´Ò³ v = 2

√
x ¨ q ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶¥·¢Ò³ ¨§

· ¢¥´¸É¢ (21). �μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ § ¶¨Ï¥³ ¢ ¢¨¤¥ · ¢¥´¸É¢ 

Fλ(ρ,±|η|) = qλ+1 Cλ(η) (2λ+1)!
v

2
f±

λ (v, q) , ρ = qx = q
v2

4
, η =

α

2q
, (24)

£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ

f±
λ (v, q) ≡ exp

(
ıq

v2

4

) (v

2

)ν ∞∑
n=0

(λ + 1 ± ı/(2q))n

Γ(ν + n + 1)n!

(
−2ıq

v2

4

)n

, ν ≡ 2λ + 1,

(25)
  ¢¸¥ ¢¥·Ì´¨¥ ¨²¨ ¢¸¥ ´¨¦´¨¥ §´ ±¨ ¡¥·ÊÉ¸Ö ¢ ¸²ÊÎ ¥ α = 1 ¨²¨ α = −1.

�¥·¥£Ê²Ö·´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Gλ, μ¶·¥¤¥²¥´´ Ö Ëμ·³Ê²μ° (9), ¨³¥¥É
¡μ²¥¥ ¸²μ¦´μ¥ ¸É·μ¥´¨¥. —Éμ¡Ò ¢ÒÖ¢¨ÉÓ ¥£μ, ¤μ± ¦¥³ · ¢¥´¸É¢μ

Gλ(ρ, η) = − hc(η)
C2

−1/2(η)
Fλ(ρ, η) +

1
qλ Cλ(η)

Θλ(ρ, η) , (26)

¢ ±μÉμ·μ³ hc(η) Å ´¥ ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö,

hc(η) ≡ Re Ψ(1/2 + ı η) − ln |η| , (27)

  Θλ(ρ, η) Å ¸²¥¤ÊÕÐ¨° ·Ö¤:

Θλ(ρ, η) ≡

≡ −
{

q2λ+1

[
Cλ(η)

C−1/2(η)

]2
}

xλ+1 exp (ıqx)
∞∑

n=0

(λ + 1 + ı η)n

(2λ + 2)n

(−2ıqx)n

n!
×

×

⎡
⎣ n+λ−1/2∑

p=0

1
n + λ − p + ı η

− Ψ(n + 1) − Ψ(2λ + 2 + n) + lnx

⎤
⎦+

+
(−1)2λ+1

2λ + 1
x−λ exp (ıqx)

2λ∑
n=0

(−λ + ı η)n

(−2λ)n

(−2ıqx)n

n!
, ρ = qx , η =

α

2q
,

(28)

£¤¥ Ë¨£Ê·´Ò³¨ ¸±μ¡± ³¨ ¢Ò¤¥²¥´ ¶μ²¨´μ³ (17) ¶¥·¥³¥´´μ° q2.
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�·¨¸ÉÊ¶¨³ ± ¤μ± § É¥²Ó¸É¢Ê. —Éμ¡Ò ¥£μ § ³¥É´μ ¸μ±· É¨ÉÓ, ¢³¥¸Éμ μ¶·¥-
¤¥²¥´¨Ö (9) ËÊ´±Í¨¨ Gλ ¨¸¶μ²Ó§Ê¥³ ¸²¥¤ÊÕÐ¥¥ ¨§ ´¥£μ · ¢¥´¸É¢μ

−ı Gλ(ρ, η) = −ı Hλ(ρ, η) − Fλ(ρ, η) . (29)

‘´ Î ²  ¢Ò¢¥¤¥³ ¸¶¥Í¨ ²Ó´μ¥ · §¡¨¥´¨¥ ËÊ´±Í¨¨ −ı Hλ,   § É¥³ ¢Ò¤¥²¨³ ¨§
´¥£μ ¨¸±μ³ÊÕ ³´¨³ÊÕ Î ¸ÉÓ −Gλ ÔÉμ° ËÊ´±Í¨¨. ‚μ ¢Éμ·μ³ · ¢¥´¸É¢¥ (11)
¢Ò· §¨³ ³´μ¦¨É¥²Ó Dλ(η) Î¥·¥§ ³´μ¦¨É¥²Ó Cλ(η) ¶μ Ëμ·³Ê²¥ (14),   ËÊ´±-
Í¨Õ Ψ(λ+1+ ı η, 2λ+2,−2 ıρ) § ³¥´¨³ ¥¥ · §²μ¦¥´¨¥³ (20), ¶μ²μ¦¨¢ ¢ ´¥³
a = λ + 1 + ı η, c = 2λ + 2 ¨ ξ = −2ıρ. „ ²¥¥, ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (22)
ËÊ´±Í¨¨ Fλ ¸ ¢¥·Ì´¨³¨ §´ ± ³¨, § ¶¨Ï¥³ ¨¸¸²¥¤Ê¥³μ¥ · §²μ¦¥´¨¥ ËÊ´±-
Í¨¨ −ıHλ ¢ ¢¨¤¥ ¸Ê³³Ò É·¥Ì ¸² £ ¥³ÒÌ, μ¶·¥¤¥²¥´´ÒÌ ¸²¥¤ÊÕÐ¨Ì μ¡· §μ³:
¶¥·¢μ¥ ¸² £ ¥³μ¥ Å ËÊ´±Í¨Ö

−ı Fλ(ρ, η) ln (−2 ıρ)/C2
λ(η) ,

¢Éμ·μ¥ ¸² £ ¥³μ¥ Å ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨¨

ı
[
(Cλ(η)/C2

−1/2(η)
]

ρλ+1 exp (ıρ)

¨ ¡¥¸±μ´¥Î´μ£μ ·Ö¤  ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  (−2 ıρ)n, n = 0, 1, . . .,  
É·¥ÉÓ¥ ¸² £ ¥³μ¥ Å ¶·μ¨§¢¥¤¥´¨¥ ±μ´¥Î´μ° ¸Ê³³Ò (n � 2λ) ¶μ É ±¨³ ¦¥
¸É¥¶¥´Ö³ ¨ ËÊ´±Í¨¨

−ı (−1)2λ+1 [ (2λ + 1)Cλ(η) ]−1
ρ−λ exp (ıρ) .

‚ ¶¥·¢μ³ ¸² £ ¥³μ³ ³´μ¦¨É¥²Ó ln (−2 ıρ) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

ln (−2 ıρ) = ln ρ − ı π/2 = ln [ (2k/|R|) (r/|R|) ] − ıπ/2 = lnx − ln |η| − ı π/2 ,
(30)

  ËÊ´±Í¨Õ Ψ(n+λ+1+ ı η), ¸μ¤¥·¦ ÐÊÕ¸Ö ¢μ ¢Éμ·μ³ ¸² £ ¥³μ³ ¢ ± Î¥¸É¢¥
±μÔËË¨Í¨¥´É , § ³¥´¨³ ¨§¢¥¸É´μ° ¸Ê³³μ° [7]

Ψ(n+λ+1+ı η) =
n+λ−1/2∑

p=0

1
n + λ − p + ı η

+Re Ψ(1/2+ı η)+ı ImΨ(1/2+ı η) ,

(31)
¢ ±μÉμ·μ° ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¸Î¨É ¥É¸Ö · ¢´Ò³ ´Ê²Õ ¢ ¸²ÊÎ ¥ n + λ = 1/2.
‚ ¶μ²ÊÎ¥´´μ³ ¶μ¸²¥ § ³¥´ (30) ¨ (31) ¶·¥¤¸É ¢²¥´¨¨ ËÊ´±Í¨¨ −ı Hλ ¶·¨¢¥-
¤¥³ ¶μ¤μ¡´Ò¥ Î²¥´Ò É ±¨³ μ¡· §μ³, ÎÉμ¡Ò ¸² £ ¥³Ò¥ − ln |η| ¨ Re Ψ(1/2+ı η)
· §¡¨¥´¨° (30) ¨ (31) μ± § ²¨¸Ó ¸² £ ¥³Ò³¨  ²£¥¡· ¨Î¥¸±μ° ¸Ê³³Ò (27),
  ¸² £ ¥³Ò¥ −ı π/2 ¨ ı ImΨ(1/2 + ı η) ÔÉ¨Ì ¦¥ · §¡¨¥´¨° ¨ ±μÔËË¨Í¨¥´É
ı C2

1/2(η) μ¡· §μ¢ ²¨  ²£¥¡· ¨Î¥¸±ÊÕ ¸Ê³³Ê

ı
[
π/2 − Im Ψ(1/2 + ı η) − C2

1/2(η)
]
. (32)
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‘μ£² ¸´μ Ëμ·³Ê² ³ (15) É ± Ö ¸Ê³³  · ¢´  ´Ê²Õ. �μÔÉμ³Ê ¨¸¸²¥¤Ê¥³μ¥ · §-
¡¨¥´¨¥ ËÊ´±Í¨¨ −ıHλ ¸ÊÐ¥¸É¢¥´´μ Ê¶·μ¸É¨É¸Ö,   ¥£μ ³´¨³ Ö Î ¸ÉÓ, ¢§ÖÉ Ö
¸ μ¡· É´Ò³ §´ ±μ³ ¨ · ¢´ Ö ËÊ´±Í¨¨ Gλ, § ¶¨Ï¥É¸Ö ¢ ¢¨¤¥ (26)Ä(28), ÎÉμ ¨
É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.

‚Ò¢¥¤¥³ ¥Ð¥ μ¤´μ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ Θλ. „²Ö ÔÉμ£μ ¢ Ëμ·³Ê²¥ (28)
¶¥·¥°¤¥³ ± ¶¥·¥³¥´´Ò³ v = 2

√
x ¨ q,   § É¥³ ¶·¨³¥´¨³ μ¡  ¸μμÉ´μÏ¥-

´¨Ö (21). �μ²ÊÎ¥´´Ò¥ É ±¨³ ¸¶μ¸μ¡μ³ · ¢¥´¸É¢  ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

Θλ(ρ,±|η|) =
v

(2λ + 1)!
θ±λ (v, q) , ρ = qx = q

v2

4
, η =

α

2q
, (33)

£¤¥ ËÊ´±Í¨¨ θ±λ μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

θ±λ (v, q) ≡ −1
2

[ (2λ + 1)! ]2 Pλ(q2) exp
(

ı q
v2

4

)
×

×
(v

2

)ν ∞∑
n=0

1
(ν + n)! n!

(
λ + 1 ± ı

2q

)
n

(
−2ıq

v2

4

)n

×

×

⎡
⎣n+λ−1/2∑

p=0

1
n + λ − p ± ı/(2q)

− Ψ(n + 1) − Ψ(ν + n + 1) + 2 ln (v/2)

⎤
⎦+

+
1
2

exp
(

ı q
v2

4

) (
−2

v

)ν ν−1∑
n=0

(ν − n − 1)!
n!

(
−λ ± ı

2q

)
n

(
2ıq

v2

4

)n

,

ν ≡ 2λ + 1. (34)

‡¤¥¸Ó Pλ Å ¶μ²¨´μ³ (17),   ¢¥·Ì´¨¥ ¨²¨ ´¨¦´¨¥ §´ ±¨ ¡¥·ÊÉ¸Ö ¶·¨ α = 1
¨²¨ α = −1.

‚ÒÖ¢¨³ ¢ ¦´Ò¥ ¸¢μ°¸É¢  ËÊ´±Í¨¨ Θλ.
Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [4], ËÊ´±Í¨Ö Gλ ¡² £μ¤ ·Ö ¥¥  ¸¨³¶ÉμÉ¨±¥ (10)

Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´μ°. ‚ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (27) ËÊ´±Í¨Ö hc ¢¥Ð¥¸É¢¥´´ Ö.
�μÔÉμ³Ê ¨§ · ¢¥´¸É¢  (26) ¸²¥¤Ê¥É, ÎÉμ ËÊ´±Í¨Ö Θλ Éμ¦¥ ¢¥Ð¥¸É¢¥´´ Ö.
‘²¥¤μ¢ É¥²Ó´μ, ±μ³¶²¥±¸´μ¥ ¸μ¶·Ö¦¥´¨¥ ·Ö¤  (28) ´¥ ¨§³¥´Ö¥É ¥£μ, ´μ É ±μ¥
¸μ¶·Ö¦¥´¨¥ ¸¢μ¤¨É¸Ö ± § ³¥´¥ ı → −ı ¢μ ¢¸¥Ì ³´μ¦¨É¥²ÖÌ ¨ ¸² £ ¥³ÒÌ ÔÉμ£μ
·Ö¤ . 	É  ¦¥ § ³¥´  ¶μ·μ¦¤ ¥É¸Ö ¨ ¨´¢¥·¸¨¥° q → −q. ‡´ Î¨É, Θλ Å Î¥É´ Ö
ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° q. ”Ê´±Í¨Ö Gλ É ±μ¢μ° ´¥ Ö¢²Ö¥É¸Ö ¨§-§  ´ ²¨Î¨Ö ¢ ¥¥
¶·¥¤¸É ¢²¥´¨¨ (26) ËÊ´±Í¨¨ qλCλ(η).

’¥¶¥·Ó § ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥´¨Ö (26) ¢¥·´μ · ¢¥´¸É¢μ

Θλ(ρ, η) = qλ Cλ(η)

[
Gλ(ρ, η) +

hc(η)
C2

−1/2(η)
Fλ(ρ, η)

]
. (35)
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‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö Θλ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ŠÊ²μ´  (4) ¨ ¡² -
£μ¤ ·Ö  ¸¨³¶ÉμÉ¨± ³ (6) ¨ (10) ¥£μ ·¥Ï¥´¨° Fλ ¨ Gλ ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

Θλ(ρ, η) ∼
(

q

ρ

)λ {
ln (q/ρ) , 2λ = −1 ,
(2λ + 1)−1 , 2λ > −1 ,

ρ → 0 ,

¨  ¸¨³¶ÉμÉ¨±Ê

Θλ(ρ, η) ∼ qλCλ(η)
cosαc(η)

cos [ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) − αc(η) ] , ρ → ∞ ,

£¤¥ Ê£μ² αc É ±μ°, ÎÉμ

sin αc(η) ≡ hc(η)√
[ hc(η) ]2 + C4

−1/2(η)
, αc(η) ∈ [0, π] .

‚Ò¢¥¤¥³ Ê¤μ¡´μ¥ ¤²Ö ¤ ²Ó´¥°Ï¥£μ  ´ ²¨§  ¨ ¢ÒÎ¨¸²¥´¨° ¶·¥¤¸É ¢²¥-
´¨¥ ËÊ´±Í¨¨ hc, μ¶·¥¤¥²¥´´μ° Ëμ·³Ê²μ° (27). ’ ± ± ± Ψ∗(t) = Ψ(t∗), Éμ
hc(η) Å Î¥É´ Ö ËÊ´±Í¨Ö: hc(η) = hc(−η). �μÔÉμ³Ê ³μ¦´μ μ£· ´¨Î¨ÉÓ¸Ö ¥¥
 ´ ²¨§μ³ ²¨ÏÓ ´  ¶μ²Êμ¸¨ η > 0, ÎÉμ ¨ ¤¥² ¥É¸Ö ¢¸Õ¤Ê ¤ ²¥¥. ‚ ¨§¢¥¸É´μ³
¶·¥¤¸É ¢²¥´¨¨ ¶¸¨-ËÊ´±Í¨¨ [7]

Ψ(t) = ln t −
∑
n=0

[
1

n + t
− ln

(
1 +

1
n + t

) ]
(36)

¶μ²μ¦¨³ t = 1/2 + ı η ¨ ¶·¨³¥´¨³ Ëμ·³Ê²Ê ŒÊ ¢· :

t = 1/2 + ı η = (1/4 + η2)1/2 exp [ ı arctg (2η) ] .

‡ É¥³, ¨¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ

ln t − ln |η| ≡ 1
2

ln
(

1 +
1

4η2

)
+ ı arctg (2η) ,

¢Ò¢¥¤¥³ ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ hc ¢ ¢¨¤¥ · §´μ¸É¨

hc(η) =
1
2

ln
(

1 +
1

4η2

)
− S(η) (37)

²μ£ ·¨Ë³¨Î¥¸±μ° ËÊ´±Í¨¨ ¨ ËÊ´±Í¨¨ S, μ¶·¥¤¥²¥´´μ° ± ± ¡¥¸±μ´¥Î´Ò° ·Ö¤

S(η) ≡
∞∑

n=0

{
2(2n + 1)

(2n + 1)2 + 4 η2
− 1

2
ln

[
1 +

8(n + 1)
(2n + 1)2 + 4η2

]}
. (38)

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¤¢Ê³Ö § ³¥Î ´¨Ö³¨. ‚¸¥ ¶μ²ÊÎ¥´´Ò¥ ¶·¥¤-
¸É ¢²¥´¨Ö (22)Ä(28) ¨ (33)Ä(35) ¢¥·´Ò ¢ ²Õ¡μ³ ¨§ ¸²ÊÎ ¥¢ 2λ = ±1, 3, . . .
�·¥¤¸É ¢²¥´¨Ö (26)Ä(28), ´μ ²¨ÏÓ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ 2λ = −1, ¶μ²ÊÎ¥´Ò · -
´¥¥ ¢ · ¡μÉ¥ [8].
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3. ��…„…‹œ�›… ‘��’��˜…�ˆŸ „‹Ÿ ”“�Š–ˆ‰ Š“‹���

„ ¤¨³ μ¶·¥¤¥²¥´¨Ö É·¥Ì Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¥¤¥²μ¢.
�¥±Ê²μ´μ¢¸±¨° ¶·¥¤¥² ¶μ·μ¦¤ ¥É¸Ö ¤¢Ê³Ö Ê¸²μ¢¨Ö³¨: ¢μ²´μ¢μ¥ Î¨¸²μ k

Ë¨±¸¨·μ¢ ´μ ¨ ¶μ²μ¦¨É¥²Ó´μ, ³μ¤Ê²Ó ¶ · ³¥É·  R ´¥μ£· ´¨Î¥´´μ · ¸É¥É
(|R| → ∞). ‘μ£² ¸´μ ¸¶¨¸±Ê (1) ¶·¨´ÖÉÒÌ μ¡μ§´ Î¥´¨° ¢ É ±μ³ ¶·¥¤¥²¥
η = 1/(2kR) → 0, q = k|R| → 0+. �μÔÉμ³Ê ¢ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (2)
±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² 1/(rR) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ´  ¢¸¥° ¶μ²Êμ¸¨ r > |R|−1.

�·¥¤¥² ¢Ò¸μ±¨Ì Ô´¥·£¨° ¢Ò¤¥²Ö¥É¸Ö ¤¢Ê³Ö Ê¸²μ¢¨Ö³¨: ¶ · ³¥É· R Ë¨±-
¸¨·μ¢ ´ ¨ μÉ²¨Î¥´ μÉ ´Ê²Ö,   Ô´¥·£¨Ö E ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É. ‚ É ±μ³
¶·¥¤¥²¥ k → ∞, q → ∞, a η → 0. �μÔÉμ³Ê ¢ Ê· ¢´¥´¨¨ (2) ³μ¤Ê²Ó ±Ê²μ´μ¢-
¸±μ£μ ¶μÉ¥´Í¨ ²  1/(rR) ¸É ´μ¢¨É¸Ö ³ ²μ° ¤μ¡ ¢±μ° ± ±¢ ¤· ÉÊ ¢μ²´μ¢μ£μ
Î¨¸²  k ¢ μ¡² ¸É¨ r > (k2|R|)−1.

‚¸²¥¤¸É¢¨¥ ¤ ´´ÒÌ ¢ÒÏ¥ ¶μÖ¸´¥´¨° ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥ (η → 0)
¨ ¢ ¶·¥¤¥²¥ ¢Ò¸μ±¨Ì Ô´¥·£¨° (η → 0) ¢¸¥ ±Ê²μ´μ¢¸±¨¥ ËÊ´±Í¨¨ μ¤´μ° ¨²¨
¤¢ÊÌ ¶¥·¥³¥´´ÒÌ η ¨²¨ ρ ¨ η ¤μ²¦´Ò ¶μ¤Î¨´ÖÉÓ¸Ö μ¤¨´ ±μ¢Ò³ ¶·¥¤¥²Ó´Ò³
¸μμÉ´μÏ¥´¨Ö³.

„²Ö ¨¸¸²¥¤Ê¥³ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¨ ŠÊ²μ´  (2) ¨ (4) ¶·¥¤¥²μ³
´Ê²¥¢μ° Ô´¥·£¨¨ ´ §μ¢¥³ ¶·¥¤¥² E → 0+ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ
¶ · ³¥É·  R �= 0 ¨ ¶μ·Ö¤±  λ � −1/2. ‚ É ±μ³ ¶·¥¤¥²¥ k → 0+ ¨ q → 0+,
  |η| → ∞.

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ±²ÕÎ¥¢Ò³¨ μ± ¦ÊÉ¸Ö ¨§¢¥¸É´Ò¥ · §²μ¦¥´¨Ö [7]
ËÊ´±Í¨° �¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤  Jν , Yν ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´ÒÌ ËÊ´±Í¨° �¥¸-
¸¥²Ö Iν ¨ Kν . �·¨¢¥¤¥³ ÔÉ¨ · §²μ¦¥´¨Ö ¢ ±μ³¶ ±É´μ³ ¢¨¤¥. �¡¥ ËÊ´±Í¨¨ Iν

¨ Iν Å ¸É¥´´Ò¥ ·Ö¤Ò:

{
Iν(t)
Jν(t)

}
=

(
t

2

)ν ∞∑
n=0

(
±t2/4

)n

n! Γ(ν + n + 1)
, (39)

ËÊ´±Í¨¨ Kν ¨ Yν Ê¸É·μ¥´Ò ¸²μ¦´¥¥:

{
2(−1)ν Kν(t)

−π Yν(t)

}
=

=
(
∓ t

2

)ν ∞∑
n=0

[ Ψ(n + 1) + Ψ(ν + n + 1) ]
(±t2/4)n

(ν + n)! n!
−

− 2 ln (t/2)
{

Iν(t)
Jν(t)

}
+

(
2
t

)ν ν−1∑
n=0

(ν − n − 1)!
n!

(
± t2

4

)n

. (40)

�μ¸²¥¤μ¢ É¥²Ó´μ ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ¢¸¥Ì ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨° ¢ ´¥-
±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥ ¨ ¢ ¶·¥¤¥² Ì ¢Ò¸μ±¨Ì ¨ ´¨§±¨Ì Ô´¥·£¨°.

11



3.1. �¥±Ê²μ´μ¢¸±¨° ¶·¥¤¥² ¨ ¶·¥¤¥² ¢Ò¸μ±¨Ì Ô´¥·£¨°. � °¤¥³  ¸¨³¶Éμ-
É¨±Ê Ë §Ò δc

λ(η) ¢ ¶·¥¤¥²¥ η → 0. ‚ ¨§¢¥¸É´μ³ · §²μ¦¥´¨¨ [7] £ ³³ -ËÊ´±Í¨¨
±μ³¶²¥±¸´μ£μ  ·£Ê³¥´É  s + ı t ¢ ·Ö¤ ‹μ· ´  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ s,

Γ(s + it) = Γ(s)
{
1 + ı Ψ(s) t − (1/2)

[
∂sΨ(s) + Ψ2(s)

]
t2 + O(ı t3)

}
, t → 0,

¶μ²μ¦¨³ s = λ + 1 ¨ t = η. ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¨§ μ¶·¥-
¤¥²¥´¨Ö (12) Ë §Ò δλ(η) ¢Ò¢μ¤¨³ ¥¥ ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê

δc
λ(η) = Ψ(λ + 1) η + η2 + O(η3) , η → 0 . (41)

ˆ¸¸²¥¤Ê¥³ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê. „²Ö ÔÉμ£μ ¢ ¨§¢¥¸É´μ³ ¶·¥¤¸É ¢²¥´¨¨ ¶¸¨-
ËÊ´±Í¨¨ [7]

Ψ (n + 1/2) = −γ−2 ln 2+2
(

1 +
1
3

+ . . . +
1

2n− 1

)
, n = 0, 1, . . . , (42)

¸μ¤¥·¦ Ð¥³ ±μ´¸É ´ÉÊ 	°²¥·  γ = 0,57721566 . . . , ¶μ²μ¦¨³ n = λ + 1/2.
ˆ§ ¶μ²ÊÎ¥´´μ° É ±¨³ μ¡· §μ³ Ëμ·³Ê²Ò ¸²¥¤ÊÕÉ ´¥· ¢¥´¸É¢  Ψ(λ + 1) <
0, 2λ = −1, ¨ Ψ(λ + 1) > 0, 2λ � 1. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸²ÊÎ ¥ 2λ =
−1 ¸É ·Ï¥¥ ¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ (41) Ë §Ò δc

λ(η) ¨ ¶¥·¥³¥´´ Ö η ¨³¥ÕÉ
¶·μÉ¨¢μ¶μ²μ¦´Ò¥ §´ ±¨,   ¢ ¸²ÊÎ ¥ 2λ � 1 Å μ¤¨´ ±μ¢Ò¥.

� ¶·¨³¥·, ¸μ£² ¸´μ μ¡¸Ê¦¤ ¥³Ò³ Ëμ·³Ê² ³ (41) ¨ (42), ¥¸²¨ η → 0, Éμ

δc
−1/2(η) ∼ −(γ + 2 ln 2) η , δc

1/2(η) ∼ (2 − γ − 2 ln 2) η ,

δc
3/2(η) ∼ (8/3 − γ − 2 ln 2) η .

‡ ³¥É¨³, ÎÉμ ¨§ μ¶·¥¤¥²¥´¨° (12) ¨ (14) ËÊ´±Í¨° Cλ(η) ¨ Dλ(η) ¸²¥¤ÊÕÉ
¶·¥¤¥²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö

lim
η→0

Cλ(η) =
√

π

2
(2λ)!!

(2λ + 1)!
=

√
π 2−λ−1

(λ + 1/2)!
, lim

η→0
Dλ(η) = (−1)λ+1/2 2λ+1 .

(43)
� °¤¥³ ´¥±Ê²μ´μ¢¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ hc. � ¶μ³´¨³, ÎÉμ ÔÉ 

ËÊ´±Í¨Ö · ¢´  · §´μ¸É¨ (37) ²μ£ ·¨Ë³¨Î¥¸±μ° ËÊ´±Í¨¨ ¨ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 
S, § ¤ ´´μ£μ Ëμ·³Ê²μ° (38). ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥ ·Ö¤Ò ’¥°²μ·  [6]

1/(1 + s) = 1 − s + s2 − s3 + . . . , ln (1 + s) = s − s2/2 + s3/3 + . . .

¸ Í¥´É·μ³ ¢ ÉμÎ±¥ s = η2 = 0, Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ S(η) = S(0)+O(η2), ¥¸²¨
η → 0. ‘· ¢´¨¢ ·Ö¤ S(0) ¸ · §²μ¦¥´¨¥³ ¶¸¨-ËÊ´±Í¨¨ (36) ¢ ¸²ÊÎ ¥ t = 1/2 ¨
¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (42) É ±μ° ¶¸¨-ËÊ´±Í¨¨, ¢Ò¢¥¤¥³ Í¥¶μÎ±Ê · ¢¥´¸É¢

S(0) = [ Ψ(1/2) ] + ln 2 = − [ γ + 2 ln 2 ] + ln 2 = −γ − ln 2 .
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„ ²¥¥, ¶·¨³¥´¨¢ Ëμ·³Ê²Ê (37), ¶μ²ÊÎ ¥³ ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê

hc(η) =
1
2

ln
(

1 +
1

4η2

)
+ S(0) + O(η2) =

=
1
2

ln
(

1 +
1

4η2

)
− γ − ln 2 + O(η2), η → 0 . (44)

�¸É ²μ¸Ó ´ °É¨ ´¥±Ê²μ´μ¢¸±¨¥ ¶·¥¤¥²Ò ËÊ´±Í¨° Fλ, Gλ ¨ Hλ. „μ¸É¨£-
´¥³ ÔÉÊ Í¥²Ó ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. � §²μ¦¥´¨Ö (22) ¨ (28) ËÊ´±Í¨° Fλ ¨ Θλ,
  § É¥³ ¨ · ¢¥´¸É¢  (9) ¨ (26), μ¶·¥¤¥²ÖÕÐ¨¥ ËÊ´±Í¨¨ Hλ ¨ Gλ, § ¶¨Ï¥³ ¢
ÉμÎ±¥ η = 0. ‡´ Î¥´¨Ö ËÊ´±Í¨¨ Cλ ¨ hc ¢ ÔÉμ° ¦¥ ÉμÎ±¥ ´ °¤¥³ ¶μ Ëμ·³Ê-
² ³ (43) ¨ (44). �·¨³¥´¨³ · ¢¥´¸É¢  (21). �μ²ÊÎ¥´´Ò¥ · §²μ¦¥´¨Ö ËÊ´±Í¨°
Fλ ¨ Gλ ¢ ¸²ÊÎ ¥ η = 0 ¸· ¢´¨³ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ · §²μ¦¥´¨Ö³¨ (39)
¨ (40) ËÊ´±Í¨° �¥¸¸¥²Ö Jν(t) ¨ Yν(t) Í¥²μ£μ ¶μ·Ö¤±  ν = m = λ + 1/2 ¨
¶¥·¥³¥´´μ° t = ρ. ‚ ¨Éμ£¥ ¶·¨¤¥³ ± ¸²¥¤ÊÕÐ¥³Ê ¢Ò¢μ¤Ê: ¢ ´¥±Ê²μ´μ¢¸±μ³
¶·¥¤¥²¥ ËÊ´±Í¨¨ Fλ, Gλ ¨ Hλ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨¨

√
πρ/2

¨ ËÊ´±Í¨° �¥¸¸¥²Ö Jm, Ym ¨ H
(1)
m Í¥²μ£μ ¶μ·Ö¤±  m = λ + 1/2:

Fλ(ρ, η) =
√

πρ

2
Jm(ρ), Gλ(ρ, η) = −

√
πρ

2
Ym(ρ),

(45)

Hλ(ρ) = ı

√
πρ

2
H(1)

m (ρ), η = 0 .

‡ ¢¥·Ï Ö ´ ¸ÉμÖÐ¨° ¶Ê´±É, μÉ³¥É¨³, ÎÉμ ¸μμÉ´μÏ¥´¨Ö (41) ¨ (43)Ä(45)
¢¥·´Ò ± ± ¢ ´¥±Ê²μ´μ¢¸±μ³ ¶·¥¤¥²¥, É ± ¨ ¢ ¶·¥¤¥²¥ ¢Ò¸μ±¨Ì Ô´¥·£¨°.

3.2. �·¥¤¥² ´Ê²¥¢μ° Ô´¥·£¨¨ · ¸¸¥Ö´¨Ö. � Î´¥³ ¸ ¨¸¸²¥¤μ¢ ´¨Ö ±Ê²μ-
´μ¢¸±μ° Ë §Ò δc

λ(η). �μ μ¶·¥¤¥²¥´¨Õ (12) ÔÉ  Ë §  · ¢´   ·£Ê³¥´ÉÊ £ ³³ -
ËÊ´±Í¨¨ Γ(t) ¶¥·¥³¥´´μ°

t ≡ λ + 1 + ı η =
√

(λ + 1)2 + η2 exp
[

ı arctg
η

λ + 1

]
.

‚ · ¸¸³ É·¨¢ ¥³μ³ ¶·¥¤¥²¥ q → 0+,   |η| → ∞. ‡´ Î¨É, ³μ¤Ê²Ó ¶¥·¥³¥´μ°
t ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É. �μÔÉμ³Ê ³μ¦´μ ¶·¨³¥´¨ÉÓ ¨§¢¥¸É´ÊÕ Ëμ·³Ê²Ê
‘É¨·²¨´£  [7]

Γ(t) =
√

2π exp [−t + (t − 1/2) ln t ] (1 + O(t−1) , |t| → ∞ , |arg t| < π ,

  § É¥³ ¶·¥¤¸É ¢¨ÉÓ ±Ê²μ´μ¢¸±ÊÕ Ë §Ê ¢ ¢¨¤¥ ¸Ê³³Ò

δc
λ(η) =

{
η

2
ln

[
(λ + 1)2 + η2

]
− η +

(
λ +

1
2

)
arctg

η

λ + 1

}
×

× [1 + O(τ(λ, q)) ] , (46)
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¢ ±μÉμ·μ° ËÊ´±Í¨Ö

τ(λ, q) ≡
[
(λ + 1)2 + q−2

]1/2

Ê¡Ò¢ ¥É ¢ ¶·¥¤¥²¥ q → 0+ ± ± O(q) ¶·¨ ²Õ¡μ³ Ë¨±¸¨·μ¢ ´´μ³ λ.
�¸¨³¶ÉμÉ¨±  (46) ¨³¥¥É μ¸μ¡¥´´μ¸ÉÓ: Éμ²Ó±μ ¢ ¸²ÊÎ ¥ 2λ = −1 ¥¥ ¸² -

£ ¥³μ¥ (λ + 1/2) arctg [ η/(λ + 1) ] μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ‘μ£² ¸´μ ÔÉμ° ¦¥
 ¸¨³¶ÉμÉ¨±¥ Ë §  δc

λ(η) ¶·¨ q → 0+ ¨ ²Õ¡μ³ λ ´¥μ£· ´¨Î¥´´μ · ¸É ¥É ¨²¨
Ê¡Ò¢ ¥É, ¥¸²¨ α = 1 ¨²¨ α = −1.

‡ ³¥É¨³, ÎÉμ ³μ¤Ê²Ó  ·£Ê³¥´É  t = λ + 1 + ı η ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É
¨ ¢ ¸²ÊÎ ¥ λ → ∞, |η| < ∞. �μÔÉμ³Ê ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ
Ëμ·³Ê²Ê ‘É¨·²¨´£  ¨ ¶μ± § ÉÓ, ÎÉμ Ë §  δc

λ(η) ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê (46), ¢
±μÉμ·μ° ËÊ´±Í¨Ö τ(λ, q) Ê¡Ò¢ ¥É ± ± O(λ−1) ¶·¨ ²Õ¡μ³ Ë¨±¸¨·μ¢ ´´μ³, ´μ
´¥´Ê²¥¢μ³ §´ Î¥´¨¨ q.

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ Cλ(η) ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ q → 0+.
‚ ¸¨²Ê Ëμ·³Ê² (15) ¨ (16) ÔÉ  ËÊ´±Í¨Ö ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

Cλ(η) ∼ 2λ+1/2
√

π

(2λ + 1)!
|η|λ+1/2

{
exp (−π|η|) , α = +1 ,

1 , α = −1 ,
q → 0 + . (47)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0+ ËÊ´±Í¨Ö Cλ(η) ¡Ò¸É·μ Ê¡Ò¢ ¥É, ¥¸²¨
α = 1, ¨ · ¸É¥É ± ± μ¡· É´ Ö Í¥² Ö ¸É¥¶¥´Ó λ + 1/2 ¶¥·¥³¥´´μ° q, ¥¸²¨
α = −1.

‚Ò¢¥¤¥³  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ hc(η) ¶·¨ q → 0. �μ μ¶·¥¤¥²¥´¨Õ (27)
ÔÉ  ËÊ´±Í¨Ö Î¥É´ Ö. �μÔÉμ³Ê · ¸¸³μÉ·¨³ Éμ²Ó±μ ¸²ÊÎ ° η > 0. ‚¢¥¤¥³
¶¥·¥³¥´´ÊÕ

t ≡ 1/2 + ıη =
√

1/4 + η2 exp [ ı arctg (2 η) ] , η > 0 .

‚ Ëμ·³Ê²¥ (27) § ³¥´¨³ ¶¸¨-ËÊ´±Í¨Õ É ±μ° ¶¥·¥³¥´´μ° ¨§¢¥¸É´Ò³ · §²μ-
¦¥´¨¥³ [7]

Ψ(t) = ln t− 1
2 t

− 1
12 t2

+
1

120 t4
− 1

256 t6
+O(|t|−8) , |t| → ∞ , arg t < π .

‡ É¥³, ¶·¨³¥´¨¢ · ¢¥´¸É¢μ

ln t − ln |η| =
1
2

ln (1 + q2) + ı arctg (1/q)

¨ ¨§¢¥¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ [6]

ln (1 + q2) = q2 − 1
4

q4 +
1
3

q6 − 1
4

q8 + . . . , q → 0 ,
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¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê

hc(η) = −1
6

q2− 7
60

q4− 1
4

q6− 49
24

q8 +O(q10) , η = α/(2q) , q → 0 . (48)

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¶·¥¤¥²Ó´ÒÌ (q → 0+) ¸μμÉ´μÏ¥´¨° ¤²Ö ËÊ´±Í¨° Fλ,
Θλ ¨ Gλ. ‘´ Î ²  ¢ ·Ö¤ Ì (24), (25) ¨ (33), (34) ¶μÎ²¥´´μ ¶¥·¥°¤¥³ ± ¶·¥¤¥²Ê
q → 0+. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³  ¸¨³¶ÉμÉ¨±Ê (48), · ¢¥´¸É¢ 

(
λ + 1 ± ı

2q

)
n

(
−2ıq

v2

4

)n

=
(
± v2

4

)n n∏
j=1

[∓2ıq (j + λ) + 1 ]

¨ · ¢¥´¸É¢ 

(
−λ ± ı

2q

)
n

(
2ıq

v2

4

)n

=
(
∓ v2

4

)n n∏
j=1

[∓2ıq (j − λ − 1) + 1 ] .

‡ É¥³ ¸· ¢´¨³ ¶μ²ÊÎ¥´´Ò¥ · §²μ¦¥´¨Ö ËÊ´±Í¨° f±
λ ¨ Θλ ¸ ¸μμÉ¢¥É¸É¢ÊÕ-

Ð¨³¨ · §²μ¦¥´¨Ö³¨ (39) ¨ (40) ËÊ´±Í¨° �¥¸¸¥²Ö Í¥²μ£μ ¶μ·Ö¤±  ν = 2λ + 1
¨ ¶¥·¥³¥´´μ° t = v. ‘Ëμ·³Ê²¨·Ê¥³ ·¥§Ê²ÓÉ ÉÒ ¸· ¢´¥´¨Ö: ËÊ´±Í¨Ö Fλ

Ê¤μ¢²¥É¢μ·Ö¥É · ¢¥´¸É¢ ³

lim
q→0+

Fλ(ρ, η)
qλ+1 Cλ(η)

= (2λ + 1)!
v

2

{
I2λ+1(v) , α = +1 ,
J2λ+1(v) , α = −1 ,

(49)

  ËÊ´±Í¨Ö Θλ ¶μ¤Î¨´Ö¥É¸Ö ¶·¥¤¥²Ó´Ò³ ¸μμÉ´μÏ¥´¨Ö³

lim
q→0+

Θλ(ρ, η) =
v

(2λ + 1)!

{
K2λ+1(v) , α = +1 ,

−(π/2)Y2λ+1(v) , α = −1 .
(50)

’¥¶¥·Ó ´¥É·Ê¤´μ ´ °É¨  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ qλ Cλ(η)Gλ(ρ, η) ¶·¨
q → 0+. „²Ö ÔÉμ£μ Ê³´μ¦¨³ μ¡¥ Î ¸É¨ · ¢¥´¸É¢  (26) ´  ËÊ´±Í¨Õ qλ Cλ(η),
ËÊ´±Í¨Õ Fλ(ρ, η) § ³¥´¨³ ¶μ Ëμ·³Ê²¥ (49) ¨ ¢μ¸¶μ²Ó§Ê¥³¸Ö μ¶·¥¤¥²¥´¨-
¥³ (17) ¶μ²¨´μ³  Pλ(q2). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¨¸±μ³μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶·¥¤¸É ¢²¥´¨¥:

qλ Cλ(η)Gλ(ρ, η) ∼

∼ Θ(ρ, η)|q=0 + hc(η)Pλ(q2) (2λ + 1)!
v

2

{
I2λ+1(v) , α = +1 ;
J2λ+1(v) , α = −1 .

(51)

ˆ¸¸²¥¤Ê¥³ ÔÉμ ¶·¥¤¸É ¢²¥´¨¥. ‘μ£² ¸´μ Ëμ·³Ê² ³ (17) ¨ (48), ¥¸²¨ q →
0+, Éμ ¶μ²¨´μ³ Pλ(q2) ¸Ìμ¤¨É¸Ö ± Î¨¸²Ê [ (2λ + 1)! ]−2,   ËÊ´±Í¨Ö hc(η)
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Ê¡Ò¢ ¥É ± ± O(q2). �μÔÉμ³Ê μ¡¸Ê¦¤ ¥³μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨ Ëμ·³Ê²Ò (50)
¶μ·μ¦¤ ÕÉ ¸μμÉ´μÏ¥´¨Ö

lim
q→0+

qλ Cλ(η)Gλ(ρ, η) = Θ(ρ, η)|q=0 =

=
v

(2λ + 1)!

{
K2λ+1(v) , α = +1 ;

−(π/2)Y2λ+1(v) , α = −1 .
(52)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0+ ËÊ´±Í¨¨ Cλ(η)Gλ(ρ, η) ¨ Θ(ρ, η) ¸μ¢¶ -
¤ ÕÉ.

4. �‘��…���‘’ˆ „‚“Œ…���ƒ� Š“‹���‚‘Š�ƒ� ��‘‘…Ÿ�ˆŸ

ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¢ · §¤. 2 ¨ 3 ¶·¥¤¸É ¢²¥´¨Ö, ¸´ Î ²  ¢ÒÖ¢¨³ Ë¨-
§¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ μ¸μ¡¥´´μ¸É¨ ¶ ·Í¨ ²Ó´ÒÌ Ë § δc

λ, § É¥³ μ¡¸Ê¤¨³ μ¸μ-
¡¥´´μ¸É¨ ¸É·μ¥´¨Ö ËÊ´±Í¨° hc ¨ Gλ ¨, § ¢¥·Ï Ö ´ ¸ÉμÖÐ¨° · §¤¥², ¸· ¢´¨³
¤¢Ê³¥·´μ¥ ±Ê²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ¸ É·¥Ì³¥·´Ò³.

4.1. �¸μ¡¥´´μ¸É¨ ±Ê²μ´μ¢¸±¨Ì ¶ ·Í¨ ²Ó´ÒÌ Ë §. Š ± ¸²¥¤Ê¥É ¨§ μ¶·¥-
¤¥²¥´¨Ö (12) ¨  ¸¨³¶ÉμÉ¨± (41), (46), ¢¸¥ Ë §Ò δc

λ(η), 2λ > −1, Ö¢²ÖÕÉ¸Ö
´¥Î¥É´Ò³¨ ¨ ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨  ·£Ê³¥´É  η. ‡´ ±¨ ÔÉ¨Ì Ë § ¶·¨
²Õ¡μ³ η ¸μ¢¶ ¤ ÕÉ ¸μ §´ ±μ³ ¶ · ³¥É·  R ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  1/(Rr).
‹Õ¡ Ö Ë §  δc

λ(η), 2λ > −1, · ¢´  ´Ê²Õ Éμ²Ó±μ ¢ ÉμÎ±¥ η = 0 ¨ ³μ´μÉμ´´μ
¢μ§· ¸É ¥É ¸ ·μ¸Éμ³  ·£Ê³¥´É  η ´  ¢¸¥° ¶μ²Êμ¸¨ η > 0.

�μ¢¥¤¥´¨¥ Ë §Ò δc
−1/2(η) · ¤¨± ²Ó´μ μÉ²¨Î ¥É¸Ö μÉ ¶μ¢¥¤¥´¨Ö ¢¸¥Ì μ¸-

É ²Ó´ÒÌ Ë §. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨²Ê · ¢¥´¸É¢ (44) ¨ (48) Ë §  δc
−1/2(η) μÉ·¨-

Í É¥²Ó´ Ö ¨²¨ ¶μ²μ¦¨É¥²Ó´ Ö ¢ ¶·¥¤¥²¥ ³ ²ÒÌ ¨²¨ ¡μ²ÓÏ¨Ì ¶μ²μ¦¨É¥²Ó´ÒÌ
§´ Î¥´¨° ¥¥  ·£Ê³¥´É  η. ‘²¥¤μ¢ É¥²Ó´μ, ¢ μ¡² ¸É¨ 0 < η < ∞ ÔÉ  Ë § 
¤μ²¦´  ¨³¥ÉÓ ¶μ ±· °´¥° ³¥·¥ μ¤¨´ ²μ± ²Ó´Ò° ³¨´¨³Ê³ ¨ μ¤¨´ ´Ê²Ó.

�¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ μ¸μ¡¥´´μ¸É¨ ¶μ¤É¢¥·¦¤ ¥É ·¨¸. 1, ¨²²Õ¸É·¨·ÊÕ-
Ð¨° § ¢¨¸¨³μ¸ÉÓ Ë § δc

λ(η) ¨ dc
λ(q) ≡ δc

λ(η), η = 1/(2q), 2λ = ±1, 3,
μÉ ¶¥·¥³¥´´μ° η ¨ ¶¥·¥³¥´´μ° q = 1/(2η). ” §  δc

−1/2(η) ¨³¥¥É ²μ± ²Ó-

´Ò° ³¨´¨³Ê³ ¢ ÉμÎ±¥ η = η1 = 1,047665 . . . ‚ ÔÉμ° ÉμÎ±¥ Ë §  δc
−1/2(η)

¶·¨´¨³ ¥É §´ Î¥´¨¥ δc
−1/2(η1) = −0,956229 . . . —¨¸²Ê η1 μÉ¢¥Î ¥É Î¨¸²μ

q = q1 = 1/(2η1) = 0,477254 . . . ” §  δc
−1/2(η) ¨³¥¥É ¶·μ¸Éμ° ´Ê²Ó ¢ ÉμÎ±¥

η = η2 = 2,702690 . . . …° ¸μμÉ¢¥É¸É¢Ê¥É ÉμÎ±  q = q2 = 1/(2η2) = 0,185000 . . .

4.2. �¸μ¡¥´´μ¸É¨ ËÊ´±Í¨° hc ¨ Gλ. ‚ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö (27) ¨  ¸¨³-
¶ÉμÉ¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨° (44) ¨ (48) ËÊ´±Í¨Ö hc(η) Ö¢²Ö¥É¸Ö Î¥É´μ° ¨
´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°  ·£Ê³¥´É  η �= 0, ¶·¨Î¥³ ¶μ²μ¦¨É¥²Ó´μ° ¨²¨ μÉ·¨Í -
É¥²Ó´μ° ¨ ¸Ìμ¤ÖÐ¥°¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ ¥£μ ³ ²ÒÌ ¨²¨ ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ
§´ Î¥´¨°. ‘²¥¤μ¢ É¥²Ó´μ, ¢ μ¡² ¸É¨ 0 < η < ∞ ÔÉ  ËÊ´±Í¨Ö ¤μ²¦´  ¨³¥ÉÓ ¶μ

16



�¨¸. 1. ‡ ¢¨¸¨³μ¸ÉÓ ±Ê²μ´μ¢¸±¨Ì Ë § δc
λ(η) ¨ dc

λ(q) ≡ δc
λ(η), η = 1/(2q), μÉ ¨Ì

 ·£Ê³¥´Éμ¢ η ¨ q ¢ É·¥Ì ¸²ÊÎ ÖÌ: 2λ = −1, 1, 3 Å ¸¶²μÏ´Ò¥, ÏÉ·¨Ìμ¢Ò¥ ¨ ÏÉ·¨Ì-
¶Ê´±É¨·´Ò¥ ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ; a) £· Ë¨±¨ Ë § δc

λ(η); ¡) £· Ë¨±¨ Ë § dc
λ(q)

±· °´¥° ³¥·¥ μ¤¨´ ²μ± ²Ó´Ò° ³¨´¨³Ê³ ¨ μ¤¨´ ´Ê²Ó. 	É¨ ¢Ò¢μ¤Ò ¶μ¤É¢¥·-
¦¤ ¥É Î¨¸²¥´´Ò°  ´ ²¨§ ËÊ´±Í¨¨ hc(η) ¨ ËÊ´±Í¨¨ gc(q) ≡ hc(η), η = 1/(2q).
”Ê´±Í¨Ö hc(η) ¨³¥¥É ²μ± ²Ó´Ò° ³¨´¨³Ê³ ¢ ÉμÎ±¥ η = η3 = 0,361049 . . .
‚ ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö hc(η) ¶·¨´¨³ ¥É §´ Î¥´¨¥ hc(η3) = −0,207638 . . .
—¨¸²Ê η3 μÉ¢¥Î ¥É Î¨¸²μ q = q3 = 1/(2η3) = 1,384851 . . . ”Ê´±Í¨Ö hc(η)
¨³¥¥É ¶·μ¸Éμ° ´Ê²Ó ¢ ÉμÎ±¥ η = η4 = 0,178126 . . . …° ¸μμÉ¢¥É¸É¢Ê¥É ÉμÎ± 
q = q4 = 1/(2η4) = 2,806988 . . .

‚ÒÖ¢¨³ μ¸μ¡¥´´μ¸ÉÓ ¸É·μ¥´¨Ö ¢¸¥Ì ËÊ´±Í¨° Gλ(ρ, η), 2λ � −1, ¢ ¸²ÊÎ ¥
η = η4. ’ ± ± ± ËÊ´±Í¨Ö hc(η) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó Éμ²Ó±μ ¢ ÉμÎ±¥ η = η4,
Éμ Éμ²Ó±μ ¢ ÔÉμ° ÉμÎ±¥ ¶·¥¤¸É ¢²¥´¨¥ (9) ËÊ´±Í¨¨ Gλ(ρ, η) ¶·¨ ²Õ¡ÒÌ λ ¨ ρ
¢Ò·μ¦¤ ¥É¸Ö ¢ · ¢¥´¸É¢μ

Gλ(ρ, η) =
1

qλ Cλ(η)
Θλ(ρ, η) , η = η4 .

4.3. ‘· ¢´¥´¨¥ ¤¢Ê³¥·´μ£μ ¨ É·¥Ì³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö.
‚ · §¤. 2 ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ, Hλ ¨ Gλ ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  μ¶·¥-
¤¥²Ö²¨¸Ó ¢ ¶μ²´μ°  ´ ²μ£¨¨ ¸ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ Í¥²μ£μ ¶μ·Ö¤±  Fλ, Hλ

¨ Gλ. �μÔÉμ³Ê ¢¸¥ Ëμ·³Ê²Ò, ¶·¨¢¥¤¥´´Ò¥ ¢ · §¤. 2 ¨ 3, §  ¨¸±²ÕÎ¥´¨¥³
μ¶·¥¤¥²¥´¨° ËÊ´±Í¨° hc ¨ Θλ ¨  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨¨ hc, μ¸É ´ÊÉ¸Ö ¸¶· ¢¥¤-
²¨¢Ò³¨, ¥¸²¨ ¢ ´¨Ì ¶μ²μ¦¨ÉÓ λ = 
 ¨ ¸Î¨É ÉÓ, ÎÉμ 
 = 0, 1, . . .

„μ± ¦¥³, ÎÉμ ËÊ´±Í¨Ö G�(ρ, η) Ö¢²Ö¥É¸Ö ¸Ê³³μ°

G�(ρ, η) =
2η h̃c(η)
C2

0 (η)
F�(ρ, η) +

1
q� C�(η)

Θ�(ρ, η) , 
 = 0, 1, . . . , (53)

¢ ±μÉμ·μ°

h̃c(η) ≡ Re Ψ(1 + ı η) − ln |η| = ReΨ(ı η) − ln |η| , (54)
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  ¢¥Ð¥¸É¢¥´´ Ö ¨ Î¥É´ Ö ¶μ ¶¥·¥³¥´´μ° q ËÊ´±Í¨Ö Θ� μ¶·¥¤¥²¥´  ± ±

Θ�(ρ, η) ≡ α

[
q2�+1 C�(η)

C0(η)

]2

x�+1 exp (ıqx)
∞∑

n=0

(
 + 1 + ı η)n

(2
 + 2)n

(−2ı qx)n

n!
×

×
[

n+�−1∑
p=0

(n + 
 − p + ı η)−1 − Ψ(n + 1) − Ψ(2
 + 2 + n) + lnx − ı

2η

]
+

+
ı2�+1

2
 + 1
x−� exp (ıqx)

2�∑
n=0

(−
 + ı η)n

(−2
)n

(−2ıqx)n

n!
,

ρ = qx , η = α/(2q) . (55)

„μ± § É¥²Ó¸É¢μ μÉ²¨Î ¥É¸Ö μÉ ¨§²μ¦¥´´μ£μ ¢ · §¤. 2 ¢Ò¢μ¤  Ëμ·-
³Ê² (26)Ä(28) Éμ²Ó±μ ¤¢Ê³Ö ÔÉ ¶ ³¨: ¢³¥¸Éμ · §¡¨¥´¨Ö (31) ´Ê¦´μ ¶μ²μ¦¨ÉÓ

Ψ(n + 
 + 1 + ı η) =
n+�−1∑

p=0

1
n + 
 − p + ı η

+ Re Ψ(1 + ı η) + ı Im Ψ(1 + ı η) ,

  ¢³¥¸Éμ ¸Ê³³Ò (32) ¢Ò¤¥²¨ÉÓ ¸Ê³³Ê

−ı
[
Im Ψ(1 + ı η) − π/2 + (1/2η)C2

0 (η)
]

¨ § ³¥É¨ÉÓ, ÎÉμ ÔÉ  ¸Ê³³  · ¢´  −ı/(2η) ¡² £μ¤ ·Ö ¨§¢¥¸É´Ò³ · ¢¥´¸É¢ ³ [6,7]

Im Ψ(1 + ı η) = − 1
2η

+
π

2
cth (πη) , C2

0 (η) = πη
exp (−πη)

sh (πη)
.

‘· ¢´¨³ ËÊ´±Í¨¨ hc(η) ¨ h̃c(η), § ¤ ´´Ò¥ Ëμ·³Ê² ³¨ (27) ¨ (54). ”Ê´±-
Í¨Ö h̃c(η), ¢ μÉ²¨Î¨¥ μÉ ËÊ´±Í¨¨ hc(η), ´¥ ¨³¥¥É ´¨ ´Ê²¥°, ´¨ ²μ± ²Ó´ÒÌ
Ô±¸É·¥³Ê³μ¢. �¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨ h̃c(η):

h̃c(η) =
1
3

q2 +
2
15

q4 +
1
4

q6 , η = α/(2q) , q → 0 ,

μÉ²¨Î ¥É¸Ö μÉ  ¸¨³¶ÉμÉ¨±¨ (48) ËÊ´±Í¨¨ hc(η). �¸É ²Ó´Ò¥ μÉ²¨Î¨Ö μ¡¸Ê-
¦¤ ¥³ÒÌ ËÊ´±Í¨° ¢¨¤´Ò ¨§ ·¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨° hc(η) ¨ h̃c(η) μÉ
¨Ì  ·£Ê³¥´É  η ¨²²Õ¸É·¨·Ê¥É ·¨¸. 2, a. ƒ· Ë¨±¨ ËÊ´±Í¨° gc(q) ≡ hc(η)
¨ g̃c(q) ≡ h̃c(η), ¨§μ¡· ¦¥´´Ò¥ ´  ·¨¸.2, ¡, ¶μÖ¸´ÖÕÉ § ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨°
hc(η) ¨ h̃c(η) μÉ ¶¥·¥³¥´´μ° q = 1/(2η).

‚Ò¸± ¦¥³ É·¨ § ³¥Î ´¨Ö. �·¥¤¸É ¢²¥´¨¥ (53) ¢¶¥·¢Ò¥ ¤μ± § ´μ …. ‹ ³-
¡¥·Éμ³ ¢ · ¡μÉ¥ [9]. ”μ·³Ê²Ò (53)Ä(55) ¢ Î ¸É´μ³ ¸²ÊÎ ¥ 
 = 0 ¢μ¸¶·μ¨§¢μ¤ÖÉ
¸μμÉ´μÏ¥´¨Ö, ¶μ²ÊÎ¥´´Ò¥ ¢ · ¡μÉ¥ [8]. �·¥¤²μ¦¥´´Ò° ¢ÒÏ¥ ¢Ò¢μ¤ · §²μ¦¥-
´¨Ö (54) ¤μ¢μ²Ó´μ ¶·μ¸É.

‚ÒÖ¢¨³ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´ÊÕ ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö μ¸μ¡¥´´μ¸ÉÓ
¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö, ´¥ ¨³¥ÕÐÊÕ  ´ ²μ£  ¢ É·¥Ì³¥·´μ³ ¶·μ-
¸É· ´¸É¢¥.
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�¨¸. 2. ‡ ¢¨¸¨³μ¸ÉÓ ËÊ´±Í¨° hc(η), h̃c(η) ¨ gc(q) ≡ hc(η), g̃c(q) ≡ h̃c(η), η = 1/(2q),
μÉ ¨Ì  ·£Ê³¥´Éμ¢ η ¨ q: a) £· Ë¨±¨ ËÊ´±Í¨° hc(η) ¨ h̃c(η) Å ¸¶²μÏ´ Ö ¨ ÏÉ·¨Ìμ¢ Ö
±·¨¢Ò¥; ¡) £· Ë¨±¨ ËÊ´±Í¨° gc(q) ¨ g̃c(q) Å ¸¶²μÏ´ Ö ¨ ÏÉ·¨Ìμ¢ Ö ±·¨¢Ò¥

�¨¸. 3. ƒ· Ë¨±¨ ÔËË¥±É¨¢´ÒÌ ¶μÉ¥´Í¨-
 ²μ¢ V +

−1/2
(x), V +

1/2
(x) ¨ V −

−1/2
(x) Å

¸¶²μÏ´ Ö, ÏÉ·¨Ìμ¢ Ö ¨ ÏÉ·¨Ì¶Ê´±É¨·´ Ö
±·¨¢Ò¥

„²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¸¶¨¸μ± μ¡μ-
§´ Î¥´¨° (1) ¨ ¶μ¤¸É ´μ¢±μ°

uλ(ρ, η) = w±
λ (x, q) ,

x ≡ r/|R| = ρ/q ,

η = α/(2q)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (4) ± Ê· ¢´¥´¨Õ[
∂2

x − V ±
λ (x) + q2

]
w±

λ (x; q) = 0,
(56)

V ±
λ (x) ≡ ± 1

x
+

λ(λ + 1)
x2

, x > 0 ,

£¤¥ ¢¥·Ì´¨¥ §´ ±¨ ¡¥·ÊÉ¸Ö ¢ ¸²ÊÎ ¥
α = 1,   ´¨¦´¨¥ Å ¢ ¸²ÊÎ ¥ α = −1.

’¥¶¥·Ó μ¡¸Ê¤¨³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢-
´¥´¨¥ (56). 	Éμ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö
μ¤´μ³¥·´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨
w±

λ (x, q) ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |λ, q〉 ¸ ¸μÌ· ´ÖÕÐ¨³¨¸Ö ±¢ ´Éμ-
¢Ò³¨ Î¨¸² ³¨ λ ¨ q. �  ÔÉÊ Î ¸É¨ÍÊ ¢μ§¤¥°¸É¢Ê¥É ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ²
V ±

λ (x). ’μ²Ó±μ ¢ μ¤´μ³ ¸²ÊÎ ¥ α = 1 ¨ 2λ = −1 É ±μ° ¶μÉ¥´Í¨ ² Ö¢²Ö¥É¸Ö
§´ ±μ¶¥·¥³¥´´μ° ËÊ´±Í¨¥°. „¥°¸É¢¨É¥²Ó´μ, ËÊ´±Í¨Ö V +

−1/2(x), £· Ë¨± ±μÉμ-

·μ° ¨§μ¡· ¦¥´ ´  ·¨¸. 3 ¸¶²μÏ´μ° ±·¨¢μ°, ¨³¥¥É ´Ê²Ó ¢ ÉμÎ±¥ x = 1/4 ¨ ²μ-
± ²Ó´Ò° ³ ±¸¨³Ê³ ¢ ÉμÎ±¥ x = 1/2. ‘²¥¤μ¢ É¥²Ó´μ, ¢ μ¡² ¸É¨ x < 1/4 ¶μÉ¥´-
Í¨ ² V +

−1/2(x) Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³,   ¢ μ¡² ¸É¨ x � 1/4 Å

μÉÉ ²±¨¢ ÕÐ¨³ ¡ ·Ó¥·μ³. ˆ§-§  ´ ²¨Î¨Ö É ±μ£μ ¡ ·Ó¥·  ±¢ ´Éμ¢ Ö Î ¸É¨Í 
p1 ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ α = 1 ¨ 2λ = −1 ³μ¦¥É ¨³¥ÉÓ ·¥§μ´ ´¸´Ò¥
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¸μ¸ÉμÖ´¨Ö. „μ± § É¥²Ó¸É¢μ ¨Ì μÉ¸ÊÉ¸É¢¨Ö ¨²¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö
¨´É¥·¥¸´Ò³ ¤²Ö ¤ ²Ó´¥°Ï¥£μ ¶μ¸É·μ¥´¨Ö É¥μ·¨¨ ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ
· ¸¸¥Ö´¨Ö.

‡�Š‹	—…�ˆ…

�μ¤¢¥¤¥³ ¨Éμ£¨ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨°.
„ ´ ¢Ò¢μ¤ ¨  ´ ²¨§ · §²¨Î´ÒÌ ¶·¥¤¸É ¢²¥´¨° (22)Ä(28) ¨ (33)Ä(35) ËÊ´±-

Í¨° ŠÊ²μ´  Fλ, Gλ ¨ Θλ ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  λ � −1/2. �μ²ÊÎ¥´Ò  ¸¨³¶-
ÉμÉ¨±¨ (41), (46) ¨ (44), (48) ±Ê²μ´μ¢¸±μ° Ë §Ò · ¸¸¥Ö´¨Ö δλ(η) ¨ ËÊ´±Í¨¨
hc(η) ¢ ¶·¥¤¥² Ì |η| → ∞ ¨ |η| → 0. „μ± § ´μ, ÎÉμ ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ°
Ô´¥·£¨¨ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ, Θλ ¨ Gλ ¸¢Ö§ ´Ò ¸ ËÊ´±Í¨Ö³¨ �¥¸¸¥²Ö ¸μ-
μÉ´μÏ¥´¨Ö³¨ (49)Ä(52). ‚ÒÖ¢²¥´Ò μ¸μ¡¥´´μ¸É¨ Ë §Ò δc

−1/2, ËÊ´±Í¨¨ hc ¨

¶μÉ¥´Í¨ ²  V +
−1/2.

�¥μ¡Ìμ¤¨³μ ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¢¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ Ëμ·³Ê²Ò ¶μ²Ê-
Î¥´Ò ¢¶¥·¢Ò¥, ¢¥·´Ò ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ ±¢ ´Éμ¢μ£μ Î¨¸²  λ = ±1/2, 3/2, . . .
¨ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¶μ²¥§´Ò³¨ ¤²Ö ¡Ê¤ÊÐ¨Ì ¨¸¸²¥¤μ¢ ´¨° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö-
´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ê¶¥·¶μ§¨Í¨¥° ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  ¨ ¶μÉ¥´Í¨-
 ²  Ö¤¥·´μ£μ É¨¶ . �±ÉÊ ²Ó´μ¸ÉÓ É ±¨Ì ¨¸¸²¥¤μ¢ ´¨° μ¡Ê¸²μ¢²¥´  ¨´É¥´¸¨¢-
´Ò³ · §¢¨É¨¥³ É¥μ·¥É¨Î¥¸±μ° ¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨ Ê²ÓÉ· Ìμ²μ¤´ÒÌ
£ §μ¢ ¢ ³ £´¨Éμμ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ± Ì [10].
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