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By assumption, a charged quantum particle moves in the space of dimension
d = 2, 3, . . . and is scattered by a ˇxed Coulomb center. The expansions of the
wave-functions and all radial wave-functions of this particle over integer powers of
the wave number and the Bessel functions of real order are derived. It is proven that
the ˇnite sums of these expansions are the asymptotics of the wave-functions in the
low-energy limit.
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‚‚…„…�ˆ…

Ÿ¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc
μ ¨ · ¤¨ ²Ó´μ° ¢μ²´μ¢μ°

ËÊ´±Í¨¨ Fλ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ±μμ·¤¨´ É´μ³
¶·μ¸É· ´¸É¢¥ R ¶·μ¨§¢μ²Ó´μ° · §³¥·´μ¸É¨ d = 2, 3, . . . ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´Ò ¢
· ¡μÉ¥ [1]. �¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° Ψc

μ ¨ Fλ ¨§¢¥¸É´Ò [2]
Éμ²Ó±μ ¢ ¸²ÊÎ ¥ d = 2.

ƒ² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ¢Ò¢μ¤ ¨  ´ ²¨§ É ±¨Ì  ¸¨³¶ÉμÉ¨± ¶·¨
²Õ¡μ³ d � 2. ‚ · §¤. 1 ¶μÖ¸´ÖÕÉ¸Ö μ¡μ§´ Î¥´¨Ö ¨ μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö. ‚
· §¤. 2 ¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [1] ËÊ´±Í¨° Ψc

μ ¨ Fλ Î¥·¥§ ËÊ´±Í¨¨ ŠÊ³-
³¥·  [3] § ¶¨¸Ò¢ ÕÉ¸Ö ¢ μ¡μ§´ Î¥´¨ÖÌ, ¶·¨´ÖÉÒÌ ¢ · §¤. 1. � §¤¥² 3 Ö¢²Ö¥É¸Ö
±²ÕÎ¥¢Ò³ ¨ ¶μ¸¢ÖÐ¥´ ¶μ¸É·μ¥´¨Õ · §²μ¦¥´¨° ¢¸¶μ³μ£ É¥²Ó´ÒÌ ËÊ´±Í¨°
¶μ ËÊ´±Í¨Ö³ �¥¸¸¥²Ö [3]. �μ²ÊÎ¥´´Ò¥ ¢ · §¤. 3 · §²μ¦¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¢
· §¤. 4 ¤²Ö ¢Ò¢μ¤  ¨  ´ ²¨§  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¶¶·μ±¸¨³ Í¨° ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° Ψc

μ ¨ Fλ. ‚ § ±²ÕÎ¥´¨¨ ¶¥·¥Î¨¸²ÖÕÉ¸Ö μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. ���…„…‹…�ˆŸ ˆ ���‡��—…�ˆŸ

�μÖ¸´¨³ ¨¸¶μ²Ó§Ê¥³Ò¥ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ μ¡μ§´ Î¥´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö,
  § É¥³ ¶·¨¢¥¤¥³ ¸μμÉ´μÏ¥´¨Ö, ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨ ¢Ò¸Ï¨Ì É· ´¸Í¥´¤¥´É´ÒÌ
ËÊ´±Í¨° [3] ¨ ¢ É¥μ·¨¨ £¨¶¥·£ ·³μ´¨± [4,5].

�·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ³ ¸¸Ê m1, μ¡² ¤ ¥É ±Ê²μ-
´μ¢¸±¨³ § ·Ö¤μ³ z1 ¨ ¤¢¨¦¥É¸Ö ¢ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R

d ´¥±μÉμ·μ°
· §³¥·´μ¸É¨ d � 2. ‚ ÔÉμ³ ¶·μ¸É· ´¸É¢¥ ¢¢¥¤¥³ ¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê
±μμ·¤¨´ É Sd ¸ ´ Î ²Ó´μ° ÉμÎ±μ° O ¨ ¥¤¨´¨Î´Ò³¨ ´ ¶· ¢²ÖÕÐ¨³¨ μ·É ³¨
e1, e2, . . . , ed, μ¤¨´ ¨§ ±μÉμ·ÒÌ ±μ²²¨´¥ ·¥´ ¢μ²´μ¢μ³Ê ¢¥±Éμ·Ê k0 ´ Î ²Ó-
´μ£μ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ p1. �Ê¸ÉÓ r Å ¥¥ · ¤¨Ê¸-¢¥±Éμ·. ˆ¸¶μ²Ó§Ê¥³ ¥£μ
£¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ±μμ·¤¨´ ÉÒ (r, Ω), £¤¥ r Å £¨¶¥·· ¤¨Ê¸,   Ω Å ´¥±μÉμ-
·Ò° ´ ¡μ· ¢¸¥Ì £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì Ê£²μ¢.

‘Î¨É ¥³, ÎÉμ ÉμÎ±  O Ö¢²Ö¥É¸Ö ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³, ±μÉμ·Ò°
¨³¥¥É ±Ê²μ´μ¢¸±¨° § ·Ö¤ Z ¨ ¢μ§¤¥°¸É¢Ê¥É ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³ ±Ê²μ-
´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  V c(r) = z1Z/r. ‘¨³¢μ² ³¨ k0 ¨ k μ¡μ§´ Î¨³ ¢μ²´μ¢Ò¥
¢¥±Éμ·Ò ´ Î ²Ó´μ£μ ¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ p1,   Ê£²μ³ ¥¥ · ¸¸¥Ö´¨Ö
´ §μ¢¥³ Ê£μ² θ ³¥¦¤Ê ¢¥±Éμ· ³¨ k0 ¨ r. ‘μÌ· ´¨³ ¢¸¥ ¶·¨´ÖÉÒ¥ ¢ · ¡μÉ¥ [2]
μ¡μ§´ Î¥´¨Ö:

k =

√
2 m1E

�2
, R ≡ �

2

2m1z1Z
, q = k|R|, α ≡ sgnR,

η ≡ 1
2kR

=
α

2q
, (1)

ρ ≡ kr, v ≡
√

8|η|ρ, w ≡ v sin
θ

2
, β ≡ −ı

q

2
.
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‡¤¥¸Ó ¨ ¤ ²¥¥ � Å ¶μ¸ÉμÖ´´ Ö �² ´± ; E Å ¶μ²´ Ö Ô´¥·£¨Ö Î ¸É¨ÍÒ p1,   k
¨ q Å ¥¥ · §³¥·´μ¥ ¨ ¡¥§· §³¥·´μ¥ ¢μ²´μ¢Ò¥ Î¨¸² ; η Å ¶ · ³¥É· ‡μ³³¥·-
Ë¥²Ó¤ ; ρ, v ¨ w Å ¡¥§· §³¥·´Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. ‘μ£² ¸´μ
¶·¨´ÖÉÒ³ μ¡μ§´ Î¥´¨Ö³

ρ = q
v2

4
, ρ =

q ω2

2(1 − cos θ)
, ıρ = −β

v2

2
, ıρ = −β

w2

(1 − cos θ)
.

„²Ö ±· É±μ¸É¨ ¨¸¶μ²Ó§Ê¥³ ¸¨³¢μ²Ò ¨ Ëμ·³Ê²Ò ¸ ¢¥·Ì´¨³¨ ¨ ´¨¦´¨³¨
§´ ± ³¨ ¶²Õ¸ ¨ ³¨´Ê¸. ‚ É ±¨Ì Ëμ·³Ê² Ì ¢¸¥ ¢¥·Ì´¨¥ §´ ±¨ ¡¥·ÊÉ¸Ö ¢ ¸²ÊÎ ¥
±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö (α = 1),   ¢¸¥ ´¨¦´¨¥ Å ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ
¶·¨ÉÖ¦¥´¨Ö (α = −1). ‘¨³¢μ² ³¨ Z+

c (t) ¨ Z−
c (t) μ¡μ§´ Î¨³ ËÊ´±Í¨¨ �¥¸-

¸¥²Ö Ic(t) ¨ Jc(t).
‘μ£² ¸´μ É¥μ·¨¨ £¨¶¥·£ ·³μ´¨± [4,5] ¢ ¶·μ¸É· ´¸É¢¥ R £¨¶¥·£ ·³μ´¨±¨

YLM(Ω) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ±¢ ¤· É  L2(Ω) μ¶¥· Éμ·  £¨-
¶¥·³μ³¥´É  L(Ω):

L2 YLM(Ω) = L(L + d − 2)YLM(Ω), L = 0, 1, . . . .

ƒ¨¶¥·£ ·³μ´¨±¨ μ¡· §ÊÕÉ ¶μ²´Ò° ¨ μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ §¨¸ ¢ ¶·μ¸É· ´-
¸É¢¥ ËÊ´±Í¨°, ±¢ ¤· É¨Î´μ-¸Ê³³¨·Ê¥³ÒÌ ´  ¥¤¨´¨Î´μ° ¸Ë¥·¥ S

d−1 ¸ Í¥´É·μ³
¢ ÉμÎ±¥ O. �¶¥· Éμ· −L2(Ω) · ¢¥´ Ê£²μ¢μ° Î ¸É¨ μ¶¥· Éμ·  ‹ ¶² ¸ , ±μ-
Éμ· Ö Î ¸Éμ ´ §Ò¢ ¥É¸Ö μ¶¥· Éμ·μ³ ‹ ¶² ¸ Ä�¥²ÓÉ· ³¨ ¢ ¶·μ¸É· ´¸É¢¥ R

d.
…¸²¨ d � 3, Éμ ³´μ¦¥¸É¢μ M ¸μ¤¥·¦¨É ¢¸¥ ±¢ ´Éμ¢Ò¥ Î¨¸²  £¨¶¥·£ ·³μ-
´¨±¨ YLM §  ¨¸±²ÕÎ¥´¨¥³ £¨¶¥·³μ³¥´É  L. —¨¸²μ É ±¨Ì Î¨¸¥² · ¢´μ d − 2.
�μÔÉμ³Ê ¢ ¸²ÊÎ ¥ d = 2 ³´μ¦¥¸É¢μ M ¶Ê¸Éμ¥.

‚ É¥μ·¨¨ ¢Ò¸Ï¨Ì É· ´¸Í¥´¤¥´É´ÒÌ ËÊ´±Í¨° [3] ËÊ´±Í¨Ö ŠÊ³³¥· 
Φ(a, c; ξ) μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö[

ξ ∂2
ξ + (c − ξ) ∂ξ − a

]
Φ(a, c; ξ) = 0. (2)

’ ±μ¥ ·¥Ï¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê (¶·¥μ¡· §μ¢ ´¨Õ) ŠÊ³³¥· 

Φ(a, c; ξ) ≡ exp (ξ)Φ(c − a, c;−ξ). (3)

„ ²¥¥ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·μ¢ a ¨ ËÊ´±Í¨¨ ŠÊ³³¥·  Φ(a, c; ξ) ¡Ê¤¥³ ¨¸-
¶μ²Ó§μ¢ ÉÓ¸Ö ¸Ê³³Ò, ¸μ¤¥·¦ Ð¨¥ ËÊ´±Í¨¨ μ, λ ¨ ν ¤¨¸±·¥É´ÒÌ ¶¥·¥³¥´´ÒÌ
d ¨ L. �μ μ¶·¥¤¥²¥´¨Õ

μ ≡ (d − 3)/2, d = 2, 3, . . . ; λ ≡ L + μ, ν ≡ 2λ + 1, L = 0, 1, . . . .

�μÔÉμ³Ê μ ¨ λ Å ¶μ²ÊÍ¥²Ò¥ Î¨¸²  ¶·¨ Î¥É´μ³ d ¨ Í¥²Ò¥ ¶·¨ ´¥Î¥É´μ³ d,
¶·¨Î¥³ μ > 0 ¨ λ > 0, ¥¸²¨ d � 4. „¢  ¸²ÊÎ Ö d = 2 ¨ d = 3 Ö¢²ÖÕÉ¸Ö
μ¸μ¡Ò³¨. …¸²¨ d = 2, Éμ μ = −1/2,   λ = −1/2 ¶·¨ L = 0. …¸²¨ d = 3, Éμ
μ = 0,   λ = 0 Éμ²Ó±μ ¶·¨ L = 0.
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�μ¤ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ° ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ ¶μ¤· §Ê-
³¥¢ ¥³ ¥¥  ¸¨³¶ÉμÉ¨±Ê ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° Ô´¥·£¨¨ · ¸¸¥Ö´¨Ö (E → 0+) ¶·¨
Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ μÉ²¨Î´μ£μ μÉ ´Ê²Ö ±Ê²μ´μ¢¸±μ£μ ¶ · ³¥É·  R ¨
¶μ·Ö¤±μ¢ μ ¨ λ. ‚ É ±μ³ ¶·¥¤¥²¥ q → 0+,   |η| → ∞.

…¸²¨ W Ä ´¥±μÉμ·Ò° ¡¥¸±μ´¥Î´Ò° ·Ö¤ ¸ μ¡Ð¨³ ³´μ¦¨É¥²¥³ g ¨ ¸² £ -
¥³Ò³¨ wn, Éμ ¸¨³¢μ²μ³ Wm μ¡μ§´ Î ¥³ ±μ´¥Î´ÊÕ (n = 0, 1, . . .m, m < ∞)
¶μ¤¸Ê³³Ê ÔÉμ£μ ·Ö¤ :

W = g

∞∑
n=0

wn, Wm ≡ g

m∑
n=0

wn.

ˆ¸¶μ²Ó§Ê¥³ ¸É ´¤ ·É´Ò¥ μ¶·¥¤¥²¥´¨Ö [3] ¸¨³¢μ²  �μÌ£ ³³¥·  (a)n,
£ ³³ - ¨ ¶¸¨-ËÊ´±Í¨° Γ ¨ ψ.

2. ˆ‘•�„�›… ��…„‘’�‚‹…�ˆŸ ‚�‹��‚›• ”“�Š–ˆ‰

ˆ¸Ìμ¤´Ò³¨ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¡Ê¤ÊÉ ¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [1]
¶μ²´μ° ¨ · ¤¨ ²Ó´μ° ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψc

μ ¨ Fλ Ê¶·Ê£μ£μ ±Ê²μ´μ¢¸±μ£μ

· ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¶·μ¸É· ´¸É¢¥ R
d ¶·μ¨§¢μ²Ó´μ° · §³¥·´μ¸É¨ d � 2.

‡ ¶¨Ï¥³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ μ¡μ§´ Î¥´¨ÖÌ, ¶·¨´ÖÉÒÌ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §-
¤¥²¥.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψc
μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¶·μ¸É· ´¸É¢¥

R
d μ¶·¥¤¥²Ö¥É¸Ö ± ± Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³μ¥ ·¥Ï¥´¨¥ d-³¥·´μ£μ Ê· ¢´¥´¨Ö

˜·¥¤¨´£¥· [
∂2

ρ +
d − 1

ρ
∂ρ − L2(Ω)

ρ2
+ 1 − 2η

ρ

]
Ψc

μ(ρ, θ, η) = 0. (4)

’ ±μ¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³

Ψc
μ(ρ, θ, η) = Bμ(η) exp (ıρ)Φ(μ + 1 + ıη, μ + 1; ξ), (5)

¢ ±μÉμ·μ³

Bμ(η) ≡ Γ(μ + 1 + ıη)
Γ(μ + 1)

exp (−πη/2), ξ = ıρ (cos θ − 1) = βω2. (6)

�·¥¤¸É ¢²¥´¨¥ (5) ¶μ¸²¥ ¶·¥μ¡· §μ¢ ´¨Ö ŠÊ³³¥·  (3) ¶·¨´¨³ ¥É ¢¨¤

Ψc
μ(ρ, θ, η) = Bμ(η) exp (ıρ cos θ)Φ(−ıη, μ + 1;−ξ). (7)

‚ Ê· ¢´¥´¨¨ (4) ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² 2η/ρ ´¥ § ¢¨¸¨É ´¨ μÉ μ¤´μ£μ
£¨¶¥·Ê£²  ¨§ ¶μ²´μ£μ ´ ¡μ·  Ω. �μÔÉμ³Ê ÔÉμ Ê· ¢´¥´¨¥ ¶μ¤¸É ´μ¢±μ°
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Ψc
μ(ρ, θ, η) = ρ−μ−1

∞∑
λ=μ

iλ exp [ ı δc
λ(η) ] Fλ(ρ, η)

∑
M

YLM(Ω)

¸¢μ¤¨É¸Ö ± ¸Î¥É´μ° (λ = L+μ, L = 0, 1, . . .) ¸μ¢μ±Ê¶´μ¸É¨ Ê· ¢´¥´¨° ŠÊ²μ´ [
∂2

ρ − λ(λ + 1)
ρ2

+ 1 − 2η

ρ

]
Fλ(ρ, η) = 0, ρ > 0, η ∈ (−∞,∞),

¸ Ê¸²μ¢¨Ö³¨ Fλ ∼ ρλ+1, ρ → 0, ¨ Ê¸²μ¢¨Ö³¨

Fλ(ρ, η) = sin [ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) ] + O(1/ρ), ρ → ∞,

¢ ±μÉμ·ÒÌ ¸¨³¢μ²μ³ δc
λ(η) μ¡μ§´ Î¥´  ·£Ê³¥´É £ ³³ -ËÊ´±Í¨° Γ(λ + 1 + ıη).

�¥Ï¥´¨¥ Fλ Ê· ¢´¥´¨Ö ŠÊ²μ´  ¸ É ±¨³¨ Ê¸²μ¢¨Ö³¨ Ö¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥-
´¨¥³

Fλ(ρ, η) = Cλ(η) ρλ+1 exp (ıρ)Φ(λ + 1 + ıη, 2λ + 2; ξ), (8)

¢ ±μÉμ·μ³

Cλ(η) ≡ 2λ |Γ(λ + 1 + ıη)|
Γ(2λ + 2)

exp (−πη/2), ξ = −2ıρ = βv2. (9)

	Éμ ¶·μ¨§¢¥¤¥´¨¥ ¸Î¨É ¥É¸Ö ·¥£Ê²Ö·´μ° · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ±Ê²μ-
´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ,M〉 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨
q, λ ¨ M.

3. Š‹�—…‚›… ��‡‹�†…�ˆŸ

� Ï  £² ¢´ Ö § ¤ Î  Å ¶μ¸É·μ¨ÉÓ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨
ËÊ´±Í¨¨ Ψc

μ ¨ Fλ ¢ ¢¨¤¥ ±μ´¥Î´ÒÌ ¶μ¤¸Ê³³ Ψc
μm ¨ Fλm ¡¥¸±μ´¥Î´ÒÌ ·Ö¤μ¢,

¸μ¤¥·¦ Ð¨Ì ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ, ËÊ´±Í¨¨ �¥¸¸¥²Ö Z±
b (t)

¢¥Ð¥¸É¢¥´´μ£μ ¶μ·Ö¤±  b, Í¥²Ò¥ ¸É¥¶¥´¨ ts  ·£Ê³¥´É  t = ω ¨²¨ t = v ¨
Í¥²Ò¥ ¸É¥¶¥´¨ qn ¢μ²´μ¢μ£μ Î¨¸²  q.

�·¥¤¸É ¢²¥´¨Ö (5), (7) ¨ (8), (9) μ¡¥¨Ì ËÊ´±Í¨° Ψc
μ ¨ Fλ Ö¢²ÖÕÉ¸Ö ¶·μ-

¨§¢¥¤¥´¨Ö³¨ ±Ê²μ´μ¢¸±¨Ì ³´μ¦¨É¥²¥° Bμ ¨ Cλ, Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨
¨ ËÊ´±Í¨¨ ŠÊ³³¥· . �μÔÉμ³Ê ¤²Ö ¢Ò¢μ¤  · §²μ¦¥´¨° ËÊ´±Í¨° Ψc

μ ¨ Fλ ¢Ò-
£μ¤´¥¥ ¸´ Î ²  ·¥Ï¨ÉÓ ¡μ²¥¥ μ¡ÐÊÕ § ¤ ÎÊ,   ¨³¥´´μ ´ °É¨ · §²μ¦¥´¨Ö ¢¸¥Ì
Ô²¥³¥´Éμ¢ ¤¢ÊÌ ±² ¸¸μ¢ A ¨ B, μ¶·¥¤¥²¥´´ÒÌ ¸μμÉ´μÏ¥´¨Ö³¨

A ≡ {Φ(a + ıη, c + 1; ξ)} , B ≡ {exp (−γξ)Φ(a + ıη, c + 1; ξ)} (10)
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¨ Ê¸²μ¢¨Ö³¨
a � 0, c � 0, γ � 0, ξ = βt2, t � 0. (11)

�¥Ï¥´¨Õ É ±μ° μ¡Ð¥° § ¤ Î¨, ¨´É¥·¥¸´μ° ¨ ¸ ÉμÎ±¨ §·¥´¨Ö É¥μ·¨¨ ¸¶¥-
Í¨ ²Ó´ÒÌ ËÊ´±Í¨°, ¶μ¸¢ÖÉ¨³ ´ ¸ÉμÖÐ¨° · §¤¥².

3.1. � §²μ¦¥´¨¥ ËÊ´±Í¨¨ ŠÊ³³¥·  ±² ¸¸  A. ˆ¸¸²¥¤Ê¥³ Ö ËÊ´±Í¨Ö
ŠÊ³³¥· 

Φ(a + ıη, c + 1; ξ), ξ = βt2,

Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ É¨¶  (2)[
ξ∂2

ξ + (c + 1 − ξ) ∂ξ − (a + ıη)
]
Φ(a + ıη, c + 1; ξ) = 0 (12)

¨ ¶·¥¤¥²Ó´μ³Ê ¸μμÉ´μÏ¥´¨Õ

lim
β→0

Φ(a ± ı|η|, c + 1; ξ) = Γ(c + 1)
(

2
t

)c

Z±
c (t). (13)

ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢μ 4ıβη = α ¨ ¶μ¤¸É ´μ¢±Ê

Φ(a ± ı|η|, c + 1; ξ) = Γ(c + 1)
(

2
t

)c

φ±(t, β), (14)

¸¢¥¤¥³ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥ (12) ± Ê· ¢´¥´¨Õ

D±
c (t)φ±(t, β) = 2β(t∂t + 2a− c)φ±(t, β), (15)

¸μ¤¥·¦ Ð¥³Ê μ¶¥· Éμ· �¥¸¸¥²Ö

D±
b (t) ≡ ∂2

t − 1
t
∂t ∓ 1 − b

t2
, b = c . (16)

Š ± ¨§¢¥¸É´μ [3], ¶·¨ ²Õ¡μ³ b ËÊ´±Í¨Ö �¥¸¸¥²Ö Z+
b (t) ≡ Ib(t) ¨²¨

Z−
b (t) ≡ Jb(t) ¶·¨´ ¤²¥¦¨É Ö¤·Ê μ¶¥· Éμ·  D+

b (t) ¨²¨ D−
b (t):

D±
b (t)Z±

b (t) ≡ 0 , ∀t � 0 . (17)

�μÔÉμ³Ê ¢ ¸²ÊÎ ¥ β = 0 Ê· ¢´¥´¨Õ (15) Ê¤μ¢²¥É¢μ·Ö¥É ¶·μ¨§¢¥¤¥´¨¥ φ±(t, β =
0) = a±

00 Z±
c (t), ¢ ±μÉμ·μ³ a±

00 Å ¶·μ¨§¢μ²Ó´Ò° ±μÔËË¨Í¨¥´É. ”μ·³ ²Ó´μ¥
·¥Ï¥´¨Ö Éμ£μ Ê· ¢´¥´¨Ö ¶·¨ ²Õ¡μ³ β ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° ¤¢ÊÌ-
±· É´μ° ¸Ê³³Ò ¸ § · ´¥¥ ´¥¨§¢¥¸É´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ a±

ns:

φ±(t, β) =
∞∑

n=0

βn
2n∑

s=n

a±
ns ts Z±

c+s(t). (18)
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‘´ Î ²  ¢Ò¢¥¤¥³ ¤¢  ¢¸¶μ³μ£ É¥²Ó´Ò¥ Éμ¦¤¥¸É¢ : Éμ¦¤¥¸É¢μ

D±
c (t) ts Z±

c+s(t) ≡ 2s ts−1 Z±
c+s−1(t) , ∀t � 0, (19)

¨ Éμ¦¤¥¸É¢μ

( t∂t + 2a − c ) ts Z±
c+s(t) ≡

≡ ts
[
2(s + a)Z±

c+s−1(t) ± tZ±
c+s+1(t)

]
, ∀t � 0. (20)

„²Ö ÔÉμ£μ § ¶¨Ï¥³

D±
c (t) ts Z±

c+s(t) = ts D±
c+s(t)Z±

c+s(t)+

+ 2sts−1

[
∂tZ

±
c+s(t) +

c + s

t
Z±c+s(t)

]
,

§ É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö Éμ¦¤¥¸É¢μ³ (17), b = c + s, ¨ ¨§¢¥¸É´Ò³ ¸μμÉ´μÏ¥-
´¨¥³ [3]

∂tZ
±
c+s(t) = Z±

c+s−1(t) −
c + s

t
Z±

c+s(t).

‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Éμ¦¤¥¸É¢μ (19). �·¨³¥´¨¢ ¨§¢¥¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ [3]

∂t Z±
c+s(t) =

c + s

t
Z±

c+s(t) ± Z±
c+s+1(t),

Ê¡¥¤¨³¸Ö ¢ ¸¶· ¢¥¤²¨¢μ¸É¨ Éμ¦¤¥¸É¢  (20).
’¥¶¥·Ó ¢ Ê· ¢´¥´¨¨ (15) § ³¥´¨³ ËÊ´±Í¨Õ φ± ¥¥ · §²μ¦¥´¨¥³ (18). ‡ -

É¥³, ¨¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢  (17), (19) ¨ (20), § ¶¨Ï¥³ ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ ¢
¢¨¤¥ Ê· ¢´¥´¨Ö

∞∑
n=1

βnA±
n (t) = 0, t � 0, (21)

¢ ±μÉμ·μ³

A±
1 (t) = (a±

11 − 2aa±
00)Z±

c (t) + (2a±
12 ∓ a±

00) tZ±
c+1(t), (22)

  ¢¸¥ μ¸É ²Ó´Ò¥ (n � 2) ËÊ´±Í¨¨ A±
n (t) Ä ±μ´¥Î´Ò¥ ¸Ê³³Ò:

A±
n (t) ≡ 2na±

n,2n t2n−1 + S±
n (t) , S±

n (t) ≡
2n−1∑
s=n

R±
ns(t) ,

R±
ns(t) ≡ ts

{[
sa±

ns − 2(a + s − 1) a±
n−1,s−1(t)

]
×

× t−1Z±
c+s−1(t) ∓ a±

n−1,s−1 Z±
c+s(t)

}
.

(23)

6



‚ Ê· ¢´¥´¨¨ (21) ¢¸¥ ¸É¥¶¥´´Ò¥ ËÊ´±Í¨¨ βn, n � 1, ¢μ²´μ¢μ£μ Î¨¸² 
q ²¨´¥°´μ´¥§ ¢¨¸¨³Ò¥. �μÔÉμ³Ê ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É ¨ ¶·¨Éμ³ Éμ²Ó±μ μ¤´μ
·¥Ï¥´¨¥ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  A±

n (t) ≡ 0 ¶·¨ ²Õ¡μ³ n � 1 ¨ ²Õ¡μ³
t � 0. �μ± ¦¥³, ÎÉμ ¢¸¥ É ±¨¥ Éμ¦¤¥¸É¢  μ± ¦ÊÉ¸Ö ¸¶· ¢¥¤²¨¢Ò³¨, ¥¸²¨
¶μ¤Î¨´¨ÉÓ ±μÔËË¨Í¨¥´ÉÒ a±

ns ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò³ Ê¸²μ¢¨Ö³.
� Î´¥³ ¸ ËÊ´±Í¨¨ A±

1 . 	É  ËÊ´±Í¨Ö Å ²¨´¥°´ Ö ±μ³¡¨´ Í¨Ö (22) ¤¢ÊÌ
²¨´¥°´μ´¥§ ¢¨¸¨³ÒÌ ËÊ´±Í¨¨ Z±

c (t) ¨ tZ±
c+1(t). ‡´ Î¨É, A±

1 (t) ≡ 0 Éμ²Ó±μ
Éμ£¤ , ±μ£¤ 

a±
11 − 2aa±

00 = 0, 2a±
12 ∓ a±

00 = 0. (24)

’¥¶¥·Ó, ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (23), ¨¸¸²¥¤Ê¥³ ËÊ´±Í¨Õ A±
n (t) ¸ ´¥±μÉμ·Ò³

´μ³¥·μ³ n � 2. “¶·μ¸É¨³ ¸Ê³³Ê S±
n . „²Ö ÔÉμ£μ ¶·¥μ¡· §Ê¥³ ¥¥ ¸² £ ¥³Ò¥

R±
ns, ¶μ¸²¥¤μ¢ É¥²Ó´μ Ê¢¥²¨Î¨¢ Ö ¨Ì ´μ³¥· s ´  ¥¤¨´¨ÍÊ. ‚ ¶·¥¤¸É ¢²¥´¨¨

ËÊ´±Í¨¨ R±
ns ¸ ´μ³¥·μ³ s = n ¶μ²μ¦¨³ · ¢´Ò³ ´Ê²Õ ±μÔËË¨Í¨¥´É ¶¥·¥¤

ËÊ´±Í¨¥° t−1Z±
c+s−1:

sa±
ns − 2(a + s − 1)a±

n−1,s−1 = 0, s = n. (25)

’μ£¤  ËÊ´±Í¨Ö R±
ns, s = n, ¶·¨³¥É ¡μ²¥¥ ¶·μ¸Éμ° ¢¨¤:

R±
ns = ∓a±

n−1,s−1 ts Z±
c+s , s = n .

�·¨¡ ¢¨³ ¥¥ ± ËÊ´±Í¨¨ R±
n,s+k, s = n, k = 1, ¨ § ¶¨Ï¥³ ¶μ²ÊÎ¥´´ÊÕ ¸Ê³³Ê

¢ ¢¨¤¥

R±
n,s+1 + R±

ns = ts+1
{[

(s + 1) a±
n,s+1−

−2(a + s) a±
n−1,s ∓ a±

n−1,s−1

]
t−1Z±

c+s ∓ a±
n−1,s Z±

c+s+1

}
.

‚ É ±μ° ¸Ê³³¥ ±μÔËË¨Í¨¥´É ¶¥·¥¤ ËÊ´±Í¨¥° t−1Z±
c+s, s = n, ¶μ¤Î¨´¨³

Ê¸²μ¢¨Õ

(s + 1) a±
n,s+1 − 2 (a + s) a±

n−1,s ∓ a±
n−1,s−1 = 0 . (26)

’μ£¤  ¡Ê¤¥É ¢¥·´μ · ¢¥´¸É¢μ

R±
n,s+1 + R±

ns = ∓a±
n−1,s ts+1 Z±

c+s+1, s = n.

ˆ¸¶μ²Ó§ÊÖ ¥£μ, ¶·¨¡ ¢¨³ μ¡¥ ËÊ´±Í¨° R±
n,s+1 ¨ R±

ns ± ËÊ´±Í¨¨ R±
n,s+k, s = n,

k = 2. ‚ ¸Ê³³¥ É·¥Ì É ±¨Ì ËÊ´±Í¨° ±μÔËË¨Í¨¥´É ¶¥·¥¤ ËÊ´±Í¨¥° t−1Z±
c+s+1

¶μ²μ¦¨³ · ¢´Ò³ ´Ê²Õ. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ Ê¸²μ¢¨¥ (26), s = n + 1, ¨
¶·¥¤¸É ¢²¥´¨¥

R±
n,s+2 + R±

n,s+1 + R±
ns = ∓a±

n−1,s+1 ts+2 Z±
c+s+2, s = n.
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�·μ¤μ²¦¨³ ¶μ¸É·μ¥´¨¥. �μ¸²¥¤μ¢ É¥²Ó´μ Ê¢¥²¨Î¨¢ ¥³ ¨´¤¥±¸ k ´  ¥¤¨´¨ÍÊ
¸ É·¥Ì ¤μ 2n − 1. „²Ö ± ¦¤μ£μ §´ Î¥´¨Ö k ´ ² £ ¥³ Ê¸²μ¢¨¥ (26), s = n + k.
‚ ¨Éμ£¥ ¤²Ö ¸Ê³³Ò S±

n ¢¸¥Ì ¸² £ ¥³ÒÌ R±
ns ¶μ²ÊÎ ¥³ ¶·¥¤¸É ¢²¥´¨¥

S±
n = ∓ a±

n−1,2n−2 t2n−1 Z±
c+2n−1.

�² £μ¤ ·Ö É ±μ³Ê ¶·¥¤¸É ¢²¥´¨Õ ¨ μ¶·¥¤¥²¥´¨Ö³ (23)

A±
n (t) =

(
2na±

n,2n ∓ a±
n−1,2n−2

)
t2n−1 Z±

c+2n−1.

‘²¥¤μ¢ É¥²Ó´μ, A±
n (t) ≡ 0 Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 

2na±
ns ∓ a±

n−1,s−2 = 0, s = 2n. (27)

ˆÉ ±, ¥¸²¨ ¶·¨ ± ¦¤μ³ n = 1, 2, . . . ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö (24)Ä(27), Éμ ¢
¸Ê³³¥ (21) ¢¸¥ ËÊ´±Í¨¨ A±

n (t) Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ ¨ ¶μÔÉμ³Ê ·Ö¤ (18)
Ëμ·³ ²Ó´μ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (15). �· ¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (14), ¢
±μÉμ·μ° ËÊ´±Í¨Ö φ± ¶·¥¤¸É ¢²¥´  É ±¨³ ·Ö¤μ³, ¶μ¤Î¨´Ö¥É¸Ö ¶·¥¤¥²Ó´μ³Ê
¸μμÉ´μÏ¥´¨Õ (13) Éμ²Ó±μ Éμ£¤ , ±μ£¤  ±μÔËË¨Í¨¥´É a±

00 · ¢¥´ ¥¤¨´¨Í¥. �·¨-
³¥³ ÔÉμ Ê¸²μ¢¨¥ ¨ § ¶¨Ï¥³ ¢¸¥ Ê¸²μ¢¨Ö (24)Ä(27) ¢ ¢¨¤¥ Ê· ¢´¥´¨° ¤²Ö ±μÔË-
Ë¨Í¨¥´Éμ¢ a+

ns:

sa+
ns = 2(a + s − 1)a+

n−1,s−1 + a+
n−1,s−2 (28)

¨ Ê· ¢´¥´¨° ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ a−
ns:

sa−
ns = 2(a + s − 1)a−

n−1,s−1 − a−
n−1,s−2. (29)

‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ n = 1, 2, . . ., ¶·¨ ± ¦¤μ³ n ¶μ² £ ¥É¸Ö s = n, n+1, . . . , 2n,
¨ ¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ a±

00 = 1 ¨ a±
nm = 0, ¥¸²¨ m < n ¨²¨ m > 2n.

� ¸¶μ²μ¦¨³ Ê· ¢´¥´¨Ö (28) ¨ (29) ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  n ¨ ¢
¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  s ¶·¨ ± ¦¤μ³ n. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¤¢¥
·¥±Ê··¥´É´Ò¥ ¶μ μ¡μ¨³ ¨´¤¥±¸ ³ Í¥¶μÎ±¨ Ê· ¢´¥´¨°. �¥Ï¥´¨¥ a±

ns ± ¦¤μ£μ
Ê· ¢´¥´¨Ö ¶·¥¤¸É ¢¨É¸Ö ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° ·¥Ï¥´¨° a±

n−1,s−1 ¨ a±
n−1,s−2

¶·¥¤Ò¤ÊÐ¨Ì Ê· ¢´¥´¨°. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ ¶ · ³¥É·  a μ¡¸Ê¦¤ -
¥³Ò¥ Í¥¶μÎ±¨ (28) ¨ (29) ¨³¥ÕÉ ¨ ¶·¨Éμ³ ¥¤¨´¸É¢¥´´Ò¥ ¨ ´¥É·¨¢¨ ²Ó´Ò¥
·¥Ï¥´¨Ö.

‡ ³¥´¨¢ ¢ Ëμ·³Ê²¥ (14) ËÊ´±Í¨Õ φ± ·Ö¤μ³ (18), ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥
Ëμ·³ ²Ó´μ¥ · §²μ¦¥´¨¥ ËÊ´±Í¨¨ ŠÊ³³¥·  ±² ¸¸  A:

Φ(a ± ı|η|, c + 1; ξ) =Γ(c + 1)
(

2
t

)c ∞∑
n=0

βn
2n∑

s=n

a±
ns ts Z±

c+s(t),

ξ = βt2, β = −ı
q

2
.

(30)
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3.2. ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° ËÊ´±Í¨° ±² ¸¸  A. � ¸ÉμÖÐ¨° ¶Ê´±É
¶μ¸¢ÖÉ¨³  ´ ²¨§Ê ¸¢μ°¸É¢ ±μÔËË¨Í¨¥´Éμ¢ a±

ns.
‡ ³¥É¨³, ÎÉμ Í¥¶μÎ±  Ê· ¢´¥´¨° (28) ¶μ¸²¥ § ³¥´Ò ¢¸¥Ì ¥¥ ´¥¨§¢¥¸É´ÒÌ

a+
mp ¶·μ¨§¢¥¤¥´¨Ö³¨ (−1)m+p a−

mp ¸É ´μ¢¨É¸Ö Í¥¶μÎ±μ° (29). ‘²¥¤μ¢ É¥²Ó´μ,

a−
ns = (−1)n+s a+

ns, n = 1, 2, . . . , s = n, n + 1, . . . , 2n. (31)

�μÔÉμ³Ê ¤μ¸É ÉμÎ´μ ¨¸¸²¥¤μ¢ ÉÓ Éμ²Ó±μ ±μÔËË¨Í¨¥´ÉÒ a+
ns.

� ¶μ³´¨³, ÎÉμ ¶μ μ¶·¥¤¥²¥´¨Õ (10), (11) ±² ¸¸  A ¶ · ³¥É· a ³μ¦¥É
¶·¨´¨³ ÉÓ ²¨ÏÓ ´¥μÉ·¨Í É¥²Ó´Ò¥ §´ Î¥´¨Ö. �Î¥¢¨¤´μ, ÎÉμ ¢ · ¸¸³ É·¨¢ -
¥³μ³ ¸²ÊÎ ¥ a � 0 ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ a+

ns, ¶μ¤Î¨´¥´´Ò¥ ¸¨¸É¥³¥ Ê· ¢´¥-
´¨° (25), ¶μ²μ¦¨É¥²Ó´Ò¥. � ¶·¨³¥·,

a+
00 = 1 ; a+

11 = 2a , a+
12 =

1
2

; a+
22 = 2a(a + 1) , a+

23 = a +
2
3

, a+
24 =

1
8

;

a+
33 =

4
3

a(a + 1)(a + 2) , a+
34 = a2 +

7
3
a + 1 , a+

35 =
1
4
a +

1
3

, a+
36 =

1
48

.

(32)

�·¨ ²Õ¡μ³ Í¥²μ³ n ¶¥·¢μ¥ (s = n) ¨ ¶μ¸²¥¤´¥¥ (s = 2n) Ê· ¢´¥´¨Ö (25)
¨ (27) ¸¨¸É¥³Ò (28) ¸μ¤¥·¦ É Éμ²Ó±μ ¤¢  ±μÔËË¨Í¨¥´É  a+

n,n, a+
n−1,n−1 ¨

a+
n,2n, a+

n−1,2(n−1). �μÔÉμ³Ê ¢¥·´Ò · ¢¥´¸É¢ 

a+
nn =

2n

n!
(a)n, n = 1, 2, . . . , (33)

¨ · ¢¥´¸É¢ 

a+
n,2n =

1
2nn!

, n = 1, 2, . . . . (34)

„¥°¸É¢¨É¥²Ó´μ, ¶μ¸²¥¤μ¢ É¥²Ó´μ Ê³¥´ÓÏ Ö ¨´¤¥±¸ n ´  ¥¤¨´¨ÍÊ ¢ Ê· ¢-
´¥´¨¨ (25) ¨ ¢Ò· ¦ Ö ± ¦¤Ò° · § ±μÔËË¨Í¨¥´É a+

n−k,n−k, k = 1, 2, . . . n− 1,
Î¥·¥§ ¶·¥¤Ò¤ÊÐ¨° ±μÔËË¨Í¨¥´É a+

n−k−1,n−k−1, ¶μ²ÊÎ ¥³

a+
nn = 2

a + n − 1
n

a+
n−1,n−1 =

= 2
a + n − 1

n
2

a + n − 2
n − 1

a+
n−2,n−2 = . . . =

2n

n!
(a)n a+

00.

’ ±¨³ ¦¥ ¸¶μ¸μ¡μ³, ´μ ¨§ Ê· ¢´¥´¨Ö (27) ¢Ò¢μ¤¨³ · ¢¥´¸É¢ 

a+
n,2n =

1
2n

a+
n−1,2(n−1) =

1
2n

1
2(n − 1)

a+
n−2,2(n−2) = . . . =

1
2nn!

a+
00 .
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„μ± ¦¥³ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥: Ê· ¢´¥´¨Ö³ (28) Ê¤μ¢²¥É¢μ·ÖÕÉ ¶·μ¨§-
¢¥¤¥´¨Ö

a+
ns =

2s

s!
(a)s hns , n = 1, 2, . . . , s = n + p, p = 1, 2, . . . , n − 1, (35)

¸μ¤¥·¦ Ð¨¥ p-±· É´Ò¥ ¸Ê³³Ò

hn,n+p =
n+p−1∑

k1=2p−1

ζk1

k1−2∑
k2=2p−3

ζk2

k2−2∑
k3=2p−5

ζk3 . . .

. . .

kp−3−2∑
kp−2=5

ζkp−2

kp−2−2∑
kp−1=3

ζkp−1

kp−1−2∑
kp=1

ζkp , (36)

¢ ±μÉμ·ÒÌ

ζk ≡ 1
4

k

(a + k)(a + k − 1)
, k = 1, 2, . . . , n + p − 1. (37)

�·¨¸ÉÊ¶¨³ ± ¤μ± § É¥²Ó¸É¢Ê. �μ¤¸É ´μ¢±μ° (35) ¸¢¥¤¥³ ¢¸¥ ¨¸Ìμ¤´Ò¥
Ê· ¢´¥´¨Ö (28) ± ¸²¥¤ÊÕÐ¥° Í¥¶μÎ±¥ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´-
Éμ¢ hns:

hns = hn−1,s−1 +
s − 1

4
hn−1,s−2

(a + s − 1) (a + s − 2)
,

n = 1, 2, . . . , s = n, n + 1, . . . , 2n.

(38)

�μ²μ¦¨³ s = n+p; ¸Î¨É ¥³, ÎÉμ p = 1, 2, . . . , n−1; Ë¨±¸¨·Ê¥³ §´ Î¥´¨Ö ¨´-
¤¥±¸μ¢ n ¨ p. ˆ¸¸²¥¤Ê¥³ ±μ´¥Î´ÊÕ ¶μ¤¸¨¸É¥³Ê Í¥¶μÎ±¨ Ê· ¢´¥´¨° (38), μ¶·¥-
¤¥²ÖÕÐÊÕ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ hn−k,n+p−k ¸ ´μ³¥·μ³ k = 0, 1, . . . , n − p − 1.
‡ ¶¨Ï¥³ É ±¨¥ Ê· ¢´¥´¨Ö ¢ ¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ¨´¤¥±¸  k. �¥·¢Ò³ (k = 0)
Ê· ¢´¥´¨¥³ ¡Ê¤¥É Ê· ¢´¥´¨¥

hn,n+p = hn−1,n+p−1 +
1
4

(n + p − 1)hn−1,n+p−2

(a + n + p − 1)(a + n + p − 2)
. (39)

Š ¦¤μ¥ (k = 0, 1, . . . , n − p − 2) ¶·¥¤Ò¤ÊÐ¥¥ Ê· ¢´¥´¨¥ μ± ¦¥É¸Ö ¸Ê³³μ°

hn−k,n+p−k =

= hn−k−1,n+p−k−1 +
1
4

(n + p − k − 1)hn−k−1,n+p−k−2

(a + n + p − k − 1)(a + n + p − k − 2)
, (40)

¶¥·¢μ¥ ¸² £ ¥³μ¥ hn−k−1,n+p−k−1 ±μÉμ·μ° ¡Ê¤¥É ¸Ê³³μ°

hn−k−1,n+p−k−1 =

= hn−k−2,n+p−k−2 +
1
4

(n + p − k − 2)hn−k−2,n+p−k−3

(a + n + p − k − 2)(a + n + p − k − 3)
. (41)
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�μ¸²¥¤´¥¥ (k = n − p − 1) Ê· ¢´¥´¨¥ § ¶¨Ï¥É¸Ö ± ±

hp+1,2p+1 = hp,2p +
p

2
hp,2p−1

(a + 2p)(a + 2p − 1)
. (42)

’¥¶¥·Ó ¶μ¸²¥¤μ¢ É¥²Ó´μ Ê³¥´ÓÏ¨³ §´ Î¥´¨¥ ¨´¤¥±¸  k μÉ n − p + 1 ¤μ ´Ê²Ö
¸ Ï £μ³, · ¢´Ò³ ¥¤¨´¨Í¥, ¨ ´  ± ¦¤μ³ Ï £¥ ¸² £ ¥³μ¥ hn−k−1,n+p−k−1

¸Ê³³Ò (40) § ³¥´¨³ ¸Ê³³μ° (41). ‚ ¨Éμ£¥ ¤²Ö ±μÔËË¨Í¨¥´É  hn,n+p ¶μ²ÊÎ¨³
¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

hn,n+p = hp,2p +
1
4

n−p∑
m=1

(n + p − m)hn−m,n+p−m−1

(a + n + p − m)(a + n + p − m − 1)
. (43)

ˆ¸±²ÕÎ¨³ ¨§ ´¥£μ ¸² £ ¥³μ¥ hp,2p. ‘μ£² ¸´μ · ¢¥´¸É¢ ³ (34) ¨ (35) ¨³¥¥³

hp,2p =
(2p)!
p!

2−3p

(a)2p
, hp−1,2p−2 =

(2p − 2)!
(p − 1)!

2−3p+3

(a)2p−2
.

‘²¥¤μ¢ É¥²Ó´μ, ¢¥·´Ò ¸μμÉ´μÏ¥´¨Ö

hp,2p =
1
4

(2p − 1)hp−1,2p−2

(a + 2p − 1)(a + 2p − 2)
=

=
1
4

(n + p − m)hn−m,n+p−m−1

(a + n + p − m)(a + n + p − m − 1)

∣∣∣∣
m=n−p+1

,

±μÉμ·Ò¥ μ§´ Î ÕÉ, ÎÉμ ¢ Ëμ·³Ê²¥ (43) ±μÔËË¨Í¨¥´É hp,2p · ¢¥´ ¸² £ ¥³μ³Ê
¸Ê³³Ò ¶μ ¨´¤¥±¸Ê m ¶·¨ m = n − p + 1. �μÔÉμ³Ê ¨§ ÔÉμ° Ëμ·³Ê²Ò ¸²¥¤Ê¥É
¶·¥¤¸É ¢²¥´¨¥

hn,n+p =
1
4

n−p+1∑
m=1

(n + p − m)hn−m,n+p−m−1

(a + n + p − m)(a + n + p − m − 1)
.

“¶·μ¸É¨³ ¥£μ. �μ²μ¦¨¢ k1 = n + p − m ¨ ¨¸¶μ²Ó§ÊÖ μ¡μ§´ Î¥´¨¥ (37), ¶μ²Ê-
Î ¥³

hn,n+p =
n+p−1∑

k1=2p−1

ζk1 hk1−p,k1−1. (44)

�·¨ ²Õ¡ÒÌ Í¥²ÒÌ ¨´¤¥±¸ Ì m ¨ km ¨³¥¥É ³¥¸Éμ Éμ¦¤¥¸É¢μ

hkm−p+(m−1),km−1 ≡ hkm−p+(m−1),km−p+(m−1)+p−m.

�μÔÉμ³Ê ²¥¢ Ö Î ¸ÉÓ · ¢¥´¸É¢  (44) μ± ¦¥É¸Ö ±μÔËË¨Í¨¥´Éμ³
hkm−p+(m−1),km−1 ¶μ¸²¥ § ³¥´Ò ¢ ÔÉμ³ · ¢¥´¸É¢¥ n 
→ km − p + (m − 1),
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p 
→ p − m ¨ k1 
→ km. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡μ³ m = 1, 2, . . . , p − 1 ¨
²Õ¡μ³ km > 1

hkm−p+(m−1),km−1 =
km−2∑

km+1=2p−(2m+1)

ζkm+1 hkm+1−(p−m),km+1−1, (45)

±μÉμ·μ¥ ¢ ¸²ÊÎ ¥ m = p − 1 ¸μ¤¥·¦¨É ¶μ¤ §´ ±μ³ ¸Ê³³Ò ±μÔËË¨Í¨¥´ÉÒ
hkp−1,kp−1 c · ¢´Ò³¨ ¤·Ê£ ¤·Ê£Ê ¨´¤¥±¸ ³¨. ‘μ£² ¸´μ Ëμ·³Ê² ³ (33) ¨ (35)
¢¸¥ É ±¨¥ ±μÔËË¨Í¨¥´ÉÒ · ¢´Ò ¥¤¨´¨Í¥. ‡´ Î¨É, ¢ ÔÉμ³ ¸²ÊÎ ¥

hkp−1−2,kp−1−1 =
kp−1−2∑
kp=1

ζkp hkp−1,kp−1 =
kp−1−2∑
kp=1

ζkp . (46)

’¥¶¥·Ó ¢ ¶·¥¤¸É ¢²¥´¨¨ (44) § ³¥´¨³ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ hk1−p,k1−1 ¶· -
¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (45) ¸ ´μ³¥·μ³ m = 1. ‚ ·¥§Ê²ÓÉ É¥ ¨¸±μ³Ò¥ ±μÔË-
Ë¨Í¨¥´ÉÒ hn,n+p ¸É ´ÊÉ ¤¢Ê±· É´Ò³¨ ¸Ê³³ ³¨

hn,n+p =
n+p−1∑

k1=2p−1

ζk1

k1−2∑
k2=2p−3

ζk2hk2−p,k2−1.

‚ ÔÉ¨Ì ¸Ê³³ Ì § ³¥´¨³ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ hk2−p,k2−1 ¸Ê³³ ³¨ (45) ¸ ´μ³¥-
·μ³ m = 2. �·μ¤μ²¦¨³ ¶μ¸É·μ¥´¨¥: ¶·¨ ± ¦¤μ³ m = 3, 4, . . . , p − 2 ±μÔË-
Ë¨Í¨¥´ÉÒ hkm−p+(m−1),km−1 ¶·¥¤¸É ¢¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (45),  
¢ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ m = p − 1 § ³¥´¨³ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ hkp−1−2,kp−1−1

¸Ê³³ ³¨ (46). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ (36), ±μÉμ·μ¥ ¨ É·¥¡μ¢ ²μ¸Ó
¤μ± § ÉÓ.

„²Ö ¶·¨³¥·  § ¶¨Ï¥³ ¤μ± § ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (35), (37) ¶·¨ p = 1, 2.
…¸²¨ p = 1, Éμ a+

n,n+p Ä μ¤´μ±· É´ Ö ¸Ê³³ 

a+
n,n+1 =

2n−1

(n + 1)!
(a)n+1

n∑
k=1

k

(a + k)(a + k − 1)
.

…¸²¨ p = 2, Éμ a+
n,n+p Å ¤¢Ê±· É´ Ö ¸Ê³³ :

a+
n,n+2 =

2n−2

(n + 2)!
(a)n+2

n+1∑
k=3

k

(a + k)(a + k − 1)

k−2∑
m=1

m

(a + m)(a + m − 1)
.

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¤¢  μ¸μ¡μ ¢ ¦´ÒÌ ¸²ÊÎ Ö a = 0 ¨ a = 1.
‘²ÊÎ ° a = 0. ’μ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ (a)n = 0 ¶·¨ ²Õ¡μ³ n = 1, 2, . . . ¨

¸μ£² ¸´μ · ¢¥´¸É¢ ³ (33) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ a+
ns c ´μ³¥·μ³ s = n � 1 · ¢´Ò
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´Ê²Õ. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ Í¥²μ³ n ¸¨¸É¥³  Ê· ¢´¥´¨° (28) ¢Ò·μ¦¤ ¥É¸Ö ¢
¸¨¸É¥³Ê

(n + 1) a+
n,n+1 = 2na+

n−1,n, s = n + 1, n > 1;
sa+

ns = 2(s − 1) a+
n−1,s−1 + a+

n−1,s−2, s = n + 2, n + 3, . . . , 2n − 1;
2na+

n,2n = a+
n−1,2(n−1), s = 2n,

(47)

  · ¢¥´¸É¢  (32) ¶μ·μ¦¤ ÕÉ · ¢¥´¸É¢ 

a+
00 = 1; a+

11 = 0, a+
12 =

1
2
; a+

22 = 0, a+
23 =

2
3
, a+

24 =
1
8
;

a+
33 = 0, a+

34 = 1, a+
35 =

1
3
, a+

36 =
1
48

.

(48)

ˆ§ Ê· ¢´¥´¨° (47) ¸ ¨´¤¥±¸μ³ s = n + 1 ¨ s = 2n ¸²¥¤ÊÕÉ Ëμ·³Ê²Ò

a+
n,n+1 =

2n−1

n + 1
, a+

n,2n =
1

2nn!
, n = 1, 2, . . . . (49)

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ (a = 0) Ëμ·³Ê²Ò (37), ¸É ´μ¢ÖÉ¸Ö · ¢¥´¸É¢ ³¨

ζk|a=0 =
1

4(k − 1)
, k = 1, 2, . . . , n + p − 1 .

�μÔÉμ³Ê ¶·¨ ²Õ¡μ³ n = 1, 2, . . . ¨ ²Õ¡μ³ p = 2, 3, . . . , n ¶·¥¤¸É ¢²¥´¨Ö (35),
(36) § ³¥É´μ Ê¶·μÐ ÕÉ¸Ö ¨ ¸¢μ¤ÖÉ¸Ö ± · ¢¥´¸É¢Ê

a+
n,n+p =

2n−p

n + p

n+p−2∑
k1=2p−2

1
k1

k1−2∑
k2=2p−4

1
k2

k2−2∑
k3=2p−6

1
k3

. . .

. . .

kp−4−2∑
kp−3=6

1
kp−3

kp−3−2∑
kp−2=4

1
kp−2

kp−2−2∑
kp−1=2

1
kp−1

. (50)

ˆ§ ÔÉμ£μ · ¢¥´¸É¢  ¶·¨ p = 1 ¨ p = 2 ¨³¥¥³

a+
n,n+2 =

2n−2

n + 2

n∑
k=2

1
k

=
2n−2

n + 2
[ ψ(1 + n) − 1 + γe ] ,

a+
n,n+3 =

2n−3

n + 3

n+1∑
k=4

1
k

k−2∑
m=2

1
m

,

£¤¥ ψ ¨ γe Å ¨§¢¥¸É´Ò¥ ¶¸¨-ËÊ´±Í¨Ö ¨ ±μ´¸É ´É  	°²¥·  [3].
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‘²ÊÎ ° a = 1. ’μ²Ó±μ ¢ ÔÉμ³ ¸²ÊÎ ¥ (a)n = n!,   ±μÔËË¨Í¨¥´É a + s − 1
· ¢¥´ s. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ n � 1 ¸¨¸É¥³  Ê· ¢´¥´¨° (28) ¸É ´μ¢¨É¸Ö
¸¨¸É¥³μ°

sa+
ns = 2sa+

n−1,s−1 + a+
n−1,s−2 , n = 1, 2, . . . s = n, n + 1, . . . , 2n , (51)

  ¨§ · ¢¥´¸É¢ (32) ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

a+
00 = 1 ; a+

11 = 2, a+
12 =

1
2
; a+

22 = 4, a+
23 =

5
3
, a+

24 =
1
8
;

a+
33 = 8, a+

34 =
13
3

, a+
35 =

7
12

, a+
36 =

1
48

.

(52)

�² £μ¤ ·Ö Ê· ¢´¥´¨Ö³ (51) ¸ ¨´¤¥±¸μ³ s = n ¨ s = 2n ¢¥·´Ò ¤¢  ¶·¥¤-
¸É ¢²¥´¨Ö:

a+
nn = 2n , a+

n,2n =
1

2nn!
, n = 1, 2, . . . . (53)

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ (a = 1) ¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (37)

ζk|a=1 =
1

4(k + 1)
, k = 1, 2, . . . , n + p − 1 .

�μÔÉμ³Ê ¶·¨ n = 1, 2, . . . ¨ p = 1, 2, . . . , n ¶·¥¤¸É ¢²¥´¨¥ (35) ¢Ò·μ¦¤ ¥É¸Ö ¢
· ¢¥´¸É¢μ

a+
n,n+p = 2n−p

n+p∑
k1=2p

1
k1

k1−2∑
k2=2p−2

1
k2

k2−2∑
k3=2p−4

1
k3

. . .

. . .

kp−3−2∑
kp−2=6

1
kp−2

kp−2−2∑
kp−1=4

1
kp−1

kp−1−2∑
kp=2

1
kp

, (54)

¨§ ±μÉμ·μ£μ ¢ ¸²ÊÎ Ö p = 1 ¨ p = 2 ¸²¥¤ÊÕÉ ¤¢  ¸μμÉ´μÏ¥´¨Ö:

a+
n,n+1 = 2n−1 [ψ(2 + n) − 1 + γe ] , a+

n,n+2 = 2n−2
n+2∑
k=4

1
k

k−2∑
m=2

1
m

.

3.3. � §²μ¦¥´¨Ö ËÊ´±Í¨° ±² ¸¸  B. �μ¸É·μ¨³ · §²μ¦¥´¨¥ ¶·μ¨§¢¥-
¤¥´¨Ö ËÊ´±Í¨° exp(−βγt2) ¨ Φ(a ± ı|η|, c + 1; ξ), ξ = βt2, ¶·¨´ ¤²¥¦ Ð¥¥
³´μ¦¥¸É¢Ê B, μ¶·¥¤¥²¥´´μ³Ê Ëμ·³Ê² ³¨ (10) ¨ (11). „²Ö ÔÉμ£μ ¶·¨³¥´¨³
³¥Éμ¤, ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò° ¢ ¶. 3.1. ‘´ Î ²  § ¶¨Ï¥³

lim
β→0

[
exp (βγt2)Φ(a ± ı|η|, c + 1; ξ)

]
= Γ(c + 1)

(
2
t

)c

Z±
c (t). (55)
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‡ É¥³, ¨¸¶μ²Ó§ÊÖ μ¶¥· Éμ· D±
c , § ¤ ´´Ò° Ëμ·³Ê²μ° (16), ¨ ¶μ¤¸É ´μ¢±Ê

Φ(a ± ı|η|, c + 1; ξ) = Γ(c + 1)
(

2
t

)c

exp (βγt2)ψ±(t, β, γ), (56)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ ŠÊ³³¥·  (12) ± Ê· ¢´¥´¨Õ

D±
c (t)ψ± = 2β [ (1 − 2γ)t∂t + (2a − c − 2γ) ] ψ± + 4β2γ(1 − γ) ψ± .

� ±μ´¥Í, ¤μ± ¦¥³, ÎÉμ ÔÉμ³Ê Ê· ¢´¥´¨Õ Ëμ·³ ²Ó´μ Ê¤μ¢²¥É¢μ·Ö¥É ·Ö¤

ψ±(t, β, γ) =
∞∑

n=0

βn
2n∑

s=n

b±ns ts Z±
c+s(t), (57)

±μÔËË¨Í¨¥´ÉÒ b±ns, ±μÉμ·μ£μ μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö Í¥¶μÎ±μ° Ê· ¢´¥´¨°

sb±ns = 2 [a − 1 + γ(1 − c) + (1 − 2γ) s ] b±n−1,s−1±

± (1 − 2γ) b±n−1,s−2 + 2γ(1 − γ)
[
2 (c + s − 1) b±n−2,s−2 ± b±n−2,s−3

]
. (58)

‚ ÔÉμ° Í¥¶μÎ±¥ n = 1, 2, . . ., ¶·¨ ± ¦¤μ³ n ¶μ² £ ¥É¸Ö s = n, n + 1, . . . , 2n ¨
¶μ¤· §Ê³¥¢ ¥É¸Ö, ÎÉμ b±00 = 1,   b±nm = 0, ¥¸²¨ m < n ¨²¨ m > 2n.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¤²Ö ¢Ò¢μ¤  É·¥Ì Í¥¶μÎ¥± Ê· ¢´¥´¨° (28), (29) ¨ (58)
±²ÕÎ¥¢Ò³¨ Ö¢²ÖÕÉ¸Ö Éμ¦¤¥¸É¢μ (19) ¨ Ê¸²μ¢¨¥ · ¢¥´¸É¢  ´Ê²Õ ±μÔËË¨Í¨¥´É 
¶¥·¥¤ ± ¦¤μ° ËÊ´±Í¨¥° t−1Z±

c+s ¸ ´μ³¥·μ³ s = n + 1, . . . , 2n− 1.
’¥¶¥·Ó, ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (56) ¨ (57) ¨ ¸²¥¤ÊÕÐ¨¥ ¨§ Ê· ¢´¥´¨° (58)

· ¢¥´¸É¢ 

b−ns = (−1)n+s b+
ns , n = 1, 2, . . . , s = n, n + 1, . . . , 2n ,

§ ¶¨Ï¥³ ¨¸±μ³μ¥ · §²μ¦¥´¨¥ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

exp (−βγt2)Φ(a ± ı|η|, c + 1, ξ) =

= Γ(c + 1)
(

2
t

)c ∞∑
n=0

(±β)n
2n∑

s=n

b+
ns (±t)s Z±

c+s(t), (59)

¢ ±μÉμ·μ³ β = −ıq/2 ¨ ξ = βt2.
3.4. ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨° ËÊ´±Í¨° ±² ¸¸  B ¢ μ¸μ¡μ³ ¸²ÊÎ ¥.

� ¸ÉμÖÐ¨° ¶Ê´±É ¶μ¸¢ÖÉ¨³ ¢Ò¢μ¤Ê Ö¢´ÒÌ ¶·¥¤¸É ¢²¥´¨° ±μÔËË¨Í¨¥´Éμ¢ b±ns

¢ μ¸μ¡μ³ ¸²ÊÎ ¥ 2γ = 1, 2a = c+1. ‚ ÔÉμ³ ¸²ÊÎ ¥ Ê· ¢´¥´¨Ö (58) ¶·¨´¨³ ÕÉ
¢¨¤

2sb±ns = 2(c + s − 1)b±n−2,s−2 ± b±n−2,s−3, (60)
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£¤¥ s = n, n + 1, . . . , 2n ¶·¨ ± ¦¤μ³ n = 1, 2, . . . ¨ ¶μ μ¶·¥¤¥²¥´¨Õ b±00 = 1,  
b±nm = 0, ¥¸²¨ m < n ¨²¨ m > 2n.

�·¨¸ÉÊ¶¨³ ± ¨¸¸²¥¤μ¢ ´¨Õ Ê· ¢´¥´¨° (60). Š ¦¤μ¥ ¨§ ´¨Ì ¸μ¤¥·¦¨É É·¨
¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´É  b±n,s, b±n−2,s−2 ¨ b±n−2,s−3. …¸²¨ n Ä ´¥Î¥É´μ¥ Î¨¸²μ,
Éμ ¨ n − 2 Ä ´¥Î¥É´μ¥; ¶·¨ ²Õ¡μ³ Î¥É´μ³ n Î¨¸²μ n − 2 Ä Î¥É´μ¥. ‘²¥¤μ-
¢ É¥²Ó´μ, ¢¸Ö Í¥¶μÎ±  μ¡¸Ê¦¤ ¥³ÒÌ Ê· ¢´¥´¨° (60) · ¸¶ ¤ ¥É¸Ö ´  ¤¢¥ ´¥§ -
¢¨¸¨³Ò¥ ¤·Ê£ μÉ ¤·Ê£ , ´μ ·¥±Ê··¥´É´Ò¥ Í¥¶μÎ±¨. ‚ ¶¥·¢μ° Í¥¶μÎ±¥ ¨´¤¥±¸
n ¶·¨´¨³ ¥É Éμ²Ó±μ ´¥Î¥É´Ò¥ §´ Î¥´¨Ö (n = 1, 3, . . .),   ¢μ ¢Éμ·μ° Í¥¶μÎ±¥
¨´¤¥±¸ n · ¢¥´ Î¥É´μ³Ê Î¨¸²Ê (n = 2, 4, . . .). ‘μ£² ¸´μ Ê· ¢´¥´¨Ö³ (60) ±μ-
ÔËË¨Í¨¥´ÉÒ b±11 ¨ b±12 · ¢´Ò ´Ê²Õ. �μÔÉμ³Ê ¶¥·¢ Ö Í¥¶μÎ±  ¨³¥¥É Éμ²Ó±μ
É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥: b±ns = 0 ¶·¨ n = 1, 3, . . . ¨ ²Õ¡μ³ s. ‚Éμ· Ö Í¥¶μÎ± 
¸μ¤¥·¦¨É ´¥´Ê²¥¢μ° ±μÔËË¨Í¨¥´É b±00 = 1 ¨ ¶μÔÉμ³Ê ¨³¥¥É ´¥É·¨¢¨ ²Ó´μ¥
·¥Ï¥´¨¥. �·¥¤¸É ¢¨³ ÔÉÊ Í¥¶μÎ±Ê ¢ ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ¥¥ ¨¸¸²¥¤μ¢ ´¨Ö
¢¨¤¥. „²Ö ÔÉμ£μ ¢ ¨¸Ìμ¤´ÒÌ Ê· ¢´¥´¨ÖÌ (60) ¸¤¥² ¥³ § ³¥´Ê n 
→ 2n ¨ ¶μ²μ-
¦¨³ d±ns = b±2n,s. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ Í¥¶μÎ±Ê Ê· ¢´¥´¨°

2sd±ns = 2(c + s − 1)d±n−1,s−2 ± d±n−1,s−3 , (61)

¢ ±μÉμ·ÒÌ s = 2n, 2n + 1, . . . , 4n ¶·¨ ± ¦¤μ³ n = 1, 2, . . . ¨ ¶μ μ¶·¥¤¥²¥´¨Õ
d±00 = 1,   d±nm = 0, ¥¸²¨ ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ m < 2n ¨²¨ Ê¸²μ¢¨¥ m > 4n.
�² £μ¤ ·Ö ÔÉ¨³ Ê¸²μ¢¨Ö³ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ d±ns ¸ ¨´¤¥±¸μ³ s � 3n+1 · ¢´Ò
´Ê²Õ. �μÔÉμ³Ê ¤ ²¥¥ ¶μ² £ ¥³ s = 2n, 2n + 1, . . . 3n ¤²Ö ± ¦¤μ£μ Í¥²μ£μ n,  
¢¸¥ ±μÔËË¨Í¨¥´ÉÒ d±nm ¸Î¨É ¥³ · ¢´Ò³¨ ´Ê²Õ, ¥¸²¨ m < 2n ¨²¨ m > 3n.

�·¨¢¥¤¥³ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö, μ¡Ê¸²μ¢²¥´´Ò¥ ¸É·μ¥´¨¥³ Ê· ¢-
´¥´¨° (61). ‘μ£² ¸´μ ÔÉ¨³ Ê· ¢´¥´¨Ö³ ±μÔËË¨Í¨¥´ÉÒ d−ns ¨ d+

ns ¸¢Ö§ ´Ò
¶·μ¸ÉÒ³ μ¡· §μ³:

d−ns = (−1)s d+
ns , n = 1, 2, . . . , s = 2n, 2n + 1, . . . , 3n. (62)

�μÔÉμ³Ê ¤μ¸É ÉμÎ´μ ¨¸¸²¥¤μ¢ ÉÓ Éμ²Ó±μ ±μÔËË¨Í¨¥´ÉÒ d+
ns. �·¨ Ê¸²μ¢¨¨

c � 0, Ê± § ´´μ³ ¢ ¸¶¨¸±¥ μ£· ´¨Î¥´¨° (11), ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ d+
ns ¶μ²μ¦¨-

É¥²Ó´Ò¥. � ¶·¨³¥·,

d+
00 = 1 ; d12 =

c + 1
2

, d+
13 =

1
6
;

d+
24 =

1
8
(c + 1)(c + 3), d+

25 =
1
60

(5c + 11), d+
26 =

1
72

.

(63)

‚ ¤¢ÊÌ ¸²ÊÎ ÖÌ s = 2n ¨ s = 3n ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ d+
ns μ¶·¥¤¥²ÖÕÉ¸Ö ¤μ-

¢μ²Ó´μ ¶·μ¸Éμ. ‚ ¸²ÊÎ ¥ s = 2n Ê· ¢´¥´¨¥ (61) Ö¢²Ö¥É¸Ö · ¢¥´¸É¢μ³

2nd±n,2n = (c + 2n− 1)d±n−1,2n−2,
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¡² £μ¤ ·Ö ±μÉμ·μ³Ê

d+
n,2n =

(c + 2n − 1)!!
2nn!(c − 1)!!

, (0)!! = 1 , n = 1, 2, . . . . (64)

‚ ¸²ÊÎ ¥ s = 3n Ê· ¢´¥´¨¥ (61) ¢Ò·μ¦¤ ¥É¸Ö ¢ Ê· ¢´¥´¨¥

6nd±n,3n = d±n−1,3n−3,

¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ

d+
n,3n =

1
6nn!

, n = 1, 2, . . . . (65)

„μ± ¦¥³ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥: Ê· ¢´¥´¨Ö³ (61) Ê¤μ¢²¥É¢μ·ÖÕÉ ¶·μ¨§-
¢¥¤¥´¨Ö

d+
ns =

(c + s − 1)!!
s!!

rns, n = 1, 2, . . . , s = 2n + p, p = 1, 2, . . . , n − 1,

(66)
¸μ¤¥·¦ Ð¨¥ p-±· É´Ò¥ ¸Ê³³Ò

rn,2n+p =
1

(c − 1)!!

n−1∑
k1=p−1

χk1,p

k1−1∑
k2=p−2

χk2,p−1

k2−1∑
k3=p−3

χk3,p−2 . . .×

× . . .

kp−3−1∑
kp−2=2

χkp−2,3

kp−2−1∑
kp−1=1

χkp−1,2

kp−1−1∑
kp=0

χkp,1, (67)

¢ ±μÉμ·ÒÌ

χkp ≡ 1
2

(2k + p)!!
(2k + p − 1)!!

(c + 2k + p − 2)!!
(c + 2k + p + 1)!!

, k = 0, 1, . . . , n − 1 . (68)

„μ± § É¥²Ó¸É¢μ ¢Ò¶μ²´¨³ ¶μ  ´ ²μ£¨¨ ¸ ¢Ò¢μ¤μ³ ¸μμÉ´μÏ¥´¨° (35) ¨
(36), ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³ ¢ ¶. 3.2. �μ¤¸É ´μ¢±μ° (66) ¸¢¥¤¥³ ¢¸¥ ¨¸Ìμ¤´Ò¥
Ê· ¢´¥´¨Ö (61) ± ¸²¥¤ÊÕÐ¥° Í¥¶μÎ±¥ Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´-
Éμ¢ rns:

rns = rn−1,s−2 +
1
2

(s − 2)!!
(s − 3)!!

(c + s − 4)!!
(c + s − 1)!!

rn−1,s−3. (69)

‚ ÔÉμ° Í¥¶μÎ±¥ s = 2n, 2n + 1, . . . , 3n ¶·¨ ± ¦¤μ³ n = 1, 2, . . . . ”¨±¸¨·Ê¥³
§´ Î¥´¨Ö ¨´¤¥±¸μ¢ n ¨ s. ‚¢¥¤¥³ ³ É·¨ÍÊ Q ¸ Ô²¥³¥´É ³¨

Qsk ≡ 1
2

(s − 2k − 2)!!
(s − 2k − 3)!!

(c + s − 2k − 4)!!
(c + s − 2k − 1)!!

, k = 0, 1, . . . , 3n − s − 1 . (70)
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ˆ¸¸²¥¤Ê¥³ ±μ´¥Î´ÊÕ ¶μ¤¸¨¸É¥³Ê Í¥¶μÎ±¨ Ê· ¢´¥´¨° (69), μ¶·¥¤¥²ÖÕÐÊÕ ¢¸¥
±μÔËË¨Í¨¥´ÉÒ rn−k,s−2k. ’ ±ÊÕ ¶μ¤¸¨¸É¥³Ê μ¡· §ÊÕÉ Ê· ¢´¥´¨Ö

rn−k,s−2k = rn−k−1,s−2k−2 + Qsk rn−k−1,s−2k−3

¸ ´μ³¥·μ³ k = 0, 1, . . . , 3n − s − 1. ‡ ¶¨Ï¥³ É ±¨¥ Ê· ¢´¥´¨Ö ¢ ¶μ·Ö¤±¥
¢μ§· ¸É ´¨Ö ´μ³¥·  k. ‡ É¥³, ´ Î¨´ Ö ¸ ¶·¥¤¶μ¸²¥¤´¥£μ Ê· ¢´¥´¨Ö, ¢ ± ¦¤μ³
¶·¥¤Ò¤ÊÐ¥³ Ê· ¢´¥´¨¨ § ³¥´¨³ ±μÔËË¨Í¨¥´É rn−k−1,s−2k−2 ¶· ¢μ° Î ¸ÉÓÕ
¶μ¸²¥¤ÊÕÐ¥£μ Ê· ¢´¥´¨Ö. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

rns = rs−2n,3s−6n +
3n−s−1∑

k=0

Qsk rn−k−1,s−2k−3,

±μÉμ·μ¥ ¶μ¤¸É ´μ¢±μ° s = 2n + p ¶·¨¢¥¤¥³ ± Ê· ¢´¥´¨Õ

rn,2n+p = rp,3p +
n−p−1∑

k=0

Q2n+p,k rn−k−1,2n+p−2k−3, (71)

¸μ¤¥·¦ Ð¥³Ê ±μÔËË¨Í¨¥´É rp,3p. ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (65), (66) ¨ (70), ´ °-
¤¥³ ÔÉμÉ ±μÔËË¨Í¨¥´É ¨ ±μÔËË¨Í¨¥´É rp−1,3(p−1). ‡ É¥³ § ¶¨Ï¥³ É·¨ · -
¢¥´¸É¢ :

rp,3p =
(3p)!!

(c + 3p)!!
1

6pp!
= Q2n+p,n−p rp−1,3(p−1) =

= Q2n+p,k rn−k−1,2n+p−2k−3|k=n−p ,

±μÉμ·Ò¥ μ§´ Î ÕÉ, ÎÉμ ¢ Ëμ·³Ê²¥ (71) ±μÔËË¨Í¨¥´É rp,3p · ¢¥´ ¸² £ ¥³μ³Ê
¸Ê³³Ò ¶μ ¨´¤¥±¸Ê k ¶·¨ k = n − p. ‘²¥¤μ¢ É¥²Ó´μ, ÔÉÊ Ëμ·³Ê²Ê ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ · ¢¥´¸É¢μ³

rn,2n+p =
n−p∑
k=0

Q2n+p,k rn−k−1,2n+p−2k−3.

‚ ÔÉμ³ · ¢¥´¸É¢¥ ¶¥·¥°¤¥³ ± ¨´¤¥±¸Ê ¸Ê³³¨·μ¢ ´¨Ö k1 = n − k − 1, § É¥³
¸μ£² ¸´μ μ¶·¥¤¥²¥´¨Ö³ (68) ¨ (70) ¶μ²μ¦¨³ Q2n+p,k1 = χk1p ¨ ¢ ¨Éμ£¥ ¶μ²Ê-
Î¨³ ¶·¥¤¸É ¢²¥´¨¥

rn,2n+p =
n−1∑

k1=p−1

χk1p rk1,2k1+(p−1), (72)

¢¸²¥¤¸É¢¨¥ ±μÉμ·μ£μ ¶·¨ m = 0, 1, . . . , p − 1 ¨ km = 1, 2, . . . ¢¥·´μ · ¢¥´¸É¢μ

rkm,2km+p−m =
km−1∑

km+1=p−m−1

χkm+1,p−m rkm+1,km+1+p−m−1. (73)
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‚ ¸²ÊÎ ¥ m = p− 1 É ±μ¥ · ¢¥´¸É¢μ ¸μ¤¥·¦¨É ¶μ¤ §´ ±μ³ ¸Ê³³Ò ±μÔËË¨Í¨-
¥´ÉÒ rkp,2kp . ‘μ£² ¸´μ Ëμ·³Ê² ³ (64) ¨ (66) ¢¸¥ É ±¨¥ ±μÔËË¨Í¨¥´ÉÒ · ¢´Ò
1/(c − 1)!!. ‡´ Î¨É, ¢ ÔÉμ³ ¸²ÊÎ ¥

rkp−1,2kp−1+1 =
kp−1−1∑
kp=0

χkp,1 rkp,2kp =
1

(c − 1)!!

kp−1−1∑
kp=0

χkp,1 . (74)

’¥¶¥·Ó ¢Ò¶μ²´¨³ ¸²¥¤ÊÕÐ¨¥ ¶·¥μ¡· §μ¢ ´¨Ö. ‚ Ëμ·³Ê²¥ (72) § ³¥´¨³
¢¸¥ ±μÔËË¨Í¨¥´ÉÒ rk1,2k1+p−1 ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (73) ¸ ´μ³¥·μ³
m = 1. ‚ ·¥§Ê²ÓÉ É¥ ¨¸±μ³Ò¥ ±μÔËË¨Í¨¥´ÉÒ rn,2n+p ¸É ´ÊÉ ¤¢Ê±· É´Ò³¨
¸Ê³³ ³¨, ¸μ¤¥·¦ Ð¨³¨ ±μÔËË¨Í¨¥´ÉÒ rk2,k2+p−2. ‡ ³¥´¨³ ÔÉ¨ ±μÔËË¨Í¨-
¥´ÉÒ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (73), m = 2. �·μ¤μ²¦¨³ ¶μ¸É·μ¥´¨¥: ¶·¨
± ¦¤μ³ m = 3, 4, . . . , p− 2 ±μÔËË¨Í¨¥´ÉÒ rkm,2km+p−m ¶·¥¤¸É ¢¨³ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (73),   ¢ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ m = p−1 § ³¥´¨³ ¢¸¥ ±μÔË-
Ë¨Í¨¥´ÉÒ rkp−1,2kp−1+1 ¸Ê³³ ³¨ (74). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ (67),
±μÉμ·μ¥ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

4. �ˆ‡Š�
�…�ƒ…’ˆ—…‘Šˆ… �‘ˆŒ�’�’ˆŠˆ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ·¥Ï¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¨¸¶μ²Ó§ÊÖ ±²ÕÎ¥¢Ò¥ · §-
²μ¦¥´¨Ö (30), (59), ¶μ¸É·μ¨ÉÓ ¨ ¨¸¸²¥¤μ¢ ÉÓ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶Éμ-
É¨±¨ ¢¸¥Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψc

μ ¨ Fλ, § ¤ ´´ÒÌ Ëμ·³Ê² ³¨ (5), (7) ¨ (8), (9).
�· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì Ëμ·³Ê² ¸μ¤¥·¦ É ¶·μ¨§¢¥¤¥´¨Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±-
Í¨¨ ¨ ËÊ´±Í¨¨ ŠÊ³³¥· . �·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´μ³ ¢Ò¡μ·¥ ¶ · ³¥É·μ¢ a, c,
γ ¨  ·£Ê³¥´É  t É ±¨¥ ¶·μ¨§¢¥¤¥´¨Ö ¸É ´μ¢ÖÉ¸Ö Ô²¥³¥´É ³¨ ±² ¸¸  B,   ¨Ì
¸μ³´μ¦¨É¥²¨, · ¢´Ò¥ ËÊ´±Í¨Ö³ ŠÊ³³¥· , ¶·¨´ ¤²¥¦ É ±² ¸¸Ê A. ‘²¥¤μ¢ -
É¥²Ó´μ, ¤²Ö ËÊ´±Í¨° Ψc

μ ¨ Fλ ´¥É·Ê¤´μ ¶μ¸É·μ¨ÉÓ Ëμ·³ ²Ó´Ò¥ · §²μ¦¥´¨Ö
¤¢ÊÌ É¨¶μ¢. �μ μ¶·¥¤¥²¥´¨Õ · §²μ¦¥´¨¥ ¶¥·¢μ£μ É¨¶  ¸μ¤¥·¦¨É Ô±¸¶μ´¥´-
Í¨ ²Ó´Ò° ³´μ¦¨É¥²Ó,   ¢ · §²μ¦¥´¨¨ ¢Éμ·μ£μ É¨¶  É ±μ° ³´μ¦¨É¥²Ó μÉ¸ÊÉ-
¸É¢Ê¥É. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ · §²μ¦¥´¨Ö ¶¥·¢μ£μ É¨¶ , ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (5) ¨ (8)
ËÊ´±Í¨° Ψc

μ ¨ Fλ § ³¥´¨³ ËÊ´±Í¨¨ ŠÊ³³¥·  ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·Ö¤ ³¨ (30).
� §²μ¦¥´¨Ö ¢Éμ·μ£μ É¨¶  ¢Ò¢¥¤¥³ ¨§ É¥Ì ¦¥ ¶·¥¤¸É ¢²¥´¨°, ´μ ¤²Ö ÔÉμ£μ § -
³¥´¨³ ¢ ´¨Ì ¶·μ¨§¢¥¤¥´¨Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ ¨ ËÊ´±Í¨¨ ŠÊ³³¥· 
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·Ö¤ ³¨ (59). „²Ö ¤μ± § É¥²Ó¸É¢  · ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨
¢¸¥Ì ¶μ²ÊÎ¥´´ÒÌ · §²μ¦¥´¨° ËÊ´±Í¨° Ψc

μ ¨ Fλ ¢μ¸¶μ²Ó§Ê¥³¸Ö ·¥§Ê²ÓÉ É ³¨
· ¡μÉÒ [2]. ’ ±ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ¶·μ¨²²Õ¸É·¨·Ê¥³ ¢ÒÎ¨¸²¥´¨Ö³¨ ¢ Ë¨§¨Î¥¸-
±¨ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´μ³ ¸²ÊÎ ¥ É·¥Ì³¥·´μ£μ (d = 3, μ = 0) ±Ê²μ´μ¢¸±μ£μ
· ¸¸¥Ö´¨Ö.

4.1. �¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨. ‘´ Î ²  ¶·¨³¥´¨³ Ê¸É ´μ¢²¥´´Ò¥
¢ ¶ 3.3 ¸¢μ°¸É¢  ±μÔËË¨Í¨¥´Éμ¢ a±

ns. ‚ · §²μ¦¥´¨¨ (30) ¢Ò· §¨³ ±μÔËË¨Í¨-
¥´ÉÒ a−

ns Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ a+
ns ¨ ¶μ²ÊÎ¨³ ¸¶· ¢¥¤²¨¢μ¥ ¶·¨ ²Õ¡μ³ a � 0
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· §²μ¦¥´¨¥

Φ(a ± ı|η|, c + 1; ξ) = Γ(c + 1)
(

2
t

)c ∞∑
n=0

(±β)n
2n∑

s=n

a+
ns (±t)s Z±

c+s(t). (75)

’μ²Ó±μ ¶·¨ a = 0 ÔÉμ · §²μ¦¥´¨¥ ¡² £μ¤ ·Ö · ¢¥´¸É¢ ³ a+
00 = 1 ¨ a+

nn = 0,
n = 0, 1, . . ., ¶·¨´¨³ ¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

Φ(±ı|η|, c + 1; ξ) =

= Γ(c + 1)
(

2
t

)c
[

Z±
c (t) +

∞∑
n=1

(±β)n
2n∑

s=n+1

a+
ns (±t)s Z±

c+s(t)

]
. (76)

’¥¶¥·Ó ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc
μ ¢Ò¢¥¤¥³ ¤¢  · §²μ¦¥´¨Ö ¶¥·¢μ£μ É¨¶ .

‚ ¶·¥¤¸É ¢²¥´¨¨ (5) ËÊ´±Í¨¨ Ψc
μ ¨³¥¥É¸Ö ËÊ´±Í¨Ö ŠÊ³³¥·  Φ(μ + ıη,

μ+1; ξ). ‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Ö³ (1), (6) ¨ (11) É ± Ö ËÊ´±Í¨Ö ŠÊ³³¥·  ¡Ê¤¥É
·Ö¤μ³ (75), ¥¸²¨ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö a = μ + 1 ¨

c = μ , β = −ı
q

2
, ξ = βt2 , t = ω =

√
8ρ|η| sin θ

2
. (77)

�·¨³¥³ ¢¸¥ ÔÉ¨ Ê¸²μ¢¨Ö. ‚ Ëμ·³Ê²¥ (5) ¶·¥¤¸É ¢¨³ ËÊ´±Í¨Õ Φ(μ+ıη, μ+1; ξ)
¢ ¢¨¤¥ ·Ö¤  (75) ¨ É ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ · §²μ¦¥´¨¥ ¶¥·¢μ£μ É¨¶ 

Ψc
μ(ρ, θ,±|η|) = Bμ(η) Γ(μ + 1) exp(ıρ)×

×
(

2
w

)μ ∞∑
n=0

(
∓ı

q

2

)n 2n∑
s=n

a+
ns (±w)s Z±

μ+s(w). (78)

‚¸¥ ±μÔËË¨Í¨¥´ÉÒ a+
ns ÔÉμ£μ · §²μ¦¥´¨Ö ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ ¶μ Ëμ·³Ê² ³ (28),

(32)Ä(34) ¨²¨ (35)Ä(37). �¥·¥¤ ¢ÒÎ¨¸²¥´¨¥³ ¢ ÔÉ¨Ì Ëμ·³Ê² Ì ´Ê¦´μ ¶μ²μ-
¦¨ÉÓ a = μ + 1. ‚ ¸²ÊÎ ¥ d = 3, μ = 0, a = 1 ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ a+

ns

μ¶·¥¤¥²ÖÕÉ¸Ö ¡μ²¥¥ ¶·μ¸ÉÒ³¨ ¸μμÉ´μÏ¥´¨Ö³¨ (51)Ä(53) ¨ (54).

’¥¶¥·Ó ¢³¥¸Éμ ¶·¥¤¸É ¢²¥´¨Ö (5) ËÊ´±Í¨¨ Ψc
μ ¨¸¶μ²Ó§Ê¥³ ¥¥ ¶·¥¤¸É ¢²¥-

´¨¥ (7) Î¥·¥§ ËÊ´±Í¨Õ ŠÊ³³¥·  Φ(−ıη, μ + 1;−ξ). —Éμ¡Ò ¶μ¸É·μ¨ÉÓ · §²μ-
¦¥´¨¥ É ±μ° ËÊ´±Í¨¨ ŠÊ³³¥· , ¨¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ò (76) ¨ (77) ¨ ¢Ò¶μ²´¨³
§ ³¥´Ê η 
→ −η, ξ 
→ −ξ, ±μÉμ· Ö · ¢´μ¸¨²Ó´  ±μ³¶²¥±¸´μ³Ê ¸μ¶·Ö¦¥´¨Õ. ‚
· ¢¥´¸É¢¥ (7) ¶·¥¤¸É ¢¨³ ËÊ´±Í¨Õ Φ(−ıη, μ + 1;−ξ) ¥¥ ¶μ¸É·μ¥´´Ò³ · §²μ-
¦¥´¨¥³ ¨ ¢ ¨Éμ£¥ ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc

μ ¶μ²ÊÎ¨³ ¥Ð¥ μ¤´μ · §²μ¦¥´¨¥
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¶¥·¢μ£μ É¨¶ 

Ψc
μ(ρ, θ,±|η|) = Γ(μ + 1)Bμ(η) exp(ıρ cos θ)

(
2
w

)μ [
Z±

μ (w) + T±
μ (w, q)

]
,

(79)
T±

μ (w, q) ≡
∞∑

n=1

(
±ı

q

2

)n 2n∑
s=n+1

a+
ns (±w)s Z±

μ+s(w).

ŠμÔËË¨Í¨¥´ÉÒ a+
ns ÔÉμ£μ · §²μ¦¥´¨Ö ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ ¶μ Ëμ·³Ê-

² ³ (47)Ä(49) ¨²¨ (50). –¥¶μÎ±  Ê· ¢´¥´¨° (47), μ¶·¥¤¥²ÖÕÐ¨Ì ±μÔËË¨-
Í¨¥´ÉÒ a+

ns, ´¥ § ¢¨¸¨É ´¨ μÉ ± ±¨Ì ¶ · ³¥É·μ¢. �μÔÉμ³Ê ±μÔËË¨Í¨¥´ÉÒ
a+

ns Ö¢²ÖÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò³¨ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥: ¶·¨ ²Õ¡μ° · §³¥·´μ¸É¨
d ¶·μ¸É· ´¸É¢  R · §²μ¦¥´¨¥ (79) ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc

μ ¸μ¤¥·¦¨É μ¤´¨ ¨
É¥ ¦¥ ±μÔËË¨Í¨¥´ÉÒ a+

ns. ‚ · ¡μÉ¥ [2] ÔÉ¨ ±μÔËË¨Í¨¥´ÉÒ μ¡μ§´ Î ²¨¸Ó
¸¨³¢μ² ³¨ pns ¨ ¡Ò²  ¤μ± § ´  · ¢´μ³¥·´ Ö ¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  T± ≡ T±

μ ¢
μ¡² ¸É¨ ρ < ∞. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡ÒÌ μ = (d − 3)/2 ¨ ρ < ∞ · §²μ¦¥-
´¨¥ (79) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ. ‡´ Î¨É, ¢ μ¡² ¸É¨ ρ < ∞ ²Õ¡ Ö, ´μ ±μ´¥Î´ Ö
(n = 0, 1, . . .m < ∞) ¶μ¤¸Ê³³ 

Ψc
μm(ρ, θ,±|η|) ≡ Γ(μ + 1)Bμ(η) exp(ıρ cos θ)

(
2
w

)μ

×

×
[

Z±
μ (w) +

m∑
n=1

(
±ı

q

2

)n 2n∑
s=n+1

a+
ns (±w)s Z±

μ+s(w)

]

ÔÉμ£μ · §²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ° ËÊ´±Í¨¨ Ψc
μ:

Ψc
μ(ρ, θ,±|η|) = Ψc

μm(ρ, θ,±|η|) + O
(
Bμ(η) exp (ıρ cosϕ) qm+1

)
,

q → 0, ρ < ∞.

‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥ ¶μ μ¶·¥¤¥²¥´¨Õ ¤¢μ°´ Ö ¸Ê³³  · ¢´  ´Ê²Õ, ¥¸²¨ m = 0.
’¥¶¥·Ó ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc

μ ¢Ò¢¥¤¥³ ¨ ¨¸¸²¥¤Ê¥³ · §²μ¦¥´¨¥ ¢Éμ-
·μ£μ É¨¶ . „²Ö ÔÉμ£μ ¢ Í¥¶μÎ±¥ Ê· ¢´¥´¨° (58) ¨ · ¢¥´¸É¢¥ (59) ¶μ²μ¦¨³

a = μ + 1, c = μ, ξ = βt2, t = ω, γ =
1

1 − cos θ
, ıρ = −βγt2

¨, É ±¨³ μ¡· §μ³, ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥ ¶·μ¨§¢¥¤¥´¨Ö ËÊ´±Í¨° exp (ıρ) ¨
Φ(μ+1+ıη, μ+1; ξ) ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ . ˆ¸¶μ²Ó§ÊÖ ÔÉμ ¶·¥¤¸É ¢²¥´¨¥ ¨
Ëμ·³Ê²Ò (5), (6), μ¶·¥¤¥²ÖÕÐ¨¥ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψc

μ, § ¶¨Ï¥³ ¥¥ ¨¸±μ³μ¥
· §²μ¦¥´¨¥ ¢ ¢¨¤¥

Ψc
μ(ρ, θ,±|η|) =

= Bμ(η) Γ(μ + 1)
(

2
w

)μ ∞∑
n=0

(
∓ı

q

2

)n 2n∑
s=n

b+
ns(ϑ) (±w)s Z±

μ+s(w). (80)
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‚ ÔÉμ³ · §²μ¦¥´¨¨ ËÊ´±Í¨¨ b+
ns(ϑ) ±μ¸¨´Ê¸  ϑ Ê£²  · ¸¸¥Ö´¨Ö θ μ¶·¥¤¥²Ö-

ÕÉ¸Ö Í¥¶μÎ±μ° Ê· ¢´¥´¨°, ±μÉμ· Ö ¶μ·μ¦¤¥´  Ê· ¢´¥´¨Ö³¨ (58) ¨ Ê¸É·μ¥´ 
¤μ¢μ²Ó´μ ¸²μ¦´μ:

sb+
ns =

2
ϑ − 1

[ (1 + ϑ)(s − 1) + (μ + 1)ϑ ] b+
n−1,s−1+

+
ϑ + 1
ϑ − 1

b+
n−1,s−2 −

2ϑ

(ϑ − 1)2
[
2(μ + s − 1) b+

n−2,s−2 + b+
n−2,s−3

]
. (81)

‡¤¥¸Ó s = n, n + 1, . . . , 2n ¶·¨ ± ¦¤μ³ Í¥²μ³ n, ¶·¨ ²Õ¡μ³ ϑ ∈ [−1, 1)
¸Î¨É ¥É¸Ö, ÎÉμ b+

00(ϑ) ≡ 1,   b+
nm(ϑ) ≡ 0, ¥¸²¨ m < n ¨²¨ m > 2n.

—¨¸²¥´´Ò°  ´ ²¨§ Í¥¶μÎ±¨ Ê· ¢´¥´¨° (81) § É·Ê¤´¥´ É¥³, ÎÉμ ¶·¨ ²Õ¡ÒÌ
n ¨ s ËÊ´±Í¨¨ b+

ns(ϑ) ¨³¥ÕÉ ¶μ²Õ¸ ¶μ·Ö¤±  n ¢ ÉμÎ±¥ ϑ = 1, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¥° ´Ê²¥¢μ³Ê Ê£²Ê · ¸¸¥Ö´¨Ö θ. ‚³¥¸Éμ ËÊ´±Í¨° b+

ns(ϑ) ¢Ò£μ¤´¥¥ ¨¸¶μ²Ó§μ-
¢ ÉÓ ¢¸Õ¤Ê ´¥¶·¥·Ò¢´Ò¥ ËÊ´±Í¨¨ tns(ϑ). �¶·¥¤¥²¨³ É ±¨¥ ËÊ´±Í¨¨ Î¥·¥§
ËÊ´±Í¨¨ b+

ns(ϑ). „²Ö ÔÉμ£μ ¢ ¶·¥¤¸É ¢²¥´¨¨ (80) ¨ ¢μ ¢¸¥Ì Ê· ¢´¥´¨ÖÌ (81)
¶μ²μ¦¨³

b+
ns(ϑ) = (−1)n tns(ϑ)

(1 − ϑ)n
, ϑ ∈ [−1, 1) .

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ · §²μ¦¥´¨¥

Ψc
μ(ρ, θ,±|η|) = Bμ(η) Γ(μ + 1)×

×
(

2
w

)μ ∞∑
n=0

[
± ıq

2(1 − ϑ)

]n 2n∑
s=n

tns(ϑ) (±w)s Z±
μ+s(w) (82)

¨ Í¥¶μÎ±Ê (n = 1, 2, . . ., s = n, n + 1, . . .) Ê· ¢´¥´¨°

stns = 2 [ s − 1 + (s + μ)ϑ ] tn−1,s−1 + (1 + ϑ)tn−1,s−2−
− 2ϑ [ 2(μ + s − 1)tn−2,s−2 + tn−2,s−3 ], (83)

¢ ±μÉμ·μ° t00(ϑ) ≡ 1 ¨ ¶μ² £ ¥É¸Ö tnm(ϑ) ≡ 0, ¥¸²¨ m < n ¨²¨ m > 2n.
�É³¥É¨³, ÎÉμ ¨§ Ê· ¢´¥´¨° (83) ¸²¥¤ÊÕÉ · ¢¥´¸É¢ 

t11(ϑ) = 2(μ + 1)ϑ, t12(ϑ) =
1
2

(1 + ϑ); t22 = 2(μ + 1)(μ + 2)ϑ2,

t23(ϑ) =
1
3

[ 2 + (3μ + 5)(1 + ϑ)ϑ ] , t24 =
1
8

(1 + ϑ)2

¨ · ¢¥´¸É¢ 

tnn(ϑ) =
2n

n!
(μ + 1)n ϑn , tn,2n(ϑ) =

1
2n n!

(1 + ϑ)n
, n = 1, 2, . . . .
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…¤¨´¸É¢¥´´μ¥ §´ Î¥´¨¥ θ = π/2 Ê£²  · ¸¸¥Ö´¨Ö θ Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ ¢
¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥: Éμ²Ó±μ ¶·¨ É ±μ³ §´ Î¥´¨¨ ϑ ≡ cos θ = 0, ¨ ¶μÔÉμ³Ê
¢¸¥ Ê· ¢´¥´¨Ö (83) ¢Ò·μ¦¤ ÕÉ¸Ö ¢ Í¥¶μÎ±Ê (n = 1, 2, . . ., s = n, n + 1, . . . 2n)
Ê· ¢´¥´¨°

stns(ϑ) = 2(s − 1)tn−1,s−1(ϑ) + tn−1,s−2(ϑ) , ϑ = 0 .

‡ ³¥´μ° tns(ϑ) 
→ a+
ns ÔÉ¨ Ê· ¢´¥´¨Ö ¸¢μ¤ÖÉ¸Ö ± ¨¸¸²¥¤μ¢ ´´Ò³ ¢ ¶. 3.2 Ê· ¢-

´¥´¨Ö³ (47). ‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ ϑ = 0, Éμ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ tn,n+p(ϑ) ¸
¨´¤¥±¸μ³ p = 1, 2, . . . , n Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨ (50),   ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ tnn(ϑ)
· ¢´Ò ´Ê²Õ. �μÔÉμ³Ê ¶·¨ ϑ = 0 · §²μ¦¥´¨¥ (82) ¢Ò·μ¦¤ ¥É¸Ö ¢ · §²μ¦¥-
´¨¥ (79).

Š ± Ê¶μ³¨´ ²μ¸Ó ¢ÒÏ¥, · §²μ¦¥´¨¥ (79) ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc
μ ¸Ìμ¤¨É¸Ö

· ¢´μ³¥·´μ ¶·¨ ²Õ¡ÒÌ μ ¨ ρ < ∞. ‘²¥¤μ¢ É¥²Ó´μ, μ¡  · §²μ¦¥´¨Ö (78) ¨ (82)
ÔÉμ° ¦¥ ËÊ´±Í¨¨ μ¡² ¤ ÕÉ É ±¨³ ¦¥ ¸¢μ°¸É¢μ³. �μÔÉμ³Ê ²Õ¡Ò¥ ±μ´¥Î´Ò¥
¶μ¤¸Ê³³Ò Ψc

μm ÔÉ¨Ì · §²μ¦¥´¨° (82) ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨¥ (q → 0)  ¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc

μ ¢ μ¡² ¸É¨ ρ < ∞.
4.2. �¸¨³¶ÉμÉ¨±¨ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. „²Ö · ¤¨ ²Ó´μ° ¢μ²-

´μ¢μ° ËÊ´±Í¨¨ Fλ ¢Ò¢¥¤¥³ · §²μ¦¥´¨¥ ¶¥·¢μ£μ É¨¶ .
‘μ£² ¸´μ μ¡μ§´ Î¥´¨Ö³ (1) ¨ μ¶·¥¤¥²¥´¨Õ (10), (11) ±² ¸¸  A ¶·¨ Ê¸²μ-

¢¨ÖÌ
a = λ + 1 , c = 2λ + 1 , ξ = βt2 , t = v (84)

ËÊ´±Í¨Ö ŠÊ³³¥·  Φ(λ + 1 + ıη, 2λ + 2, ξ), ¸μ¤¥·¦ Ð Ö¸Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ (8)
ËÊ´±Í¨¨ Fλ, μ± ¦¥É¸Ö ·Ö¤μ³ (30). ‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö ± ¦¤μ° ËÊ´±Í¨¨ Fλ

¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ · §²μ¦¥´¨¥ ¶¥·¢μ£μ É¨¶ :

Fλ(ρ,±|η|) = qλ+1 Cλ(η) Γ(2λ + 2) exp (ıρ)
v

2
×

×
∞∑

n=0

(
∓ı

q

2

)n 2n∑
s=n

a+
ns (±v)s Z±

2λ+1+s(v). (85)

‚¸¥ ±μÔËË¨Í¨¥´ÉÒ a+
ns ÔÉμ£μ · §²μ¦¥´¨Ö ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ (28) ¨

¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (32)Ä(34) ¨ (35)Ä(37), ¢ ±μÉμ·ÒÌ a = λ + 1. �μ
μ¶·¥¤¥²¥´¨Õ λ = L + (d − 3)/2, £¤¥ L = 0, 1, . . . . �μÔÉμ³Ê Éμ²Ó±μ ¸²ÊÎ ¥
d = 3 ¨ L = 0 ¨´¤¥±¸ λ · ¢¥´ ´Ê²Õ,   ¶ · ³¥É· a = λ + 1 · ¢¥´ ¥¤¨´¨Í¥.
‘²¥¤μ¢ É¥²Ó´μ, ¢ μ¡¸Ê¦¤ ¥³μ³ ¸²ÊÎ ¥ ¨ ´¨ ¢ ± ±μ³ ¤·Ê£μ³ ¢¸¥ ±μÔËË¨Í¨-
¥´ÉÒ a+

ns · §²μ¦¥´¨Ö (85) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ (51) ¨ μ¶·¥¤¥²ÖÕÉ¸Ö
¸μμÉ´μÏ¥´¨Ö³¨ (52)Ä(54).

’¥¶¥·Ó ¤²Ö ± ¦¤μ° ËÊ´±Í¨¨ Fλ ¢Ò¢¥¤¥³ · §²μ¦¥´¨¥ ¢Éμ·μ£μ É¨¶ .
�·¨³¥³ ¢¸¥ Ê¸²μ¢¨Ö (84) ¨ ¶μ²μ¦¨³ γ = 1/2. ‡ ³¥É¨³, ÎÉμ ¨§ · ¢¥´¸É¢

a = λ+1 ¨ c = 2λ+1 ¸²¥¤Ê¥É · ¢¥´¸É¢μ 2c = a+1. ‘μ£² ¸´μ μ¡μ§´ Î¥´¨Ö³ (1)
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¨ μ¶·¥¤¥²¥´¨Õ (10), (11) ±² ¸¸  B ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° exp (ıρ) ¨ Φ(λ +
1 + ıη, 2λ + 2; ξ), ξ = βv2, ¸μ¤¥·¦ Ð¥¥¸Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ (8) ËÊ´±Í¨¨ Fλ,
¡Ê¤¥É Ô²¥³¥´Éμ³ ±² ¸¸  B, ¶·¨Î¥³ ¢ μ¸μ¡μ³ ¸²ÊÎ ¥ 2γ = 1, c = 2a + 1.

	ÉμÉ ¸²ÊÎ ° ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ²¸Ö ¢ ¶. 3.4. � ¶μ³´¨³ ´¥±μÉμ·Ò¥ ·¥-
§Ê²ÓÉ ÉÒ ¨§ ÔÉμ£μ ¶Ê´±É . ‚ · §²μ¦¥´¨¨ (59) ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ b±ns ¸ ´¥Î¥É-
´Ò³ ¨´¤¥±¸μ³ n · ¢´Ò ´Ê²Õ. �·¨ ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨° (60) ± Ê· ¢´¥´¨Ö³ (61)
¨¸¶μ²Ó§μ¢ ² ¸Ó § ³¥´  n 
→ 2n ¨ ¶μ¤¸É ´μ¢±  b±2n,s = d±ns. ŠμÔËË¨Í¨¥´ÉÒ
d+

ns ¨ d−ns Ê¤μ¢²¥É¢μ·ÖÕÉ · ¢¥´¸É¢ ³ (62).
�² £μ¤ ·Ö ¶¥·¥Î¨¸²¥´´Ò³ ¢ÒÏ¥ ¸¢μ°¸É¢ ³ ±μÔËË¨Í¨¥´Éμ¢ b±ns ¨ d±ns ¢

· ¸¸³ É·¨¢ ¥³μ³ μ¸μ¡μ³ ¸²ÊÎ ¥ 2γ = 1, 2a = c+1 ¨¸Ìμ¤´μ¥ · §²μ¦¥´¨¥ (59)
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö

exp (−βt2/2)Φ(a ± ı|η|, 2a; ξ) =

= Γ(c + 1)
(

2
t

)2a−1 ∞∑
n=0

β2n
3n∑

s=2n

d+
ns (±t)s Z±

2a+s−1(t).

ˆ¸¶μ²Ó§ÊÖ É ±μ¥ · §²μ¦¥´¨¥, ¶·¥¤¸É ¢²¥´¨¥ (8) ¨ · ¢¥´¸É¢  β = −ıq/2,
ıρ = −βv2/2, ξ = βv2, ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ · §²μ¦¥´¨¥ ¢Éμ·μ£μ É¨¶ :

Fλ(ρ,±|η|) = qλ+1 Cλ(η) Γ(2λ + 2)
v

2
×

×
∞∑

n=0

(
−ı

q

2

)2n 2n∑
s=n

d+
ns (±v)s Z±

2λ+1+s(v). (86)

„²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ d+
ns ÔÉμ£μ · §²μ¦¥´¨Ö ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ

Ê· ¢´¥´¨Ö (61) ¨²¨ Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (63)Ä(68), ¢ ±μÉμ·ÒÌ c = 2λ + 1.
�¡¸Ê¤¨³ ¶·¥¤¸É ¢²¥´¨¥ (86). „²Ö ÔÉμ£μ ¶μ¤¸É ´μ¢±μ°

c = ν = 2λ + 1, d+
ns =

bns

2nn!
, n = 1, 2, . . . , s = n, n + 1, . . . , 2n,

¸¢¥¤¥³ ¥£μ ± ¨§¢¥¸É´μ³Ê (¸³. [2]), ´μ ¶μ²ÊÎ¥´´μ³Ê ¤·Ê£¨³ ¸¶μ¸μ¡μ³ · §²μ¦¥-
´¨Õ

Fλ(ρ,±|η|) = qλ+1 Cλ(η) Γ(ν + 1)
v

2

∞∑
n=0

(
−q2

8

)n 1
n!

3n∑
s=2n

bns (±v)s Z±
ν+s(v).

Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [2], ¶·¨ Ê¸²μ¢¨¨ ρ < ∞ É ±μ¥ · §²μ¦¥´¨¥ ¸Ìμ¤¨É-
¸Ö  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ. ‘²¥¤μ¢ É¥²Ó´μ, ¨¸Ìμ¤´μ¥ · §²μ¦¥´¨¥ (86),   §´ -
Î¨É, ¨ · §²μ¦¥´¨¥ (85) μ¡² ¤ ÕÉ É ±¨³ ¦¥ ¸¢μ°¸É¢μ³. �μÔÉμ³Ê ¶·¨ Ê¸²μ¢¨¨
ρ < ∞ ²Õ¡Ò¥, ´μ ±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò Fλm · §²μ¦¥´¨° (85) ¨ (86) Ö¢²ÖÕÉ¸Ö
¨¸±μ³Ò³¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³¨  ¸¨³¶ÉμÉ¨± ³¨ ËÊ´±Í¨¨ Fλ.
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4.3. —¨¸²¥´´Ò°  ´ ²¨§ ¶·¨¡²¨¦¥´¨° ¢μ²´μ¢ÒÌ ËÊ´±Í¨°. Š ± ¶μ± § ´μ
¢ ¶·¥¤Ò¤ÊÐ¨Ì ¶¶. 4.1 ¨ 4.2, ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ Ψc

μ ¨ Fλ Ö¢²ÖÕÉ¸Ö ¡¥¸±μ´¥Î-
´Ò³¨ ·Ö¤ ³¨ (78), (79), (82) ¨ (85), (86). �·¥¤²μ¦¨³ ¨ ·¥ ²¨§Ê¥³ ³¥Éμ¤,
¶μ§¢μ²ÖÕÐ¨° μÍ¥´¨ÉÓ μÉ´μ¸¨É¥²Ó´ÊÕ ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö É ±¨Ì ·Ö¤μ¢ ¨Ì
±μ´¥Î´Ò³¨ ¶μ¤¸Ê³³ ³¨ Ψc

μm ¨ Fλm. ‚ ÔÉμ³ ³¥Éμ¤¥ ËÊ´±Í¨¨ Ψc
μ ¨ Fλ,

¢ÒÎ¨¸²¥´´Ò¥ ¶μ Ëμ·³Ê² ³ (5), (7) ¨ (8), (9), ¸· ¢´¨¢ ÕÉ¸Ö ¸ ¶μ¤¸Ê³³ ³¨
Ψc

μm ¨ Fλm. „²Ö É ±μ£μ ¸· ¢´¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ËÊ´±Í¨¨ Kμm, Lμm ¨²¨
Dλm, ¡²¨§±¨¥ ± ¤¥¸ÖÉ¨Î´μ³Ê ²μ£ ·¨Ë³Ê μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸É¨ ¶·¨¡²¨¦¥-
´¨Ö Ψc

μ ≈ Ψc
μm ¨²¨ ¶·¨¡²¨¦¥´¨Ö Fλ ≈ Fλm.

„²Ö  ´ ²¨§  ¸Ìμ¤¨³μ¸É¨ ·Ö¤μ¢ (78) ¨ (79) ¶·¥¤² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ
ËÊ´±Í¨Õ

Kμm(w, η, ε) ≡ log

∣∣ Ψc
μ(ρ, θ, η) − Ψc

μm(ρ, θ, η)
∣∣ + ε∣∣ Ψc

μ(ρ, θ, η)
∣∣ + ε

,

ρ =
qw2

2(1 − cos θ)
ε > 0.

	É  ËÊ´±Í¨Ö ¢ ¶·¥¤¥²¥ ε → 0+ ¸É ´μ¢¨É¸Ö ¤¥¸ÖÉ¨Î´Ò³ ²μ£ ·¨Ë³μ³ μÉ´μ¸¨-
É¥²Ó´μ° ÉμÎ´μ¸É¨ ¶·¨¡²¨¦¥´¨Ö Ψc

μ ≈ Ψc
μm,   ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²μ³ §´ Î¥´¨¨

ε ¡²¨§±  ± É ±μ° ÉμÎ´μ¸É¨.
�¨¸. 1 ¨²²Õ¸É·¨·Ê¥É ¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  (79) ¢ ¸²ÊÎ ÖÌ É·¥Ì³¥·´μ£μ (d = 3,

μ = 0) μÉÉ ²±¨¢ ÕÐ¥£μ (q = 0, 1, η = 5) ¨ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ (q = 0.1, η = −5)
±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1. �  ·¨¸.1 ¨§μ¡· ¦¥´Ò £· Ë¨±¨
É·¥Ì (m = 0, 2, 5) ËÊ´±Í¨° Kμm(w, η, ε), μ = 0, ε = 10−14. Š ± ¢¨¤´μ, ´ 
μÉ·¥§±¥ 0 � w � 5 μÉ´μ¸¨É¥²Ó´ Ö ÉμÎ´μ¸ÉÓ ¶·¨¡²¨¦¥´¨Ö Ψc

μ ≈ Ψc
μm ¤μ¢μ²Ó´μ

¡Ò¸É·μ Ê²ÊÎÏ ¥É¸Ö ¸ Ê¢¥²¨Î¥´¨¥³ Î¨¸²  m.
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�¨¸. 1. ƒ· Ë¨±¨ ËÊ´±Í¨° K0m(ω, η, ε) ¤²Ö · §²μ¦¥´¨Ö (79), ε = 10−14, m = 0, 2,
5, Å ±·¨¢Ò¥ 1, 2 ¨ 3: a) η = 5, ¡) η = −5
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�¨¸. 2. ƒ· Ë¨±¨ ËÊ´±Í¨° L0m(ρ, θ, η, ε), ε = 10−14, θ = π/4, m = 0, 2, 5, Å ±·¨¢Ò¥
1, 2 ¨ 3: a) η = 5, ¡) η = −5

�¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ËÊ´±Í¨¨ Kμm, μ = 0, ¶μ¤É¢¥·¤¨²¨ ¡Ò¸É·ÊÕ ¸Ìμ¤¨-
³μ¸ÉÓ · §²μ¦¥´¨Ö (78) ´  μÉ·¥§±¥ 0 � w � 5 ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ: η = 5 ¨
η = −5.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸Ìμ¤¨³μ¸É¨ ·Ö¤  (82) Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ËÊ´±Í¨Õ

Lμm(ρ, θ, η, ε) ≡ log

∣∣Ψc
μ(ρ, θ, η) − Ψc

μm(ρ, θ, η)
∣∣ + ε∣∣ Ψc

μ(ρ, θ, η)
∣∣ + ε

, ε > 0.

„²Ö ¶·¨³¥·  ÔÉ  ËÊ´±Í¨Ö ¢ÒÎ¨¸²Ö² ¸Ó ¢ ¸²ÊÎ ¥ θ = π/4 ¨ ¶·¨ É¥Ì ¦¥
§´ Î¥´¨ÖÌ μ, m, η ¨ ε, ÎÉμ ¨ ËÊ´±Í¨Ö Kμm. �¥§Ê²ÓÉ ÉÒ ¢ÒÎ¨¸²¥´¨° ¶·¥¤-
¸É ¢²¥´Ò ´  ·¨¸. 2 ¢ ¢¨¤¥ £· Ë¨±μ¢, ¨²²Õ¸É·¨·ÊÕÐ¨Ì ¸Ìμ¤¨³μ¸ÉÓ Î ¸É¨Î´ÒÌ
¸Ê³³ Ψc

μm ·Ö¤  (82), μ = 0, ± ÔÉμ³Ê ·Ö¤Ê ¸ ·μ¸Éμ³ Î¨¸²  m ¶·¨ Ê¸²μ¢¨¨
ρ � 5.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸Ìμ¤¨³μ¸É¨ μ¡μ¨Ì · §²μ¦¥´¨° (85) ¨ (86) · ¤¨ ²Ó´μ°
¢μ²´μ¢μ° ËÊ´±Í¨¨ Fλ ¢Ò£μ¤´μ ¢ÒÎ¨¸²ÖÉÓ ËÊ´±Í¨Õ

Dλm(ρ, η, ε) ≡ log
|Fλ(ρ, η) − Fλm(ρ, η)| + ε

|Fλ(ρ, η)| + ε
, ε > 0. (87)

”Ê´±Í¨Ö Dλm · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ ρ = 0 ¨ ¨³¥¥É ²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¨²¨
²μ± ²Ó´Ò° ³¨´¨³Ê³ ¢ Éμ° ÉμÎ±¥, ¢ ±μÉμ·μ° ËÊ´±Í¨Ö Fλ ¨²¨ · §´μ¸ÉÓ ËÊ´±-
Í¨° Fλ ¨ Fλm μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. �·¨ ¤μ¸É ÉμÎ´μ ³ ²μ³, ´μ ¶μ²μ¦¨É¥²Ó´μ³
§´ Î¥´¨¨  ·£Ê³¥´É  ε μ¡¸Ê¦¤ ¥³ Ö ËÊ´±Í¨Ö Dλm ¡²¨§±  ± ¤¥¸ÖÉ¨Î´μ³Ê ²μ-
£ ·¨Ë³Ê μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸É¨  ¶¶·μ±¸¨³ Í¨¨ Fλ ≈ Fλm.

�¨¸Ê´μ± 3 ¤ ¥É ´ £²Ö¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ¡ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸É¨ ¶·¨-
¡²¨¦¥´¨Ö ËÊ´±Í¨¨ Fλ ±μ´¥Î´μ° ¶μ¤¸Ê³³μ° Fλm · §²μ¦¥´¨Ö (85). �  ÔÉμ³
·¨¸Ê´±¥ ¨§μ¡· ¦¥´Ò £· Ë¨±¨ É·¥Ì (m = 0, 2, 5) ËÊ´±Í¨° Dλm(ρ, η, ε), ε =
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�¨¸. 4. ƒ· Ë¨±¨ ËÊ´±Í¨° D0m(ρ, η, ε) ¤²Ö · §²μ¦¥´¨Ö (86), ε = 10−14, m = 0, 2,
5, Å ±·¨¢Ò¥ 1, 2 ¨ 3: a) η = 5, ¡) η = −5

10−14, η = ±5, ¢ÒÎ¨¸²¥´´Ò¥ ¢ ¸²ÊÎ ¥ É·¥Ì³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉 ¸ ´Ê²¥¢Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ λ = 0.

„²Ö ¨²²Õ¸É· Í¨¨ ¸Ìμ¤¨³μ¸É¨ · §²μ¦¥´¨Ö (86) ËÊ´±Í¨¨ Dλm(ρ, η, ε),
m = 0, 2, 5, ¢ÒÎ¨¸²Ö²¨¸Ó ¢ ¸²ÊÎ ¥ ε = 10−14, η = ±5 ¨ λ = 0. ƒ· Ë¨±¨
É ±¨Ì ËÊ´±Í¨° ´ Î¥·Î¥´Ò ´  ·¨¸. 4.

�¡¸Ê¦¤¥´´Ò¥ ¢ ´ ¸ÉμÖÐ¥³ ¶Ê´±É¥ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ  ´ ²¨§  ¡¥¸±μ-
´¥Î´ÒÌ · §²μ¦¥´¨° (78), (79), (82) ¨ (85), (86) ¶μ¤É¢¥·¦¤ ÕÉ · ¢´μ³¥·´ÊÕ
¸Ìμ¤¨³μ¸ÉÓ ÔÉ¨Ì · §²μ¦¥´¨° ¢ μ¡² ¸É¨ ρ < ∞.
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4.4. �¸¨³¶ÉμÉ¨±¨ ±Ê²μ´μ¢¸±¨Ì ³´μ¦¨É¥²¥° ¨ ¶ ·Í¨ ²Ó´ÒÌ Ë §. ‚Ò-
¢¥¤¥³ ¨ μ¡¸Ê¤¨³ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ (q → 0, |η| → ∞)  ¸¨³¶ÉμÉ¨±¨ ±Ê-
²μ´μ¢¸±μ° Ë §Ò δc

λ ¨ ³´μ¦¨É¥²¥° Bμ ¨ Cλ, § ¤ ´´ÒÌ Ëμ·³Ê² ³¨ (6) ¨ (9).
‚ ± Î¥¸É¢¥ ±²ÕÎ¥¢ÒÌ · ¢¥´¸É¢ ¨¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢  £ ³³ -ËÊ´±-
Í¨¨ [3]:

Γ(t + 1) = t Γ(t), |Γ(1/2 + ıη)| =
√

π

ch (πη)
, |Γ(ıη)| =

√
πη

sh (πη)
, (88)

Ëμ·³Ê²Ê ŒÊ ¢·  t = |t| exp (arg) t ¨ Ëμ·³Ê²Ê ‘É¨·²¨´£ 

Γ(t) =
√

2π exp [−t + (t − 1/2) ln t ] (1 + O(t−1), |t| → ∞ , |arg t| < π.

�μ μ¶·¥¤¥²¥´¨Õ Ë §  δc
λ · ¢´   ·£Ê³¥´ÉÊ £ ³³ -ËÊ´±Í¨¨ Γ(t) ¶¥·¥³¥´-

´μ°

t ≡ λ + 1 + ı η =
√

(λ + 1)2 + η2 exp
[

ı arctg
η

λ + 1

]
.

‚ · ¸¸³ É·¨¢ ¥³μ³ ¶·¥¤¥²¥ ³μ¤Ê²Ó ¶¥·¥³¥´μ° t ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É.
�μÔÉμ³Ê ³μ¦´μ ¶·¨³¥´¨ÉÓ Ëμ·³Ê²Ê ‘É¨·²¨´£  ¨ § É¥³ ¶μ²ÊÎ¨ÉÓ ¨¸±μ³ÊÕ
 ¸¨³¶ÉμÉ¨±Ê

δc
λ(η) =

{ η

2
ln

[
(λ + 1)2 + η2

]
− η +

+
(

λ +
1
2

)
arctg

η

λ + 1

} [
1 + O

(
1
η

) ]
. (89)

‡ ³¥É¨³, ÎÉμ ¸² £ ¥³μ¥ ÔÉμ°  ¸¨¶ÉμÉ¨±¨, ¸μ¤¥·¦ Ð¥¥  ·±É ´£¥´¸, μ¡· -
Ð ¥É¸Ö ¢ ´Ê²Ó Éμ²Ó±μ ¢ ¸²ÊÎ ¥ λ = −1/2, ±μÉμ·Ò° ·¥ ²¨§Ê¥É¸Ö ²¨ÏÓ ¶·¨
d = 2.

’¥¶¥·Ó ¨§ μ¶·¥¤¥²¥´¨Ö (6) ³´μ¦¨É¥²Ö Bμ ¢Ò¢¥¤¥³ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö.
„²Ö ÔÉμ£μ ¸¨³¢μ² ³¨ δμ(η) ¨ δ̃μ(η) μ¡μ§´ Î¨³  ·£Ê³¥´É ËÊ´±Í¨¨ Γ(μ+1+ ıη)
¨ ¶· ¢ÊÕ Î ¸ÉÓ · ¢¥´¸É¢  (89) ¢ ¸²ÊÎ ¥ λ = μ. ‡ É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ°
ŒÊ ¢·  ¨ ¸¢μ°¸É¢ ³¨ (88). ‚ ¨Éμ£¥ ¶·¨ Î¥É´μ³ d ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥

Bμ(η) =
√

2π

Γ(μ + 1)
exp (ıδμ(η))√
exp (2πη) + 1

μ+1/2∏
k=1

[
(μ + 1 − k)2 + η2

]1/2

  ¶·¨ ´¥Î¥É´μ³ d Ä ¶·¥¤¸É ¢²¥´¨¥

Bμ(η) =
√

2πη

Γ(μ + 1)
exp (ıδμ(η))√
exp (2πη) − 1

μ∏
k=1

[
(μ + 1 − k)2 + η2

]1/2
.
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ˆ§ É ±¨Ì ¶·¥¤¸É ¢²¥´¨° ¸²¥¤ÊÕÉ ¨¸±μ³Ò¥  ¸¨³¶ÉμÉ¨±¨:

Bμ(η) ∼
√

2π

Γ(μ + 1)
|η|μ+1/2 exp (ıδ̃μ(η))

{
exp (−πη) , η → ∞ ,
(−2πη)p , η → −∞ ,

¢ ±μÉμ·ÒÌ ¶μ μ¶·¥¤¥²¥´¨Õ p = 0 ¶·¨ Î¥É´μ³ d ¨ p = −1/2 ¶·¨ ´¥Î¥É´μ³ d.
�¸¨³¶ÉμÉ¨±Ê ³´μ¦¨É¥²Ö Cλ ´ °¤¥³ É¥³ ¦¥ ¸¶μ¸μ¡μ³, ±μÉμ·Ò° ¨¸¶μ²Ó-

§μ¢ ²¸Ö ¤²Ö ¢Ò¢μ¤   ¸¨³¶ÉμÉ¨±¨ ³´μ¦¨É¥²Ö Bμ. ‚ ¸¨²Ê ¸¢μ°¸É¢ (88) ¨§
μ¶·¥¤¥²¥´¨Ö (9) ÔÉμ£μ ³´μ¦¨É¥²Ö ¸²¥¤Ê¥É, ÎÉμ

Cλ(η) ∼
√

π

Γ(2λ + 2)
|2 η|λ+1/2

{
exp (−πη) , η → ∞ ,
(−2πη)p , η → −∞ ,

£¤¥ p = 0 ¶·¨ Î¥É´μ³ d ¨ p = −1/2 ¶·¨ ´¥Î¥É´μ³ d.
�É³¥É¨³ μ¤´Ê μ¸μ¡¥´´μ¸ÉÓ ´ °¤¥´´ÒÌ  ¸¨³¶ÉμÉ¨± ³´μ¦¨É¥²¥° Bμ ¨ Cλ:

¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö (η < 0) ÔÉ¨  ¸¨³¶ÉμÉ¨±¨ ¸μ¤¥·¦ É ³´μ-
¦¨É¥²Ó (−2πη)p, · ¢´Ò° ¥¤¨´¨Í¥ ¶·¨ Î¥É´μ³ d ¨ ËÊ´±Í¨¨ (−2πη)−1/2 ¶·¨
´¥Î¥É´μ³ d.

‡�Š‹�—…�ˆ…

�·μ¸Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ, ¶μ²ÊÎ¥´´Ò¥
¢¶¥·¢Ò¥. „²Ö ¢¸¥Ì ·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° Ψc

μ ¨ Fλ ±Ê²μ´μ¢¸±μ£μ · ¸-
¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶·μ¸É· ´¸É¢¥ R ¶·μ¨§¢μ²Ó´μ° · §³¥·´μ¸É¨
d = 2, 3, . . . ¢Ò¢¥¤¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò · §²μ¦¥´¨Ö (78), (79), (82) ¨ (85), (86)
¶μ ËÊ´±Í¨Ö³ �¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ . „μ± § ´μ ¨ ¶μ¤É¢¥·¦¤¥´μ ¢ÒÎ¨¸²¥´¨Ö³¨
¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥: ±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò Ψc

μm ¨ Fλm É ±¨Ì · §²μ¦¥´¨°
Ö¢²ÖÕÉ¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³¨ (q → 0)  ¸¨³¶ÉμÉ¨± ³¨ ËÊ´±Í¨° Ψc

μ ¨ Fλ ¢
μ¡² ¸É¨ ρ < ∞. „²Ö Î¨¸²μ¢ÒÌ ±μÔËË¨Í¨¥´Éμ¢ a+

ns, d+
ns ¨ ËÊ´±Í¨° b+

ns(ϑ),
tns(ϑ), ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ É ±¨Ì  ¸¨³¶ÉμÉ¨± Ì, ¢Ò¢¥¤¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò ·¥±Ê·-
·¥´É´Ò¥ ¸¨¸É¥³Ò ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (28), (61) (81), (83) ¨
Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (35)Ä(37) ¨ (66)Ä(68) ¢ ¢¨¤¥ ³´μ£μ±· É´ÒÌ, ´μ ±μ´¥Î´ÒÌ
¸Ê³³.
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