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„¨±Ê¸ · �. „. P11-2016-85
�¶É¨³¨§ Í¨Ö ·¥Ï¥´¨Ö ¢ § ¤ Î Ì ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨

ŠÊ¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ Ö  ¶¶·μ±¸¨³ Í¨Ö (Š��) Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥É¸Ö ¢
μ¡² ¸É¨ Í¨Ë·μ¢ÒÌ É¥Ì´μ²μ£¨° ¨ μ¡· ¡μÉ±¨ ¤ ´´ÒÌ. ‚ · ³± Ì ³¥Éμ¤  ¡ §¨¸´ÒÌ
Ô²¥³¥´Éμ¢ (Œ�	) μ¶É¨³¨§ Í¨Ö ·¥Ï¥´¨Ö § ¤ Î Š�� ¤μ¸É¨£ ¥É¸Ö §  ¸Î¥É ËÊ´±-
Í¨μ´ ²Ó´μ° ¸¢Ö§¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¨ Ëμ·³Ê² ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢
¸ ¶ · ³¥É· ³¨ É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨. �¥§Ê²ÓÉ ÉÒ μ¶É¨³¨§ Í¨¨ ¨ ¸· ¢´¥´¨¥ ¸ ·¥-
§Ê²ÓÉ É ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·μÍ¥¤Ê· ¨§ ¶ ±¥É  Maple ¶μ± § ´Ò ´  ¶·¨³¥· Ì
Œ�	- ¶¶·μ±¸¨³ Í¨¨ 12-£μ ¶μ·Ö¤± .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2016

Dikusar N.D. P11-2016-85
Optimization of a Solution in Problems of Piecewise Polynomial Approximation

Piecewise polynomial approximation (PPA) is widely used in digital technology
and data processing. Within the framework of the Basic Element Method (BEM),
optimization of the solution of PPA problems is achieved on the basis of the func-
tional relationship between basis functions and applying formulas to calculate the
coefˇcients depending on parameters of the three-point grid. The results of opti-
mization and comparison with the results of the respective Maple-procedures are
illustrated by examples of the 12th-order BEM-approximation.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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Ÿ § ´¨³ ²¸Ö ¤μ ¸¨Ì ¶μ· ·¥Ï¥´¨¥³ § ¤ Î, ¨¡μ
¶·¨ ¨§ÊÎ¥´¨¨ ´ Ê± ¶·¨³¥·Ò ¶μ²¥§´¥¥ ¶· ¢¨².
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Œ¥Éμ¤Ò ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ (Š��) ¨ ¸·¥¤´¥±¢ -
¤· É¨Î´μ° Š�� (‘Š��), ± ± ¨ ³¥Éμ¤Ò ¸¶² °´μ¢, Ï¨·μ±μ ¶·¨³¥´ÖÕÉ¸Ö ¢
´ ÊÎ´ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ ¨ ¨´¦¥´¥·´ÒÌ · ¸Î¥É Ì. � §¢¨É¨¥ ¸μ¢·¥³¥´´ÒÌ É¥Ì-
´μ²μ£¨° É·¥¡Ê¥É · §· ¡μÉ±¨ ´μ¢ÒÌ, ¡μ²¥¥ ÔËË¥±É¨¢´ÒÌ ³¥Éμ¤μ¢.

	ËË¥±É¨¢´μ¸ÉÓ ³¥Éμ¤μ¢ Š�� § ¢¨¸¨É μÉ ³´μ£¨Ì Ë ±Éμ·μ¢, É ±¨Ì ± ± ¢Ò-
¡μ· ¶μ²¨´μ³¨ ²Ó´μ£μ ¡ §¨¸ , μ¶É¨³ ²Ó´ Ö · ¸¸É ´μ¢±  Ê§²μ¢, ¸É¥¶¥´Ó  ¶-
¶·μ±¸¨³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢, ¶μ·Ö¤μ± £² ¤±μ¸É¨ ¢ Ê§² Ì, ¢ÒÎ¨¸²¨É¥²Ó´ Ö
¸²μ¦´μ¸ÉÓ, · §³¥· Ï £  ¸¥É±¨ ¨ ¤·. ‚Ò¡μ· Î¨¸²  Ê§²μ¢ ¨ ¨Ì μ¶É¨³ ²Ó´μ¥
· ¸¶μ²μ¦¥´¨¥ Ö¢²Ö¥É¸Ö ´¥É·¨¢¨ ²Ó´μ° § ¤ Î¥°, ¢ ±μÉμ·μ° ¨Ð¥É¸Ö ±μ³¶·μ-
³¨¸¸ ³¥¦¤Ê ÉμÎ´μ¸ÉÓÕ ¶·¨¡²¨¦¥´¨Ö ¨ ¤²¨´μ° ¨´É¥·¢ ²   ¶¶·μ±¸¨³ Í¨¨.
ˆ¸¶μ²Ó§μ¢ ´¨¥ ³´μ£μÎ²¥´μ¢ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ¸¢Ö§ ´μ ¶·¥¦¤¥ ¢¸¥£μ ¸ ¶·μ¡²¥-
³μ° μ¡Ê¸²μ¢²¥´´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ ¨ ¶μ¢ÒÏ¥´´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ°
¸²μ¦´μ¸ÉÓÕ. ‚³¥¸É¥ ¸ É¥³ ³´μ£μÎ²¥´Ò ¢Ò¸μ±μ° ¸É¥¶¥´¨ ¢Ò£μ¤´Ò, É ± ± ±
μ´¨ ¤ ÕÉ ³¥´ÓÏÊÕ μ¸É ÉμÎ´ÊÕ ¤¨¸¶¥·¸¨Õ,   ¨Ì ·¥£·¥¸¸¨μ´´Ò¥ μÍ¥´±¨ ¡μ²¥¥
¡²¨§±μ ¶·μÌμ¤ÖÉ μÉ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ §´ Î¥´¨° [1, 2].

‚ · ³± Ì ¨¤¥¨ �. ‹. —¥¡ÒÏ¥¢  μ ¶·¨¡²¨¦¥´¨¨ £² ¤±μ° ËÊ´±Í¨¨ ³´μ-
£μÎ²¥´μ³ ´  μÉ·¥§±¥ μ£· ´¨Î¥´´μ° ¤²¨´Ò · §· ¡μÉ ´ ³¥Éμ¤ ¡ §¨¸´ÒÌ Ô²¥-
³¥´Éμ¢ (Œ�	) [3Ä6]. ‚ ±μ´¸É·Ê±Í¨¨ Œ�	-³´μ£μÎ²¥´  Ê¸É ´μ¢²¥´  ¸¢Ö§Ó
³¥¦¤Ê Ê§² ³¨ É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨ ¨ ¡ §¨¸´Ò³¨ ËÊ´±Í¨Ö³¨, ¢ ·¥§Ê²ÓÉ É¥
±μÉμ·μ° ³´μ£μÎ²¥´ n-° ¸É¥¶¥´¨ · §² £ ¥É¸Ö ¶μ Î¥ÉÒ·¥³ ¡ §¨¸´Ò³ Ô²¥³¥´-
É ³ Å μ¤´μ° ±Ê¡¨Î¥¸±μ° ¨ É·¥³ ±¢ ¤· É¨Î´Ò³ ¶ · ¡μ² ³. �μ ¸· ¢´¥´¨Õ
¸ ³´μ£μÎ²¥´μ³ ’¥°²μ·  Œ�	-³´μ£μÎ²¥´ μ¡² ¤ ¥É ·Ö¤μ³ ¶μ²¥§´ÒÌ ¸¢μ°¸É¢,
±μÉμ·Ò¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¶É¨³¨§ Í¨¨ ·¥Ï¥´¨Ö ¢ § ¤ Î Ì Š��.

‚ ¤ ´´μ° · ¡μÉ¥ · ¸¸³μÉ·¥´Ò ¶·¨³¥·Ò μ¶É¨³¨§ Í¨¨ ·¥Ï¥´¨° ¢ § ¤ Î Ì
Š�� ¨ ‘Š�� ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ëμ·³Ê² ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢
Œ�	-³´μ£μÎ²¥´  11-° ¸É¥¶¥´¨ [6].

1. ��‡ˆ‘�›… �‹…Œ…�’› ˆ Š��‘’�“Š–ˆŸ
Œ��-Œ��ƒ�—‹…��

‚ Œ�	 ¸¨´É¥§¨·μ¢ ´Ò ¸¢μ°¸É¢  ³´μ£μÎ²¥´μ¢ ’¥°²μ·  ¢ Ê§² Ì É·¥ÌÉμÎ¥Î-
´μ° ¸¥É±¨ Δαβ

3 : xα = x0 + α < x0 < xβ = x0 + β, αβ < 0, x, α, β ∈ R,

¨ ³´μ£μÎ²¥´μ¢ ‹ £· ´¦  ¢Éμ·μ° ¸É¥¶¥´¨ [6]. �  ¸¥É±¥ Δαβ
3 Œ�	-³´μ£μÎ²¥´
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’ ¡²¨Í  1

bji b0 b1 = Qb0 b2 = Qb1 b3 = Qb2

bj1 − τ(τ − β)

αγ
− τ2(τ − α)(τ − β)2

αγ
− τ3(τ − α)2(τ − β)3

αγ
− τ4(τ − α)3(τ − β)4

αγ

bj2
τ(τ − α)

γβ

τ2(τ − α)2(τ − β)

γβ

τ3(τ − α)3(τ − β)2

γβ

τ4(τ − α)4(τ − β)3

γβ

bj3
(τ − α)(τ − β)

αβ

τ(τ − α)2(τ − β)2

αβ

τ2(τ − α)3(τ − β)3

αβ

τ3(τ − α)4(τ − β)4

αβ

§ ¢¨¸¨É μÉ ´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥É·μ¢ x0, α = xα − x0, β = xβ − x0, ËÊ´±Í¨μ-
´ ²Ó´μ ¸¢Ö§ ´´ÒÌ ¸ ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° τ = x − x0 ¶· ¢¨²μ³ ¤¢μ°´μ£μ
μÉ´μÏ¥´¨Ö Î¥ÉÒ·¥Ì ÉμÎ¥±:

[ξ1ξ2ξ3ξ4] = [13]/[23] : [34]/[14], [ij] = ξj − ξi, ξj �= ξi.

„²Ö Î¥É¢¥·±¨ [ταβ0] ¶·¨ ¨§³¥´¥´¨¨ ¶μ·Ö¤±  ¢ É·μ°±¥ [αβ0] ÔÉμ ¶· ¢¨²μ
¶μ·μ¦¤ ¥É É·¨ ¤·μ¡´μ-· Í¨μ´ ²Ó´Ò¥ ËÊ´±Í¨¨ w1, w2, w3 μÉ´μ¸¨É¥²Ó´μ ¶ · -
³¥É·μ¢ α, β ¨ τ (±¢ ¤· É¨Î´Ò¥ μÉ´μ¸¨É¥²Ó´μ τ ):

w1 =
−τ(τ − β)

αγ
, w2 =

τ(τ − α)
βγ

, w3 =
(τ − α)(τ − β)

αβ
,

3∑
i=1

wi = 1, γ = β − α, αβγ �= 0.

”Ê´±Í¨¨ w1, w2, w3 ¨ Q = αβτw3 = τ(τ − α)(τ − β),τ, α, β ∈ R,

´ §Ò¢ ÕÉ¸Ö ¡ §¨¸´Ò³¨ Ô²¥³¥´É ³¨. �·¨¢Ö§±μ° ± ¸¥É±¥ Δαβ
3  ²£¥¡· ¨Î¥¸±¨°

³´μ£μÎ²¥´ Pn(x;a) =
n∑

i=0

aix
i ¶·¥μ¡· §Ê¥É¸Ö ¢ Œ�	-³´μ£μÎ²¥´ [4]:

Pn↓m(x, α, β; r) =
m∑

j=0

QjwT rj =
m∑

j=0

QjΠj , m = �n/3�, (1)

£¤¥ w = [w1, w2, w3]T , rj = [rjα, rjβ , rj0]T Å ±μÔËË¨Í¨¥´ÉÒ,   Πj =
wT rj = rjαw1 + rjβw2 + rj0w3 Å ±¢ ¤· É¨Î´Ò¥ ¶ · ¡μ²Ò. ‚¥±Éμ· bj =
[bj1, bj2, bj3]T = Qjw ´ §Ò¢ ¥É¸Ö ¢¥±Éμ·μ³ ¡ §¨¸´ÒÌ ËÊ´±Í¨°, ¢ ±μÉμ·μ³
±μ³¶μ´¥´ÉÒ bji = Qjwi, i = 1, 3, Ö¢²ÖÕÉ¸Ö ³´μ£μÎ²¥´ ³¨ ¸É¥¶¥´¨ 3j + 2
μÉ´μ¸¨É¥²Ó´μ τ ¸ ´Ê²Ö³¨ ¢ Ê§² Ì ¸¥É±¨ Δαβ

3 (É ¡². 1; n = 11, m = 3).
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ŠμÔËË¨Í¨¥´ÉÒ rj Œ�	-³´μ£μÎ²¥´  ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ ËÊ´±Í¨°

Pn↓m(x, α, β; r) =
m∑

j=0

bT
j rj , m = �n/3� � n,

§ ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ α, β ¨ P
(j)
n (xν ; a), j = 0, m, ν = α, β, 0.

‚ ¸²ÊÎ ¥  ¶¶·μ±¸¨³ Í¨¨ f(x) ≈
m∑

j=0

bT
j rj , f(x) ∈ C(m) [xα, xβ ], ±μÔË-

Ë¨Í¨¥´ÉÒ rj ¢ÒÎ¨¸²ÖÕÉ¸Ö ·¥±Ê·¸¨¢´μ: rj = rj(r0, r1, . . . , rj−1, α, β; f (j)
ν ),

j = 1, m, ν = α, β, 0, fν ≡ f(xν) [6]. ‚Ò¢μ¤ Ëμ·³Ê² ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨-
Í¨¥´Éμ¢ r0, r1, r2 ¨ r3  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢ ¸É¥¶¥´¨ n = 2, 5, 8, 11
μ¶Ê¡²¨±μ¢ ´ ¢ [4Ä6].

2. ”��Œ“‹› „‹Ÿ ‚›—ˆ‘‹…�ˆŸ Š��””ˆ–ˆ…�’�‚
�� �…��‚��Œ…���‰ ‘…’Š…

„²Ö n = 2 r0 = [fα, fβ , f0]T . Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·  rj , j = 1, 2, 3,
´  ´¥· ¢´μ³¥·´μ° ¸¥É±¥ Δαβ

3 μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¸¢¥·É±Ê rj−1 ¸ ¢¥±Éμ· ³¨

v = [β,−α,−γ]T , vα = [β(γ − α), α2,−γ2]T , vβ = [β2,−α(β + γ),−γ2]T ,

v0 = [−β2, α2, γ(α +β)]T , ±μ³¶μ´¥´ÉÒ ±μÉμ·ÒÌ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ ¸¥É±¨
¨ ¤²¨´Ò ¨´É¥·¢ ²  γ = β − α.

‡ ³¥Î ´¨¥ 1. Œ ±¸¨³ ²Ó´Ò° ¶μ·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ ¢ Ëμ·³Ê² Ì ¤²Ö ¢Ò-
Î¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ rjν ¢ n/m · § ³¥´ÓÏ¥ ¸É¥¶¥´¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ
³´μ£μÎ²¥´ , ÎÉμ ¶μ§¢μ²Ö¥É ¸ÊÐ¥¸É¢¥´´μ Ê³¥´ÓÏ¨ÉÓ Î¨¸²μ μ¶¥· Í¨°, ¸¢Ö§ ´-
´ÒÌ ¸ ¢ÒÎ¨¸²¥´¨¥³ ¶·μ¨§¢μ¤´ÒÌ ¢ Ê§² Ì ¸¥É±¨.

�¨¦¥ ¶·¨¢¥¤¥´Ò Ëμ·³Ê²Ò ·¥±Ê·¸¨¢´μ£μ ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢
(±μ³¶μ´¥´ÉÒ r3α, r3β , r30) ¢¥±Éμ·  r3 ¤²Ö Œ�	-³´μ£μÎ²¥´  11-° ¸É¥¶¥´¨ Î¥-
·¥§ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ r0, r1, r2 (¤²Ö Œ�	-³´μ£μÎ²¥´μ¢ 2-°, 5-° ¨ 8-° ¸É¥-
¶¥´¥°):

r3 =

⎡
⎣ r3α

r3β

r30

⎤
⎦ =

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

α3γ3

(
−f ′′′

α

3!
+ r1α − 2αγ(γ − α)r2α +

vT r1

β
− (γ − α)vT

αr1

αβγ
+

αγvT
αr2

β

)

1

β3γ3

(
f ′′′
β

3!
− r1β − 2βγ(β + γ)r2β +

vT r1

α
+

(β + γ)vT
β r1

αβγ
+

βγvT
β r2

α

)

1

α3β3

(
f ′′′
0

3!
− r10 + 2αβ(α + β)r20 +

vT r1

γ

(α + β)vT
0 r1

αβγ
+

αβvT
0 r2

γ

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(2)

3



£¤¥

r0 =

⎡
⎣ fα

f0

fβ

⎤
⎦ , r1 =

⎡
⎣ r1α

r1β

r10

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
αγ

(
−f ′

α +
vT

αr0

αβγ

)

1
βγ

(
f ′

β +
vT

β r0

αβγ

)

1
αβ

(
f ′
0 +

vT
0 r0

αβγ

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

r2 =

⎡
⎣ r2α

r2β

r20

⎤
⎦ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
α2γ2

(
f ′′

α

2!
+ (γ − α)r1α +

vT r0

αβγ
+

vT
αr1

β

)

1
β2γ2

(
f ′′

β

2!
− (β + γ)r1β +

vT r0

αβγ
+

vT
β r1

α

)

1
α2β2

(
f ′′
0

2!
+ (α + β)r10 +

vT r0

αβγ
+

vT
0 r1

γ

)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(3)

”μ·³Ê²Ò (2) ¨ (3) ¶·¨³¥´ÖÕÉ¸Ö ¤²Ö ³´μ£μÎ²¥´μ¢ P2↓0 = Π0, P5↓1 =
Π0 + QΠ1, P8↓2 = Π0 + QΠ1 + Q2Π2 ¨ P11↓3 = Π0 + QΠ1 + Q2Π2 + Q3Π3

¸μμÉ¢¥É¸É¢¥´´μ.
�¥¸³μÉ·Ö ´  ¸²μ¦´μ¸ÉÓ Ëμ·³Ê², Î¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¢ ´¨Ì

³μ¦´μ Ê³¥´ÓÏ¨ÉÓ §  ¸Î¥É É ¡Ê²¨·μ¢ ´¨Ö ±μ³¶μ´¥´É ¢¥±Éμ·μ¢ v,vα,vβ ,v0 ¨
³´μ¦¨É¥²¥° ¶·¨ ¸¢¥·É± Ì vT

#rj . ‚ ·¥§Ê²ÓÉ É¥ § É· ÉÒ ´  ¢ÒÎ¨¸²¥´¨¥ μ¤´μ°
±μ³¶μ´¥´ÉÒ ¢ ¢¥±Éμ· Ì r1, r2 ¨ r3 ¸μ¸É ¢ÖÉ 8, 18 ¨ 30 μ¶¥· Í¨° ¸μμÉ¢¥É-
¸É¢¥´´μ ¤²Ö ³´μ£μÎ²¥´μ¢ 5-°, 8-° ¨ 11-° ¸É¥¶¥´¥°. Š·μ³¥ Éμ£μ, Î¨¸²μ μ¶¥· -
Í¨° ³μ¦´μ Ê³¥´ÓÏ¨ÉÓ §  ¸Î¥É ¢Ò¡μ·  · ¢´μ³¥·´μ£μ Ï £  (α = −h, β = h).

3. Š��””ˆ–ˆ…�’› Œ��ƒ�—‹…�� 	�ˆ ��‡‹�†…�ˆˆ
”“�Š–ˆˆ 	� ‘’…	…�ŸŒ (x − x0)

ŠμÔËË¨Í¨¥´ÉÒ ¢ · §²μ¦¥´¨¨ f(x,d) ≈ d0+d1(x−x0)+· · ·+dn(x−x0)11

´  · ¢´μ³¥·´μ° ¸¥É±¥ Δh
3 : x0 − h < x0 < x0 + h ¸ ÊÎ¥Éμ³ μ¡μ§´ Î¥´¨°

φ±h = f (j)(x0 ± h), I∇φ = I(φh − φ−h), ∇2φ(J, K, L) = Jφ−h + Kφ0 + Lφh

¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ ¸²¥¤ÊÕÐ¨³ Ëμ·³Ê² ³:

d0 = f0, d1 = f ′
0, d2 = f ′′

0 /2!, d3 = f ′′′
0 /3!,

d4 = [∇2f(480,−960, 480)− 165h∇f ′+

+ h2∇2f ′′(21,−192, 21)− h3∇f ′′′]/(96h4),

4



d5 = [693∇f − h∇2f ′(213, 960, 213)+

+ 24h2∇f ′′ − h3∇2f ′′′(1, 64, 1)]/(96h5),

d6 = [∇2f(−320, 640,−320)+ 131h∇f ′+

+ h2∇2f ′′(−19, 96,−19) + h3∇f ′′′]/(32h6),

d7 = [−495∇f + h∇2f ′(175, 640, 175)−
− 22h2∇f ′′ + h3∇2f ′′′(1, 32, 1)]/(32h7), (4)

d8 = [∇2f(240,−480, 240)− 105h∇f ′−
− h2∇2f ′′(−17, 64,−17)− h3∇f ′′′]/(32h8),

d9 = [1155∇f − h∇2f ′(435, 1440, 435)+

+ 60h2∇f ′′ − h3∇2f ′′′(3, 64, 3)]/(96h9),

d10 = [∇2f(−192, 384,−192)+ 87h∇f ′+

+ h2∇2f ′′(−15, 48,−15) + h3∇f ′′′]/(96h10),

d11 = [−315∇f + h∇2f ′(123, 384, 123)−
− 18h2∇f ′′ + h3∇2f ′′′(1, 16, 1)]/(96h11).

ˆ§ (4) ¢¨¤´μ, ÎÉμ ¢ ³´μ£μÎ²¥´ Ì 5-° ¨ 8-° ¸É¥¶¥´¥° ³ ±¸¨³ ²Ó´Ò° ¶μ-
·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ · ¢¥´ É·¥³. ‚ [6] ¶·¨¢¥¤¥´Ò Ëμ·³Ê²Ò ¤²Ö ³´μ£μÎ²¥´ 
5-° ¸É¥¶¥´¨, ¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§Ê¥É¸Ö Éμ²Ó±μ ¶¥·¢Ò° ¶μ·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ,  
¤²Ö 8-° Ä ¶¥·¢Ò° ¨ ¢Éμ·μ°.

‡ ³¥Î ´¨¥ 2. Šμ³¶μ´¥´ÉÒ ¢ r0 · ¢´Ò §´ Î¥´¨Ö³ ËÊ´±Í¨¨ ¢ Ê§² Ì ¸¥É±¨

(fα, fβ , f0) ¨²¨ ¨Ì μÍ¥´± ³ (f̄α, f̄β , f̄0). �¥·¥´μ¸μ³ Π0 ¢ ²¥¢ÊÕ Î ¸ÉÓ · -

¢¥´¸É¢  (1) ¨¸Ìμ¤´ Ö ³μ¤¥²Ó É· ´¸Ëμ·³¨·Ê¥É¸Ö ± ¢¨¤Ê u =
m∑

j=1

bT
j rj , £¤¥

u = f − wT r0. ‚ ·¥§Ê²ÓÉ É¥ Ê³¥´ÓÏ ¥É¸Ö Î¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥-
· Í¨° ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±μÔËË¨Í¨¥´Éμ¢ §  ¸Î¥É ¶μ´¨¦¥´¨Ö ¶μ·Ö¤±  ³μ¤¥²¨
u(x, r1, . . . rj) = f(x) − Π0(x, r0). � ¶·¨³¥·, ¢ ³μ¤¥²¨ 6-£μ ¶μ·Ö¤±  ¢³¥¸Éμ
Ï¥¸É¨ ¡Ê¤¥É Éμ²Ó±μ 3 ¸¢μ¡μ¤´ÒÌ ±μÔËË¨Í¨¥´É . ‚ ¸²ÊÎ ¥ ¸£² ¦¨¢ ´¨Ö ¢ ± -
Î¥¸É¢¥ μÍ¥´μ± r̂ν0, ν = α, β, 0, ¡¥·ÊÉ¸Ö ¸·¥¤´¨¥ §´ Î¥´¨Ö ´¥¡μ²ÓÏμ£μ Î¨¸² 

ÉμÎ¥± f̄ν0 =
M∑

i=−M

f̃i, · ¸¶μ²μ¦¥´´ÒÌ ¢¡²¨§¨ f̃ν .

4. ”“�Š–ˆ���‹œ�›… ‘‚�‰‘’‚� Œ��-Œ��ƒ�—‹…��‚

� §¨¸´Ò¥ Ô²¥³¥´ÉÒ w1, w2, w3 ¨ Q μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ ±μμ·¤¨´ É ³ Î¥ÉÒ·¥Ì
ÉμÎ¥± ¨ § ¢¨¸ÖÉ μÉ ´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥É·μ¢ α ¨ β. � · ³¥É· x0 ¨¸¶μ²Ó§Ê¥É¸Ö

¤²Ö ¸¤¢¨£  ¸¥É±¨ Δαβ
3 ,   ¶¥·¥³¥Ð¥´¨¥ x0 ¢ ¶·¥¤¥² Ì ¸¥É±¨ ¨§³¥´Ö¥É §´ Î¥´¨Ö
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¶ · ³¥É·μ¢ ¨ ¢²¨Ö¥É ´  ¶μ¢¥¤¥´¨¥ ¡ §¨¸´ÒÌ ËÊ´±Í¨° bjν . �·¨ ÔÉμ³ ¶ · -
³¥É·Ò α, β ¨ ¤²¨´  ¨´É¥·¢ ²  γ = β − α ¢ ¡ §¨¸´ÒÌ ËÊ´±Í¨ÖÌ (É ¡². 1) ¨ ¢
Ëμ·³Ê² Ì (2), (3) ´ Ìμ¤ÖÉ¸Ö ¢ §´ ³¥´ É¥²ÖÌ, É. ¥. ¶μ¤¡μ·μ³ §´ Î¥´¨° α, β ¨ γ
³μ¦´μ ¶μ¤ ¢²ÖÉÓ μÏ¨¡±¨. ’ ±¨³ μ¡· §μ³, ¸ ¶μ³μÐÓÕ ¶ · ³¥É·μ¢ x0, α, β ¨ γ
³μ¦´μ Ê¶· ¢²ÖÉÓ ÔËË¥±É¨¢´μ¸ÉÓÕ Š��, ¢ Éμ³ Î¨¸²¥ §  ¸Î¥É ¶μ¢ÒÏ¥´¨Ö ¸É¥-
¶¥´¨  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ³´μ£μÎ²¥´  ¨ Ê³¥´ÓÏ¥´¨Ö ±μ²¨Î¥¸É¢  ¸¥£³¥´Éμ¢.

5. Œ�� ‚ ‡�„�—�• Š	� ˆ ‘Š	�

�¸μ¡Ò° ¨´É¥·¥¸ Œ�	-³´μ£μÎ²¥´Ò ¶·¥¤¸É ¢²ÖÕÉ ¤²Ö  ²£μ·¨É³μ¢ Š��
£² ¤±¨Ì ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ. ‚  ²£μ·¨É³ Ì
Š�� ¨ ‘Š�� μ¡¥¸¶¥Î¨¢ ¥É¸Ö 11-° ¶μ·Ö¤μ± £² ¤±μ¸É¨ k-£μ ¸¥£³¥´É  ¢ ¶·¥-
¤¥² Ì £· ´¨Í ¸¥É±¨ Δαkβk

3 , k = 1, K. ’ ± ± ± rjν · ¸¶μ² £ ÕÉ¸Ö ´  ²¨´¨ÖÌ

x = xν ¨ ´  £· ´¨Í Ì μÉ·¥§±  § ¢¨¸ÖÉ μÉ f
(j)
ν , ν = α, β, j = 0, 3, Éμ Ê¸²μ-

¢¨Ö xαk≡xβk−1
¨ f

(j)
αk ≡ f

(j)
βk−1

, k = 1, K, μ¡¥¸¶¥Î¨¢ ÕÉ Éμ²Ó±μ 3-° ¶μ·Ö¤μ±
£² ¤±μ¸É¨ ¢ Ê§² Ì ¸ÉÒ±μ¢±¨ ¸¥£³¥´Éμ¢.

‚ § ¤ Î Ì Š�� ¨ ‘Š�� ÉμÎ´μ¸ÉÓ ²μ± ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ´  μÉ·¥§±¥
[xαk

, xβk
] ·¥£Ê²¨·Ê¥É¸Ö ¶ · ³¥É· ³¨ x0k

, αk, βk ¨ Mk. ‚ ¸²ÊÎ ¥ ‘Š��

¸·¥¤´¨¥ §´ Î¥´¨Ö f̄αk
, f̄βk

, f̄0k
§ ¢¨¸ÖÉ μÉ Î¨¸²  Ê¸·¥¤´¥´´ÒÌ ÉμÎ¥± Mk. �´¨

É ±¦¥ ¢²¨ÖÕÉ ´  ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨. Š Î¥¸É¢μ ¸£² ¦¨¢ ´¨Ö ´  £²μ-
¡ ²Ó´μ° ¸¥É±¥ [a, b] : a = xα1 < x01 < xβ1 < x02 < xβ2 < · · · < xβk−1 <
x0k

< xβK = b § ¢¨¸¨É μÉ Î¨¸²  ¸¥£³¥´Éμ¢ K . ’ ±¨³ μ¡· §μ³, ¤²Ö μ¶É¨³¨§ -
Í¨¨ ·¥Ï¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶ÖÉÓ ¶ · ³¥É·μ¢: x0k

, αk, βk, Mk ¨ K . �¥§Ê²ÓÉ ÉÒ
· ¡μÉÒ  ²£μ·¨É³μ¢ Š�� ¨ ‘Š�� [5, 6], μ¸´μ¢ ´´ÒÌ ´  Ëμ·³Ê² Ì (2)Ä(4),
¶μ± ¦¥³ ´  ¸²¥¤ÊÕÐ¨Ì ¶·¨³¥· Ì.

6. 	�ˆŒ…� Š	� ƒ‹�„Š�‰ ”“�Š–ˆˆ
�� ��‚��Œ…���‰ ‘…’Š…

‚ ± Î¥¸É¢¥ ¶¥·¢μ£μ ¶·¨³¥·  (·¨¸. 1,  ) ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ¶·¨³¥-
´¥´¨Ö Ëμ·³Ê² (4) ¤²Ö Š�� ±·¨¢μ° f(x, 0,3) ´  ¶μ¢¥·Ì´μ¸É¨ ®³¥±¸¨± ´¸±μ°
Ï²Ö¶Ò¯ f = sin (

√
x2 + y2), x ∈ [−5, 5], ´  ¸¥É± Ì Δh

3k : x0k − h < x0k <

x0k + h (h = 1,25) ³´μ£μÎ²¥´ ³¨ f̂k(x,dk), x ∈ [xk−1, xk], k = 1, 4.
‹μ£ ·¨Ë³ ³μ¤Ê²Ö ´¥¢Ö§μ± ¨ ¶·μ¨§¢μ¤´Ò¥  ¶¶·μ±¸¨³ ´ÉÒ f̂ ′, f̂ ′′, f̂ ′′′ ¶·¥¤-

¸É ¢²¥´Ò ¸μμÉ¢¥É¸É¢¥´´μ ´  ·¨¸. 1, ¡Ä¤. �  ·¨¸. 1, ¥ ¶μ± § ´ ¶·¨³¥· ¨¸¶μ²Ó§μ-
¢ ´¨Ö Ëμ·³Ê² (4) ¤²Ö ±·¨¢μ° S (7 ¸¥£³¥´Éμ¢) ¢  ²£μ·¨É³¥  ¢Éμ³ É¨Î¥¸±μ£μ
μ¡´ ·Ê¦¥´¨Ö Ê§²μ¢, ¨§²μ¦¥´´μ£μ ¢ · ¡μÉ¥ [5].
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�¨¸. 1. Š�� ±·¨¢μ° ´  ®³¥±¸¨± ´¸±μ° Ï²Ö¶¥¯ ( Ä¤) ¨ μ¡´ ·Ê¦¥´¨¥ Ê§²μ¢ (¥)

‘· ¢´¥´¨¥ Œ�	- ¶¶·μ±¸¨³ Í¨¨ ¸ ±Ê¡¨Î¥¸±¨³ ¸¶² °´μ³ · ¸¸³μÉ·¨³ ´ 
¶·¨³¥·¥ ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨¨, § ¤ ´´μ° ¸Ê³³μ° Î¥ÉÒ·¥Ì Ô±¸¶μ´¥´É:

f(x) = 100{75 exp [−(2,25x− 0,5)2 − 15,6025]+

+75 exp [−(0,1836x+0,0204)2−11,8810]+50 exp [−(2,25x−1,75)2−11,9025]−
− 20 exp [−(9x − 4)2 − 8,41]}, x ∈ [−1,25, 2,15].

�  £²μ¡ ²Ó´μ° ¸¥É±¥ [a, b] ¸ É·¨´ ¤Í ÉÓÕ Ê§² ³¨ xl, l = 1, 13,

−1,28<−1,00<−0,7
︸ ︷︷ ︸

Δh
31

2<−0,44<−0,1
︸ ︷︷ ︸

Δh
32

6<0,12<0,4
︸ ︷︷ ︸

Δh
33

0<0,68<0,9
︸ ︷︷ ︸

Δh
34

6<1,24<1,5
︸ ︷︷ ︸

Δh
35

2<1,80<2,08
︸ ︷︷ ︸

Δh
36
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¢Ò¤¥²¨³ Ï¥¸ÉÓ ²μ± ²Ó´ÒÌ ¸¥Éμ± Δh
3k

¸ Ï £μ³ h = 0,28, ´  ±μÉμ·ÒÌ ¢ÒÎ¨¸²¨³

±μÔËË¨Í¨¥´ÉÒ ³´μ£μÎ²¥´μ¢ f̂k, k = 1, 6, ¶μ Ëμ·³Ê² ³ (4). “§²Ò xl ¨¸¶μ²Ó-
§Ê¥³ É ±¦¥ ¢ ¶·μÍ¥¤Ê·¥ with(CurveFitting) : Sp := Spline(. . . ) ¨§ ¶ ±¥É  Maple
¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±Ê¡¨Î¥¸±μ£μ ¸¶² °´ . �  £· Ë¨± Ì ·¨¸. 2,   ¶μ± § ´Ò ËÊ´±-

Í¨Ö f (¢ Ëμ·³ É¥ dot), ³´μ£μÎ²¥´Ò f̂k, k = 1, 6, μ¡μ§´ Î¥´´Ò¥ ± ± f̂Œ�	, ¨

¸¶² °´ f̂S = Sp.

�¨¸. 2. “§²Ò ËÊ´±Í¨¨ f , ±Ê¡¨Î¥¸±¨° ¸¶² °´ f̂S ,  ¶¶·μ±¸¨³ ´É  f̂Œ�	 ( ) ¨ ´¥¢Ö§±¨

¤²Ö ¶·μ¨§¢μ¤´ÒÌ f̂ ′
Œ�	, f̂ ′′

Œ�	, f̂ ′′′
Œ�	 ¨ f̂

(4)
Œ�	 (¡)
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Œ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö ³μ¤Ê²¥° ´¥¢Ö§μ± εS = |f − f̂S | ¨ εŒ�	 =
|f − f̂Œ�	| · ¢´Ò ¸μμÉ¢¥É¸É¢¥´´μ 0,215 ¨ 0,005. �  £· Ë¨±¥ ¢¨¤´μ, ÎÉμ ¤²Ö
¶·¨¡²¨¦¥´¨Ö ±Ê¡¨Î¥¸±¨³ ¸¶² °´μ³ ´ ¤μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤·Ê£ÊÕ ¸¥É±Ê ¸ Ê¢¥-
²¨Î¥´´Ò³ Î¨¸²μ³ Ê§²μ¢ (¸³. ¢¸É ¢±Ê ´  ·¨¸. 2,  ). �  £· Ë¨±¥ ´¥¢Ö§μ± ¤²Ö
¶·μ¨§¢μ¤´ÒÌ · §·Ò¢Ò ¶μÖ¢²ÖÕÉ¸Ö Éμ²Ó±μ ¢ Î¥É¢¥·Éμ° ¶·μ¨§¢μ¤´μ° (·¨¸. 2, ¡).

7. 	�ˆŒ…�› ‘ƒ‹�†ˆ‚��ˆŸ „���›•
�� �…��‚��Œ…���‰ ‘…’Š…

“¶· ¢²¥´¨¥ ÉμÎ´μ¸ÉÓÕ ¨ ± Î¥¸É¢μ³ ¸£² ¦¨¢ ´¨Ö ¸ ¶μ³μÐÓÕ ¶ · ³¥É·μ¢
x0, α, β ¨ M ¢ ¶·¥¤¥² Ì £· ´¨Í ¸¥É±¨ Δαβ

3 ¶μ± ¦¥³ ´  ¶·¨³¥·¥ ¢Ò¡μ·±¨
¤ ´´ÒÌ {f̃i = fi + ei}N

i=1, ei ≈ N(0, σ), x ∈ [1,25, 1,5], · ¸¸¥Ö´´ÒÌ ¢¡²¨§¨

�¨¸. 3. ƒ· Ë¨±¨ f̂B , f̂A ¨ ³μ¤Ê²¨ ´¥¢Ö§μ± ¶·¨ ¨§³¥´¥´¨¨ x0, α ¨ β

’ ¡²¨Í  2

º ·¨¸Ê´±  N σ M α x0 β max (εB) max (εA)

3,   189 10−6 0 Ä0,0125 1,3 0,05 0,057 0,201
3, ¡ 132 10−6 0 Ä0,0175 1,305 0,055 0,189 0,364
3, ¢ 168 10−6 0 Ä0,0275 1,315 0,065 0,241 0,407

4,  , ¡ 131 0,05 1 Ä0,0125 1,3 0,05 0,064 0,167
4, ¢, £ 189 0,1 1 Ä0,275 1,315 0,065 0,153 0,318
4, ¤, ¥ 189 0,3 13 Ä0,275 1,315 0,065 0,311 0,391
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±·¨¢μ°, ³μ¤¥²¨·ÊÕÐ¥° ¸¨£´ ² ¢ · ¤¨ Í¨μ´´μ³ ¤¥É¥±Éμ·¥:

f(x) = exp
{
− (x − m)2

2[s + c(x − m)]2

}
+ 0,3, (5)

£¤¥ s, c, m Å ¶ · ³¥É·Ò, μ¶·¥¤¥²ÖÕÐ¨¥ Ëμ·³Ê ¸¨£´ ² .

�¨¸. 4. ‘Š�� Œ�	-³´μ£μÎ²¥´ ³¨ ¶·¨ ¨§³¥´¥´¨¨ σ, x0, α, β ¨ M (¢Ò¤¥²¥´Ò ¡²¨¦ °-
Ï¨¥ ± Ê§² ³ ÉμÎ±¨, ¶μ ±μÉμ·Ò³ μ¶·¥¤¥²ÖÕÉ¸Ö ±μ³¶μ´¥´ÉÒ r̂0)
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�Í¥´±¨ ±μ³¶μ´¥´É ¢ r0 ´  ¸¥É±¥ Δαβ
3 ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ³μ¤¨Ë¨± Í¨¨

¤ ´´ÒÌ {ũi = f̃i − Π̂0i}N
i=1. „ ´´Ò¥ {ũi}N

i=1 ¸£² ¦¨¢ ÕÉ¸Ö μ¤´¨³ ¸¥£³¥´Éμ³
(K = 1) ´  μ¸´μ¢¥ Ëμ·³Ê² (2), (3) ¨ ¶μ²¨´μ³¨ ²Ó´μ° ³μ¤¥²¨ ¸ ¤¥¢ÖÉÓÕ
±μÔËË¨Í¨¥´É ³¨

u = QΠ1 + Q2Π2 + Q3Π3 = bT
1 r1 + bT

2 r2 + bT
3 r3, x ∈ [xα, xβ ]. (6)

�Í¥´±¨ r̂jν μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨Ö
∂

∂rjν

⎧⎨
⎩

N∑
i=1

[
ũi −

3∑
j=1

bT
jirj

]2
⎫⎬
⎭ = 0,

ν = α, β, 0.
Œ´μ£μÎ²¥´ f̂B = Π̂0 + û ¸· ¢´¨¢ ¥É¸Ö ¸ f̂A Å ·¥§Ê²ÓÉ Éμ³ ¶·μÍ¥¤Ê·Ò

LeastSquares(. . . ) ¨§ ¶ ±¥É  Maple (³μ¤¥²Ó f ≈ f̂A = a0 + a1x+ · · ·+ a11x
11).

�  ·¨¸. 3 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ¸·¥¤´¥±¢ ¤· É¨Î´μ°  ¶¶·μ±¸¨³ Í¨¨
±·¨¢μ° (5) (s = 0,00425, c = 0,125, m = 1,3) ¶·μÍ¥¤Ê·μ° f̂A := LeastSqua-
res(. . . ) ¨ Œ�	-³´μ£μÎ²¥´μ³ f̂B ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ x0, α ¨ β (É ¡². 2).
Œ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö ³μ¤Ê²¥° ´¥¢Ö§μ± εB = |f − f̂B| ¨ εA = |f − f̂A|
¶·¨¢¥¤¥´Ò ¢ É ¡². 2,   ¨Ì £· Ë¨±¨ ¶μ± § ´Ò ¢ ´¨¦´¥° Î ¸É¨ ·¨¸Ê´± .

� ¨³¥´ÓÏ¨¥ ´¥¢Ö§±¨ εB ¶μ²ÊÎ ÕÉ¸Ö ¶·¨ ¢Ò¡μ·¥ x0 ¢ μ±·¥¸É´μ¸É¨ ¶¨± 
(·¨¸. 3,  ), Éμ£¤  ± ± ¶·¨ ¸¤¢¨£¥ x0 ¢¶· ¢μ ´¥¢Ö§±  Ê¢¥²¨Î¨¢ ¥É¸Ö (·¨¸. 3, ¡, ¢).

�  ·¨¸. 4,  Ä¥ ¶μ± § ´μ ¸· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ ¸£² ¦¨¢ ´¨Ö f̂B ¨ f̂A ¶·¨
¨§³¥´¥´¨¨ Ëμ·³Ò ¸¨£´ ²  (s = 0,006, c = 0,4, m = 1,3) ¨ Ê¢¥²¨Î¥´¨¨ μÏ¨-
¡μ±. �μ± § ´Ò ®·¥¶¥·´Ò¥ ¶ · ¡μ²Ò¯ Π̂0, ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ¤ ´´Ò¥ ũi (6)
¨  ¶¶·μ±¸¨³ ´ÉÒ û = b1r̂1 + b2r̂2 +b3r̂3. ‘¶· ¢  ¶·¨¢¥¤¥´Ò £· Ë¨±¨ ËÊ´±-
Í¨¨ f(x) (5), ·¥£·¥¸¸¨μ´´ÒÌ ³´μ£μÎ²¥´μ¢ f̂B = Π̂0 + û, f̂A ¨ ³μ¤Ê²¨ ´¥¢Ö§μ±
εB , εA ¤²Ö σ, x0, α, β ¨ M ¨§ É ¡². 2.

8. 	�ˆŒ…�› ‘ƒ‹�†ˆ‚��ˆŸ
ˆ ‘…ƒŒ…�’�–ˆˆ Š��’“��›• ‹ˆ�ˆ‰

�·¨¡²¨¦¥´¨¥ ¨ ¸£² ¦¨¢ ´¨¥ ¶ · ³¥É·¨Î¥¸±¨ § ¤ ´´ÒÌ ±·¨¢ÒÌ Œ�	-
³´μ£μÎ²¥´ ³¨ · ¸¸³μÉ·¥´μ ¢ · ¡μÉ¥ [6]. �  ·¨¸. 5, 6 ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ
¶ · ³¥É·¨Î¥¸±μ£μ ¸£² ¦¨¢ ´¨Ö Œ�	-³´μ£μÎ²¥´ ³¨ 11-° ¸É¥¶¥´¨ ¨ ¸¥£³¥´-
É Í¨¨ ±μ´ÉÊ·´ÒÌ ²¨´¨° ¡μ²¥¥ ¸²μ¦´μ° Éμ¶μ²μ£¨¨.

�·¨³¥· ¸£² ¦¨¢ ´¨Ö ±μ´ÉÊ·μ¢ É·¥±μ¢ α-Î ¸É¨Í ´  ³¨±·μËμÉμ£· Ë¨¨ ¸μ
¸²¥¤ ³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¡Ò¸É·ÒÌ ´¥°É·μ´μ¢ ¸ Ö¤· ³¨ ¶μ²¨³¥·μ¢ [7] ¶μ± § ´
´  ·¨¸. 5. �  ± ¦¤μ³ É·¥±¥ ¨§³¥·Ö²¨¸Ó ±μμ·¤¨´ ÉÒ 30 ÉμÎ¥± (·¨¸. 5, ¡), ±μÉμ-
·Ò¥ ¡Ò²¨  ¶¶·μ±¸¨³¨·μ¢ ´Ò μ¤´¨³ ¸¥£³¥´Éμ³ Å ¶ · ³¥É·¨Î¥¸±μ° ±·¨¢μ°
Γ(x̂, ŷ, s), £¤¥ x̂(s) ¨ ŷ(s) Å ·¥£·¥¸¸¨μ´´Ò¥ ³´μ£μÎ²¥´Ò 11-° ¸É¥¶¥´¨,   s Å
¶ · ³¥É· ¤Ê£¨ (·¨¸. 5, ¢).
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�¨¸. 5. ‘²¥¤Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¡Ò¸É·ÒÌ ´¥°É·μ´μ¢ ¸ Ö¤· ³¨ ¶μ²¨³¥·μ¢ ( ), ¨§³¥·¥´¨¥
ÉμÎ¥± (¡) ¨ ·¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö α-É·¥±μ¢ (¢)

�¨¸. 6. ‘£² ¦¨¢ ´¨¥ ¨ ¸¥£³¥´É¨·μ¢ ´¨¥ ±μ´ÉÊ·μ¢ Œ�	-³´μ£μÎ²¥´ ³¨ 11-° ¸É¥¶¥´¨

�·¨ ·¥Ï¥´¨¨ ±² ¸¸¨Î¥¸±¨Ì § ¤ Î ³ É¥³ É¨Î¥¸±μ° Ë¨§¨±¨, · ¸¶μ§´ ¢ ´¨Ö
μ¡· §μ¢ ¨ ³´μ£¨Ì § ¤ Î ¢ μ¡² ¸É¨ É¥Ì´¨±¨, ³¥¤¨Í¨´Ò ¨ É. ¤. ´¥μ¡Ìμ¤¨³μ §´ ÉÓ
 ´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö £· ´¨Í μ¡Ñ¥±É  (Ê· ¢´¥´¨¥ ±μ´ÉÊ·´μ° ²¨´¨¨).
� ¶·¨³¥·, ¶μ¸É·μ¥´¨¥ ¸¨¸É¥³Ò ¨´Ëμ·³ É¨¢´ÒÌ ¶·¨§´ ±μ¢ (±·¨¢¨§´ , μÉ-
´μÏ¥´¨¥ Éμ²Ð¨´Ò μ¡Ñ¥±É  ¨ É. ¤.), ¨´¢ ·¨ ´É´ÒÌ ± £¥μ³¥É·¨Î¥¸±¨³ ¶·¥-
μ¡· §μ¢ ´¨Ö³, Ö¢²Ö¥É¸Ö ±²ÕÎ¥¢μ° ¶·μ¡²¥³μ° ¢ § ¤ Î Ì · ¸¶μ§´ ¢ ´¨Ö [8, 9].
�·¨³¥·Ò ¶·¨³¥´¥´¨Ö ³´μ£μÎ²¥´μ¢ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ¨ Ëμ·³Ê² (2), (3) ¤²Ö
 ´ ²¨É¨Î¥¸±μ£μ μ¶¨¸ ´¨Ö ±μ´ÉÊ·´ÒÌ ²¨´¨° ¶μ± § ´Ò ´  ·¨¸. 6.
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�  ¢Ìμ¤´ÒÌ ¤ ´´ÒÌ (¢¢¥·ÌÊ) ¨ ´  ¢ÒÌμ¤¥ (¢ ¸·¥¤¨´¥) ±·¥¸É¨± ³¨ μÉ³¥-
Î¥´Ò ¸ÉÒ±μ¢μÎ´Ò¥ Ê§²Ò ¸ ±μμ·¤¨´ É ³¨ (x̄αk

, ȳαk
) ¨ (x̄βk

, ȳβk
),   ÉμÎ± ³¨ Å

¢´ÊÉ·¥´´¨¥ Ê§²Ò (x̄0k
, ȳ0k

). ‘É·¥²±¨ Ê± §Ò¢ ÕÉ ´ Î ²μ ¨ ´ ¶· ¢²¥´¨¥ ¨§³¥-
·¥´¨°. “· ¢´¥´¨¥ ±μ´ÉÊ·  Ï¥¸É¥·¥´±¨ (·¨¸. 6,  ) ¢±²ÕÎ ¥É 28 ·¥£·¥¸¸¨μ´´ÒÌ
³´μ£μÎ²¥´μ¢ 11-° ¸É¥¶¥´¨ x̂k(s) ¨ ŷk(s), k = 1, 14, Å ¢¸¥£μ 336 ±μÔËË¨Í¨-
¥´Éμ¢ (¶·¨ ¸·¥¤´¥±¢ ¤· É¨Î´μ° μÏ¨¡±¥ (¸. ±. μ.), · ¢´μ° 0,013087).

Šμμ·¤¨´ ÉÒ 225 ÉμÎ¥±, ¨§³¥·¥´´Ò¥ ´  ±μ´ÉÊ·¥ ¸ ³μ²¥É , ¸£² ¦¥´Ò ¤¥-
¸ÖÉÓÕ ¸¥£³¥´É ³¨ (240 ±μÔËË¨Í¨¥´Éμ¢, ¸. ±. μ. = 0,05331) (·¨¸. 6, ¡),   ¤²Ö
¸£² ¦¨¢ ´¨Ö 329 ÉμÎ¥± É· ¥±Éμ·¨¨ ¡·μÊ´μ¢¸±μ£μ ¤¢¨¦¥´¨Ö Î ¸É¨ÍÒ ¨¸¶μ²Ó§μ-
¢ ´μ 14 ¸¥£³¥´Éμ¢ (¸. ±. μ. = 0,01399) (·¨¸. 6, ¢). ‚´¨§Ê ¶μ± § ´Ò £¨¸Éμ£· ³³Ò
¸·¥¤´¥±¢ ¤· É¨Î´ÒÌ μÏ¨¡μ±.

‡�Š‹
—…�ˆ…

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ § ¤ Î ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ -
Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ³´μ£μÎ²¥´ ³¨ ¢Ò¸μ±μ° ¸É¥-
¶¥´¨ ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥ Å ³¥Éμ¤ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢.

‚ · ³± Ì Œ�	 ¶·¥¤²μ¦¥´  ´μ¢ Ö ±μ´¸É·Ê±Í¨Ö Œ�	-³´μ£μÎ²¥´ , ¢ ±μÉμ-
·μ° ¸¨´É¥§¨·μ¢ ´Ò ¸¢μ°¸É¢  ³´μ£μÎ²¥´  ’¥°²μ·  ¢ Ê§² Ì É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨
¨ ³´μ£μÎ²¥´  ‹ £· ´¦  ¢Éμ·μ° ¸É¥¶¥´¨. Œ�	-³´μ£μÎ²¥´Ò ¢Ò£μ¤´μ ¨¸¶μ²Ó-
§μ¢ ÉÓ ¶·¨ · ¡μÉ¥ ¸ ¶μ²¨´μ³¨ ²Ó´Ò³¨ ³μ¤¥²Ö³¨ ¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢. Œ�	
· ¸Ï¨·Ö¥É £· ´¨ÍÒ ¶·¨³¥´¨³μ¸É¨ ±² ¸¸¨Î¥¸±¨Ì ³¥Éμ¤μ¢.

�μ¢ÒÏ¥´¨¥ ÔËË¥±É¨¢´μ¸É¨ ¶μ²¨´μ³¨ ²Ó´μ° Œ�	-³μ¤¥²¨ ¢ § ¤ Î Ì Š��
¨ ‘Š�� μ¡¥¸¶¥Î¨¢ ¥É¸Ö §  ¸Î¥É:

• ¨¸¶μ²Ó§μ¢ ´¨Ö É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨;
• · §²μ¦¥´¨Ö ³´μ£μÎ²¥´  ¶μ ¡ §¨¸´Ò³ Ô²¥³¥´É ³;
• § ¢¨¸¨³μ¸É¨ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¨ ±μÔËË¨Í¨¥´Éμ¢ μÉ ´¥¶·¥·Ò¢´ÒÌ

¶ · ³¥É·μ¢ É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨;
• ¶μ´¨¦¥´¨Ö ¶μ·Ö¤±  ¶·μ¨§¢μ¤´ÒÌ ¨ Ê¢¥²¨Î¥´¨Ö Ï £  ¸¥É±¨;
• ¶μ´¨¦¥´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸É¨;
• Ê¶· ¢²¥´¨Ö ± Î¥¸É¢μ³ ·¥£·¥¸¸¨μ´´μ° ³ É·¨ÍÒ;
• Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥´¨° ± ¢Ìμ¤´Ò³ μÏ¨¡± ³ ¨ ¤·.

“± § ´´Ò¥ ¸¢μ°¸É¢  ¶μ§¢μ²ÖÕÉ ¸μ§¤ ¢ ÉÓ  ²£μ·¨É³Ò ¸ ¢±²ÕÎ¥´¨¥³ ·¥¦¨³ 
μ¶É¨³¨§ Í¨¨ ·¥Ï¥´¨Ö ¢ § ¤ Î Ì Š��.

	ËË¥±É¨¢´μ¸ÉÓ · ¸Î¥Éμ¢ ¶μ¤É¢¥·¦¤¥´  ´¥É·¨¢¨ ²Ó´Ò³¨ ¶·¨³¥· ³¨  ¶-
¶·μ±¸¨³ Í¨¨  ´ ²¨É¨Î¥¸±¨ § ¤ ´´ÒÌ ±·¨¢ÒÌ, ¸¥£³¥´É Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö ¶μ
±μμ·¤¨´ É ³ ÉμÎ¥± ´  ±μ´ÉÊ·´ÒÌ ²¨´¨ÖÌ. ”μ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨-
Í¨¥´Éμ¢  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢ ³μ£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ± ± ¤²Ö
·¥Ï¥´¨Ö ¶· ±É¨Î¥¸±¨Ì § ¤ Î, É ± ¨ ¤²Ö É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨°.
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