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OO6 ontHOM MeTozie TPUOIKEHHO- H JIMTHYECKOTO pelIeHus KB HTOBO-MEX HUYECKOU
3 J1 YU Tpex Telnl

[Ipemwioxen MeTox MCCAENOB HUSl PELUEHMH OJHOW KB HTOBO-MEX HUYECKOW 3 -
I 44 Tpex Tel. P ccMOTpeH Kp €B 4 3 I 4 JUI CUCTEMBI U3 JIBYX Y CTHIl, IBH-
KYIIUXCS B MOTEHLHU JILHOM MOJI€ TPEThed 4 CTHLBL. IloTeHIu Jbl B3 UMOIEHCTBHSA
MEXIy 4 CTHLl MU BBIOp HBI KB Ip TUYHO p CTYIIMMH. B »ToM ciiyd € 3 0 94 aByX
TeJl UMeeT TOYHOEe pelieHue. PerleHre MCXOMHOU 3 I 4M TpeX Tel MPeICT BIEHO B
BUJIE P 3JIOXEHMS 110 peIleHMaM 3 A 4M IBYX Tel. g KoathpHLUEHTOB p 3710XEHUS
MOJIy4EHO OJHOPOLHOE JIMHEHHOE M TpPUYHOE yp BHeHue. Ilpup BHMB £ omnpenesnu-
TeJIb 3TOTO yp BHEHMS K HYJIO, H XOOUM COOCTBEHHBIE 3H UEHHs HCXOOHOH 3 I 4u
n Koa(hpueHTs! p 37mokeHusd. T K K K 9JIeMEHTbl M TPHUILBI JIreOp MYECKHX yp B-
HEHUI C peIleHus MU 3 1 UM JABYX TeJ BBIYMCIIIOTCS H JIMTHYECKH, COOCTBEHHbIE
3H YEHHWS 3 J YW TPeX Tell SBHBIM 0Op 30M 3 BUCIT OT I P METPOB MOTEHIH JIOB.
MeHsis 3TH IT p METPBI IIPOU3BOIBHBIM 00p 30M, MOXHO ITOJIyYHTh XK€l €MbIe CIEK-
TPBI, T. €. MOXHO YIP BIIATh COOCTBEHHBIMH 3H YEHMSIMU HCXOTHOM 3 I UM.

P 6or Bemonnen B JI 6op Topuu nHGopM HHMOHHBIX TexHosorumidi OUSAU.

IMpenpunt OGbeIUHEHHOTO UHCTUTYT SAEPHBIX HcciefnoB Huil. Jy6H , 2019

Amirkhanov 1. V., Sarker N.R., Sarkhadov I. P11-2019-9
About One Method of Approximate-Analytical Solution of the Quantum-Mechanical
Three-Body Problem

A method is proposed for investigating the solutions of a single quantum-
mechanical three-body problem. The boundary value problem for a system of two
particles moving in the potential field of the third particle is studied. The interaction
potentials between the particles are chosen to be quadratically growing. In this case,
the two-body problem has an exact solution. The solution of the original three-body
problem is represented as an expansion in the solutions of the two-body problem.
The coefficients of the expansion yield a homogeneous linear matrix equation. Equa-
ting the determinant of this equation to zero, we find the eigenvalues of the original
problem and the coefficients of the expansion. Since the elements of the matrix of
algebraic equations with solutions of the two-body problem are calculated analyti-
cally, the eigenvalues of the three-body problem depend explicitly on the parameters
of the potentials. Changing these parameters in an arbitrary way, we can obtain the
desired spectra, i.e., one can control the eigenvalues of the original problem.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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BBEAEHHUE

[Ipu uccnenoB HUM pelleHUd MHOTOY CTHYHOW 3 J 4M 4 CTO OBIB €T yno0-
HbIM CBECTH 3Ty 3 J 4y K pelleHHsIM 3 J ud Tpex Tei. [logoOHble 3 1 4u BO3-
HUK IOT IIPU M3YYEHUU DHEPreTHYECKUX COCTOSHUI CHCTEMBI, COCTOSIIEH U3 IBYX
Y CTUL, ABUXYHUIMXCS B MOTEHLHU JIbHOM IIOJI€ TPEThed 4 CTULBI WK B C MOCO-
[J1 COB HHOM moJjie apyrux 4 crul [1,2]. K T xum cucreM M otHocutcd [3] ToM
He, comepx muii AB 3JIEKTPOH , ABIKYIIMXCS B KYJTOHOBCKOM IOJIE AP C 3 Pd-
aoM Z = 2. B ;1 HHO#U p 0OTe mpemt r eM MeToj pelleHus] NOJo0HOM 3 1 4u C
KB Ip TUYHO P CTYIIMUM IIOTEHIM JIOM.

CH 4 1 p CCMOTPUM CHCTEMY [BYX HETOXAECTBEHHbIX 4 ctull. Omep Top
I' MUNBTOH CHCTEMBI MOXHO 3 IHC Th B BUJIE

H = Hy + Hy + Vi, (D
FLQ 2 2
H1 = 72_ILL1V1 +Cl 1,
h2
Hy= =5 -Vi+Cord, Via(r —raf) = Colry — s,

rne Hy, Hy — onep Top ' MHIBPTOH K XIOM 4 CTHLBI C KB JIp THYHO P CTYLIUM
MOTEHIM JIOM; V32 — IOTEHIM JI B3 uMoaelcTsusa Mexay 4 ctuu mu; Cqp, Cy u
C3 — 1 p MeTpsl 3 I 4H.

ITIOCTAHOBKA 3ATAYH

3 I 9 CBOOMTCS K H XOXIEHHIO COOCTBEHHBIX (PYHKLMI M COOCTBEHHBIX 3H -
YeHMH CT UMOH pHoro yp BHenusd penunrep

Hy = Ey )

IIPU YCIIOBUM COXP HEHUS HOPMUPOBKU

/drldr2|w(r1,r2)|2 =1. 3)
3 19 JABYX Ten

chpln(rl) - E17L(p1n(r1)7 HQSOQWL(I‘Q) - EQnLSOQnL(rQ)v
n,m=12,3,...,

“4)

uMeeT ToyHoe perieHne. T K K K PeLeHUs 1y, U Qa2 SBISIOTCS HOJHBIM H GOpOM
OPTOHOPMHUPOB HHBIX (DYHKIMH, TO peleHus yp BHeHHs (2) OyaeM HCK Th B BHIE

N,M

’L/}: Z BnnLSOlnSOQnL; (5)

n,m=1



e N, M — M KCUM JibHbIE KOJIMYECTB YIEHOB, YIEPXHUB €MbIX B P 3JI0XCHHUH.
B K 4ectBe 1,(r1) M ©om(r2) BEIGHP eM cepHIeCKH-CHMMETPUYHBIE PEIICHHS,
T.e. [ = 0. Ilonct Bisist (5) B (2), MOIyd €M OJHOPOAHYIO CHCTEMY JIreOp MUYECKUX
yp BHEeHUH uid H XoxnaeHus F u Bj.,:

N,M
[E - Eln - EQm] Bnm = Z an n’m’Bn’m’7 (6)

n’,m’'=1

rae

WnnL n'm’ = /drl /er Pin (Tl) SDQWL(TQ) ‘/128017# (Tl) Pom/ (7“2)-

ITociie uHTErpUpOB HUA 110 YIJI M IMOJIYY €M

[E - Eln - E2m] Bnm = CB ) (7)

Z Amm/Bnm’ + Z Dnn/Bn’m

n’

rae

Aan’ = /dTQTg SDQWL(TQ) (me’(TQ); Dnn’ = /d’l“l’l“% 90171(7“1) @ln’(ﬁ)

st BeIAUCTEHUS Ay U Doy TIpUBENEM SBHBIA BUI 01, U (P2y,. HECKOIBKO
HIDKHUX COOCTBEHHBIX (PYHKIMU 01, U COOCTBEHHBIX 3H 4YeHudl Fi, (n =1,2,3)
umeroT Bug [4]
2 2
011 = Nire P70 10 = Npr(r? —a))e P,

013 = Ni37(r? —az)(r? — a3) e=Pir?,

e Ny; (1 = 1,2,3) — HOPMHUPOBOYHbIE MTOCTOSIHHbIE,

03 1/4 20 2
N11:2 1 R N12:N11 —17 N13:N11 _Cla
0 3 15

Enn=3vC, Ei2=7yC1, E3=11\/C,
3 5 —+/10 5+ 10
= , Q= ——r, a3=-—+—, [1=
2/ Cq 2/ Cq 2/ Cq
3 7 11
% Dy = — D=
e 2= 5w 33

3 5
D12=D21=\/f, D3 = D3y = T
1 1

Petienust @o,, U Ay monyd 1otcst 3 Menoit C1 v Ch.

VCi

2 )

ai
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P ccMoTpuM psf 4 CTHBIX CIIyd €B.

Ipu C'5 = 0 nosny4 eM TOUHbIE PeLIeHHs JBYX HEB3 UMOACHCTBYIOIUX U CTHII
B 10II€ TpeThell U ctuubl F = F1, + Fop,.

IIycms M = N = 1.

Torx pemenue cucrems! (7) OymeT

3 3
E=3/C1+3Cy+Cs <2\/(71+2\/C_2>'
Ilycmy N =2, M =2 (F;, i =1,2,3,4).
B aroMm ciyd e cucrem (7) UMeeT TOYHbIE pellieHus] IpU MPou3BoIIbHBIX C1,
C5, Cs. OmH KO ®TH peuieHds MUMEIOT OYeHb TPOMO3IKHIA BHUI, IMOITOMY HITXE
MIPUBOIMM Pe3YyNIbT ThI MPH (PUKCHPOB HHBIX 3H YCHHSAX DTHX I P METPOB.
Ipu C; = Cy =Cs =1 F4, Es, E3, E4 IpUHUM 10T CIEAYIOIINE 3H YCHHUS:

Ey=15—+42, E, =15, E3=15 E4=15+ 42,
70051
By = 8,5192593015921398, Ey = 15, Es = 15, E, = 21,480740698407860;
mpu C; =Cy =1, C3 =0,6
By = 7,5962975655574816, By = 13, E3 = 13, E, = 18,403702434442518;
mpu C; =Cy =1, C3 =0,3

E; = 6,8416741204591536, E, = 11,5, E; = 11,5,
Ey = 16,158325879540846,

mpu C; =Cy=1,C3=0
E, =6, E; =10, E3 =10, E, = 14.

W3 monydeHHBIX pe3yabT TOB cieayer, uto npu C3 — 0 mepexoiuM K TOYHBIM
PELIEHHSIM 3 JI YU JBYX HEB3 MMOIEUCTBYIOIIMX Y CTHII.
IIycmv N =3, M =3 (E;,1=1,2,3...,9).
OpuC; =Cy=C3=1
E; = 8,4953478419492323, FE5 = 14,254816359887296,
E3 = 14,593440654981999, E4 = 20,352909172920062,
E5 = 21,141787021126772, Eg = 21,505303805953166,
E7 = 26,901255539064835, Eg = 27,603396618985933,
Ey = 34,151742985130706;



mpu C; =Cy =1, C3 =0,6

E, =7,5913238112972174, FE3 = 12,673119948048569,

Es =12,829075272660092, E4 = 17,910871410235905,

Es = 18,264047670585620, FEg = 18,425080919190408,

Er = 23,345843809931447, Eg = 23,662832378763668,
Ey = 29,097804779287073;

mpu C; =Cy =1, C3=0,3

E, =6,5727414176233215, FE5 = 10,977354277817807,

E3 =10,977354277817807, E4 = 15,381967138012292,

Es =15,409016430993854, Eg = 15,409016430993854,

E7 =19,813629291188339, FEg = 19,813629291188339,
Ey = 24,24529144436438,

l'IpI/I01:Cg:1,C?,:0

E1 =6, E,=10, E;=10, E,=14, Es= 14,
Eg=14, E;=18, Es=18, Ey=22.

W3 nonydyeHHbIX pe3yabT TOB cienyeT, 4to npu Cs3 — 0 nepexoiuM K TOYHBIM
peLIeHHsIM 3 1 YM JBYX HEB3 UMOJEHCTBYIOLIMX Y CTHII.

Koaddpunmentst By, H XOIUM C y4€TOM YCIOBHS HOPMUPOBKH (3).

P ccMmoTpuM cucTeMy OBYX TOXAECTBEHHBIX Y CTHII.

B HepensaTuBUCTCKOM NMpUOIMKEHHH (M B OTCYTCTBUE BHEILIHErO0 M THUTHOIO
noJsig) onep Top I' MUJIBTOH CHCTEMBI ABYX OJUH KOBBIX U CTHI, HE COIEPX LIUN
oIlep TOPOB CIIMH Y CTUIl, MOXHO 3 IIUC Tb B BUJE

H = Hy + Hy + V12,

rae

®)

npu pg = pe u C1 = Ch.

[ToaTOMY BOJIHOB $1 (DYHKIIMSI IBYX 4 CTHUI[ MOXET OBITh 3 IIMC H B BHJE IPO-
u3BeneHus PyHKuMU ¢ (rq,r2), 3 BUCSAIIEH TOIBKO OT MPOCTP HCTBEHHBIX KOOP-
OUH T (KOOPOMH THOM (pyHKUNM), U (PYHKIMH X (S1,,S2.), 3 BHCSIIEH TOIBKO OT



CIIMHOBBIX KOOPAMH T (CIIMHOBOM (DYHKIIMM):

\Ij(rla r2, S1z, 52z) = X(5127 522) 1/J(I‘1, 1‘2)-

Ecnu 0603H 4uTh BOJHOBBIE (DYHKLIMHU IBYX BO3MOXHBIX CIIMHOBBIX COCTOSHUIA
9 CTHLBI cO CIUHOM 1/2 cootBetcTBeHHO Yepe3 X (1) u x(2), To HTHCHMMeTpHY-
H s (yHKIMS (CYMM DHBIN CIIMH P BEH HYJII0) OyIeT UMEeTb BHJL

Xa(1,2) = %(X(UX(Q) - x(2)x(1)),

CUMMETPHYHYIO CIIMHOBYIO (PYHKIIMIO (CYMM DHBIN CIIMH P BEH €IMHHIIE) MOXHO
3 IIUC Tb K K

Ye(1,2) = %(x(l)xﬂ) +x@) x(1)).

AH JIOTMYHO CUMMETPHUYHBIE (1)5) I HTHUCUMMETPHYHBIE (1), ) KOOPAUH THBIE (PyHK-

MU UMCKOT BUI

b = = (1(r1) 9a(r2) + 1 (r2) 9a(r1),

-5

Vo = 7 (p1(r1) p2(r2) — w1(r2) p2(r1)).

Tora xq%s ONMUCHIB €T I P COCTOSIHME CO CIMHOM S = (0, s, ONHUCHIB €T
OPTOCOCTOSIHHE CO CIIMHOM S = 1.
YuuThIB 5 BBIIECK 3 HHOE, pelleHHs] yp BHeHus (2) OymeM UCK Tb B BUIE

N,M
b= Z B (010 (r1) p2m(r2) £ @1n(r2) @am(r1)). 9

n,m=1

Moxct Bisist (9) B (2), m0yd €M OJHOPOJIHYIO CUCTEMY JIreOp MYECKUX yp BHEHHi
Wi H XoxXueHust F u By,

’

(E - Eln - EQm)BnnL = C'3 (Z(Dnn’Bn’m + Amn’Bn’n) +

n

+ Z(Aan’ BnnL’ + Dnm’ anL’ )) . (10)

m/’

Ipu C35 = 0 momyd eM TOYHBIE pelieHHs 3 1 YM OBYX HEB3 MMOJCHCTBYIOIIMX
Y CTHL B HOJIe TpeTbed U cTtulbl F = F1, + Eop,.

IIycmv M = N = 1. Tora c¢ yderom Toro, uto A1y = D1y u E11 = FEoq,
nonyd eM E, = 2Fq; + 4C3D1; — oprococTosiHue co cnuHoM s = 1, FE_ =
2FE11 — 1 p cocrosiHue co cnuHoM s = 0.



Huxe npenct BieHsl 3H yenus Fy u E_ npu p 3nudHbixX 30 deHusix Cs.

st Ey; (i =1,2,3,4):

10, 0,619168480353141, 20, 29,380831519646859 mpu C; = Cy = 1,
C3 =1,

8,5192593015921398, 10, 15, 21,480740698407860 npu C; = Cy = 1,
C3 =0,5,

6, 10, 10, 14 mpu C; = Cy =1, C5 =0,

wia BE_; (1 =1,2,3,4):

6, 10, 14, 20 1pu Cl = Cg = 1, 03 = 1,

6, 10, 14, 15 mpu C; = Cy =1, C5 = 0,5,

6, 10, 10, 14 mpu C; = Cy =1, C3 = 0.

3AKIIIOYEHHE

Pemennst ncxogHON 3 1 YW TpeX TeJ CBEAEHHI K PEIICHHUSM OZHOPOIHBIX M -
TpuuHblX yp BHeHu#l (7) u (10). Ecnu B p 3noxeHusx (5), (9) oct BiasTh He-
CKOJIBKO WiIeHOB, TO yp BHeHHd (7) u (10) OymyT uMeTh TOYHBIC peUIeHUS MpU
npou3BosibHBIX 11 p MeTp X C1, Co u C3, B obmmieM ciyd e s Jioobix N, M
yp BHeHus (7) u (10) HeoOXoqMMO pelll Th YUCIEHHO NpU (PUKCHPOB HHBIX I P -
metp x Cq, Co u C3, 9TO SBJISIETCS MPEAMETOM JI JIbHEUIel p GOTHI.

P 6ot Bemonaen mpu ¢uH HcoBoU mommepxkke PODU, rp mrer Ne17-01-
00661 u 19-01-00645 .
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